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PREFACE. 



This "Book of Mathematical Problems" consists, mainly, 
of questions either proposed by myself at various University 
and College Examinations during the past fourteen years, or 
communicated to my friends for that purpose. It contains 
n also a certain number, (between three and four hundred), 
which, as I have been in the habit of devoting considerable 
time to the manufacture of problems, have accumulated on 
my hands in that period. In each subject I have followed 
the order of the Text-books in general use in the University 
of Cambridge; and I have endeavoured also, to some extent, 
to arrange the questions in order of difficulty. 

I had not sufficient boldness to seek to impose on any 
of my friends the task of verifying my results, and have had 
therefore to trust to my own resources. I have however done 
my best, by solving anew every question from the proof 
sheets, to ensure that few serious errors shall be discovered. 
I shall be much obliged to any one who will give ine 
infoimation as to those which still remain. 

I have, in some cases, where I thought I had anything 
serviceable to communicate, prefixed to cert^-in classes of 
problems fragmentary notes on the mathematical subjects 

w 6 



VI PBEFACE. 

to which thej relate. These are few in nnmber, and I hope 
will be found not altogether superfluous. 

This collection will be found to be unusually copious in 
problems in the earlier subjects, by which I designed to 
make it useful to mathematical students, not only in the 
Universities, but in the higher classes of public schools. 

I have to express my best thanks to Mr R. Morton, 
Fellow of Christ's College, for his great kindness in reading 
over the proof sheets of this work, and correcting such errors 
as were thereby discoverable. 

JOSEPH WOLSTENHOLME. 



Wastdali Head, Jvly 31. 
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GEOMETRY. 

1. A POINT is taken within a polygon ABC.KL : prove 
that OA, OB,.,OL are together greater than half the perimeter of 
the polygon. 

2. Two triangles are on the same base and between the same 
parallels; through the point of intersection of their sides is drawn 
a straight line parallel to the base and terminated by the sides 
which do not intersect: prove that the segments of this 'straight 
line are equah 

3. The sides AB, AG of a triangle are bisected in D^ E, and 
CI), BE intersect in F : prove that the triangle BFG is equal to 
the quadrilateral ADFE^ 

4. AB, CD are two parallel straight lines, E the middle 
point of (aZ>, and F^ G the respective points of intersection of 
AG, BE and of AE, BD : prove that FG is parallel to AB. 

5. In any quadrilateral the squares on the sides together 
exceed the squares on the diagonals by the square on twice the 
line joining the middle points of the diagonals. 

6« If a straight line be divided in extreme and mean ratio' 
and produced so that the part produced is equal to the smaller of 
the segments, the rectangle contained by the whole line thus prO"* 
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duced and the part produced together with the square on the 
given line, will he equal to four times the square on the greater 
part, 

7. ^^ is the diameter of a circle, P a point on the circle, 
FM perpendicular on ABy on AM, MB, as diameters are described 
two circles meeting AF, BP in Q, E respectively : prove that QH 
touches both circles. 

8. Given two straight lines in position and a point equidistant 
from them : prove that any circle passing through the given point 
and the point of intersection of the given lines will intercept on 
the given lines segments whose sum, or whose difference, is equal 
to a given length. 

9. A triangle circumscribes a circle and from each point of 
contact is dniwn a perpendicular to the line joining the other two : 
pro;ve that the lines joining the feet of these perpendiculars are 
respectively parallel to the sides of the original triangle. 

10. On a straight line AB and on the same side of it are 
described two segments of circles, AP, AQ are chords of the two 
segments including an angle equal to that between the straight 
lines touching the two circles at A : prove that P, Q^ B are in one 
straight line. 

11. The centre A of 9, circle lies on another circle which cuts 
the former in B, C ', AD i^ a chord of the latter circle meeting 
BC in Ey and from D are drawn DF, DG to touch the former 
circle : prove that G, E^ J' lie on one straight line. 

. 12. If the opposite sides of a quadrilateral inscribed in a 
circle be produced to meet in P, Q, and if about two of the triangles 
so formed circles be described meeting again in It : P, B, Q will 
lie on one straight line. 

13. Two circles intersect in -4, and through A any two straight 
lines BAC, B'AC are drawn terminated by the two circles : prove 
that the chords BB', CC ' of the two circles are inclined at a con- 
stant angle. 
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14. Four points are takea on a circle and the three pairs of 
straight lines which can be drawn through the four points inter- 
sect respectively in ^, ^, 6r : prove that the three pairs of straight 
lines which bisect the angles at E^ F, G respectively will be in the 
same directions. 

15. Through k. point of intersection of two circles is drawn a 
straight line at right angles to their common chord and terminated 
by the circles, and through the other point is drawn a straight line 
equally inclined to the stmight lines joining that point to the 
extremities of the former straight line : prove that the tangents to 
the two circles at the points on this latter straight line will inter- 
sect in a point on the common chord. , 

16. Two circles cut each other at A, and a straight line BAO 
is drawn terminated by the circles; with £, C sa centres are 
described two circles each cutting at right angles one of the former 
circles : prove that these two circles and the circles of which £G 
is a diameter will have a common chord. 

17. Circles are described on two of the sides of a triangle aa 
diameters, and each meets the perpendicular from the opposite 
angular point on its diameter in two points: prove that these 
four points lie on a circle. 

18. The tangents from a point ^ to a circle are bisected by a 
straight line which meets a chord FQ of the circle in E : prove 
that the angles BOF^ OQR are equaL 

• 

19. A straight line FQ of given length is intercepted between 
two straight lines OF^ OQ giv«n in position; through P, Q are 
drawn straight lines in given directions, intersecting in a point Ry 
and the angles FOQ, FRQ are equal and on the same side oi FQ : 
prove that R lies on a fixed circle. 

20. From the point of intersection of the diagonals of a 
quadrilateral inscribed in a circle perpendiculars are let £sdl on the 
Rides: prove that the sum of two opposite angles of the quadri- 
lateral formed by joining the feet of these perpendiculars is double 
of one of the angles between t^e diagonals of the former* 

1—2 
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21. If a circle touch each of two other circles the indefinite 
straight line passing through the points of contact will cut ofT 
similar segments from the two circles. 

22. Two circles have internal contact At A, o, straight line 
touches one circle at P and cuts the other in Q, Q* : prove that 

QPy FQ^ suhtend equal angles at A. 

• 

If the contact be external, PA bisects the external angle 
between QA, Q'A. 

23. A straight line touches one of two fixed circles which 
do not intersect in P, and cuts the other in Q, Q[ \ prove that 
there are two fixed points at either of which PQ^ PQ* subtend 
angles equal or supplementary. 

24. At two fixed points A^ B are drawn AG^ BD at right 
angles to AB and on the same side of it, and of such magnitude 
that the rectangle AG^ BD is equal to the square on AB : prove 
that the circles whose diameters are AG, BD will touch each 
other. Prove also that the point of contact lies on a fixed circle. 

25. A triangle is inscribed in one of two concentric circles, 
and from any point on the other circle perpendiculars are let fall 
on the sides of the triangle : prove that the area of the triangle 
formed by joining the feet of these perpendiculars is independent 
of the position of the point. 

2Q, ABG is an isosceles triangle right angled at C7, and the 
parallelogram ABGD is completed; with centre D and distance 
DG a circle is described : prove that if P be any point on this 
circle, the squares on PA^ PG are together equal to the square on 
PB. 

27. A circle is described about a triangle ABG^ and the tan- 
gents to the circle at 2?, G meet in A' ; through A' is drawn a 
straight line meeting AG, AB in the points B^ G* ; prove that 
BB\ GG* will intersect on the circle. 
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28. If D be the middle point of the side BG of a triangle 
A BG and the tangents at ^, (7 to the circumscribed circle meet in 
A\ the angles BAA\ CAD will be equal* 

29. The side BG of a triangle ABG is bisected in 2>, and 
on DA is taken a point P such that the rectangle DPj DA is 
equal to the rectangle DB, DC: prove that the angles BPGy BAG 
are together equal to two right angles. 

30. If the circle inscribed in a triangle ABG touch BG in i>, 
the circles inscribed in the triangles ABD^ AGD will touch each 
other. 

31. Given the base and the vertical angle of a triangle, prove 
that the centres of the four circles which touch the sides of tbe 
triangle, will lie on two fixed cii*cles passing through the extremi- 
ties of the base. 

32. A circle is drawn through B^ G and the centre of perpen- 
diculars of a triangle ABG, D is the middle point of BG and AD 
is produced to meet the circle in E : prove that AE la bisected 
in2>. 

33. The straight lines joining the centres of the four circles 
which touch the sides of a triaugle are bisected hj the circum- 
scribed circle : also the middle point of the line joining any two 
of the centres and that of the lines joining the other two are the 
extremities of a diameter of the circumscribed circle. 

34. "With three given points not lying in one straight liiie 
as centres, describe three circles which shall have three common 
tangents. 

35. From the angular points of a triangle straight lines are 
drawn perpendicular to the opposite sides and terminated by the 
circumscribed circle : prove that the parts of these lines inter- 
cepted between their point of intersection and the circle are 
bisected by the corresponding sides respectively. 
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36. The radii from the centre of the circumscribed circle of a 
triangle to the angular points are respectively perpendicular to 
the lines joining the feet of the perpendiculars. 

37. Three circles are described each passing through the 
centre of perpendiculars of a given triangle and through two 
of the angular points : prove that their centres are the angular 
points of a triangle equal in all respects to the given triangle and 
similarly situated : and that the relation between the two triangles 
is reciprocal. 

38. If the centres of two of the circles which touch the sides 
of a triangle be joined, and also the centres of the other two, the 
squares on the joining lines are together equal to the square on 
the diameter of the circumscribed circle. 

39. The centre of perpendiculars of a triangle is joined to the 
middle point of a side, and the joining line produced to meet the 
circumscribed circle : prove that it will meet it in the same point 
as the diameter through the angular point opposite to the bisected 
side. 

40. From any point of a circle two ehords are drawn touching 
another circle whose centre is on the circumference of the former : 
prove that the line joining tlie extremities of diese chords is fixed 
in direction. 

41. ABO is a triangle and the centre of its circumscribed 
circle; A'BC another tiiangle whose sides are respectively 
parallel to OA^ OB^ OC. If through A\ B", C be drawn straight 
lines respectively parallel to the sides of the former triangle, they 
will intersect in a point which is the centre of one of the eircles 
touching the sides of the triangle AB^C 

42. A triangle is drawn having its sides parallel to the lines 
joining the angular points of a given triangle to the middle points 
of the opposite sides : prove that the relation between the two 
triangles is reciprocal. 

43. Two triangles are so related that straight lines drawn 
through the angular points of one parallel respectively to the sides 
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of the other meet in a point : prove that straight lines drawn at 
the corresponding angular points of the second parallel to the sides 
of the first will meet in a point; and that each triangle will be 
divided into three triangles, which are each to each in the same 
ratio. 

44. In any triangle ABC, 0, Cf are the centres of the 
inscribed circle, and of the escribed cirde opposite A ; 00' meets 
BG in />, any straight line through D meets AB^ AG respectively 
in hy c, Ob, Ug intersect in -P, Oc, Oh, in Q : prove that JP, -4, Q 
lie on one straight line perpendicular to Off, 

45. The centre of the circumscribed circle of a triangle, and 
the centre of perpendiculars are joined : prove that the joining 
line is divided into segments in the ratio of 1 : 2 by each of the 
straight lines joining the angular points to the middle points of 
the opposite sides. 

46. Inscribe a parallelogram in a given triangle so that its 
diagonals may intersect at a given point within the triangle. 

47* The side BG of a triangle ABG is bisected in B, a 
straight line parallel to BG meeting AB, AG produced in P, F 
respectively is divided in Q so that FQ, BD, QF' are in continued 
proportion, and through Q is drawn a straight line BQB^ termi- 
nated by AB, AG and bisected in Q : prove that the triangles 
ABG, ARK are equal. 

48. On AB, AG two sides of a triangle are taken two points 
D, E', AB, AG are produced to F, G so that BF is equal to AD 
and GG to AE', BG, GF, FG Ave joined the two former meeting 
in H : prove that the triangle FUG is equal to the two triangles 
BEG, ABE together. 

49, If two sides of a triangle be given in position and their 
sum be also given, and if the third side be divided in a given 
ratio, the point of division will lie on one of two fixed straight 
liues» 
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50. Two circles intersect in A, B, any stndglit line through 
A meets the circles in P, Q: prove that J?P has to ^^ a constant 
ratio. 

51. Through the centre of perpendiculars of a triangle is 
drawn a straight line at right angles to the plane of the triangle : 
prove that any tetrahedron of which the triangle is one fiice, and 
whose opposite vertex lies on this line wiU he such, that through 
any edge can be drawn a plane perpendicular to the opposite 
edge. 

52. ABC J) are four points not in one pLin^ and AB, AC 
respectively He in pLmes perpendicular to CD, BD : prove that 
.4i> Ues in a plane perpendicular to ^(7; and that the middle 
points of the six edges lie on a sphere, which wiU also pass 
through the feet of the shortest distances between the opposite 
edges. 

53. Each edge of a tetrahedron is equal to the opposite edge: 
prove that the straight line joining the middle points of two' 
opposite edges is at right angles to both. 

54. If from any point O be let fell perpendiculars Oa, Ob, 
Oe, Od on the faces of a tetrahedron ABCD, the perpendiculars 
from A, B, C, D on the corresponding faces of the teti-ahedron 
abed meet in a point (/; and the relation between O and (/ is 
reciprocaL 

55. A solid angle is contained by three plane angles : prove 
that any straight line through the containing point makes with 
the edges angles whose sum is greater than half the sum of the 
containing angles. 

56. The circles described on the diagonals of a complete 
quadrilateral as diameters cut orthogonally the circle circumscribinff 
the triangle formed by the diagonals. 

. 57. Four points are taken on the circumference of a circle 
and through them are drawn three pairs of straight lines earl! 
intersecting in a point : prove that the straight line joinino- anv on*» 
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of these points to the centre of the circle will be perpendicular to 
the line joining the other two. 

^8. A sphere is described touching three given spheres : 
prove that the plane passing through the points of contact, contains 
one of four fixed straight lines. 

59. Four straight lines are given in position : prove that an 
infinite number of systems of three circles can be found, such that 
the points of intersection of the four straight lines are the centres 
of similarity of the circles taken two and two. 

60. In two fixed circles are drawn two parallel chords P-P, 
QQf^'y PQ, PQ! are joined meeting the circles again in 7?, S\ R, JS\ 
respectively : prove that the points of intersection of QQ\ RR and 
of FP^y SS' lie on a fixed straight line. 

61. The six radical axes of the four circles (taken two and 
two) which touch the sides of a triangle are the straight lines 
bisecting internally and externally the angles of a tiiangle formed 
by joining the middle points of the sides of the former triangle. 

62. If two circles have four common tangents, the circles 
described on tjiese common tangents as diameters will have a 
common, radical axis, 

63. Four points are taken on a circle, and from the middle 
point of the chord joining any two a straight line is drawn per- 
pendicular to the chord joining the other two : prove that the six 
lines so drawn will meet in a point. 

64. Given in position two sides of a triangle, including an 
angle equal to that of an equilateral triangle, and given the length 
of the third side : prove that the centre of the Nine Points' Circle 
of the triangle lies on a fixed straight line. 

65. Given in position two sides of a triangle, and given the 
sum of those sides, the centre of the Nine Points' Circle lies on a 
fixed straight line. 

66. The perpendiculars let fall from the centres of the escribed 
circles of a triangle on the corresponding sides will meet in a point. 



4 
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67. A point O is taken within a triangle ABCy and througli 
Aj B, Ctare drawn straight lines parallel to those bisecting the 
angles BOC, CO Ay AOB : prove that these lines will meet in a 
point. 

68. ABC is a triangle, AA\ BB^ CC are drawn throngh a 
point to meet the opposite sides : prove that the straight lines 
drawn throngh A, B,C to bisect BC, CA\ A'B' will meet in a 
point. 

69. If two circles lie entirely without each other, and any- 
straight line meet them in P, /^; Qf^Qf respectively, there are two 
]>oints. O such that the straight lines bisecting the angles POP^^ 
QOQf shall be always at right angles to each other. 

70. Given two circles whidi do not intersect, a tangent to 
one at any point P meeto the polar of P with respect to the other 
in P : prove that the circle on PP as diameter will pass through 
two fixed points. 

71. A point has the same polar with respect to each of two 
circles, prove that any common tangent will subtend a right 
angle at that point. 

72. Given two points -4, J? ; if any straight line PA Q be drawn 
throngh A so that the angle PBQ is equal to a given angle, and 
that BP has to BQ a given ratio, P, Q will lie on two fixed circles 
which pass through A and B. 

73. If O be a fixed point, P any point on a fixed circle, and 
the rectangle be constructed of which OP is a side and the 
tangent at P a diagonal, iLe angular point opposite will lie on 
the polar oiO. 



r 
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I. Uiglieat Common Divisor, 
74. Reduce to their lowest terms the fractions 

11a;* 4- 24a;' +125 2ar^- lla;'~ 9 

^"^ «* + 24a; + 55 ' ^> 4a;*+ lla;* + 81 ' 

/ \ a?* + .t la;' - 5 4 a;'*- 209a; 4- 56 

^^^ ar^ + lla;^!^' ^^ 56a;* - 209a;* + 1 ' 

8a;^~ 377a;' 4- 21 IGa;'^- a;' 4- 1 6a;* + 32 

^'^ 21a;'-3~77a;*4-8' ^^ 3::te' + 16a;*-a;* + 16' 



(>/) 



(5) 



a;» 4- 2a;' 4- 3a;* - 2a;" 4- 1 
6i»Tfl?4-T7a;*-7a;"-2 ' 

14-a;* (6 4- ca;)' 4- (a 4- 6a;)' 

a 4- 26a; 4- ca;* a (6 4- cxf— 26 (a 4- 6a;)(6 4- ca;) 4- c(a + 6a;)* * 



75. Simplify the expressions 

x{\ - y)(l - «•) 4- y{\ - «")(1 -a;') + «<1 -a;')(l ^y^)^^xyz 



W 



(y) 



a; 4- y 4- « — Qcyz 

g' (6' - c') 4- 6' (c* -> g') 4- c' (a« - 6') 
g*(6-c)4-6^(c-g)4.c^(g-6) ' 

1 1 



(g-6)(g- c)(a-e;) (b -c){b-d){b-^a) 

1 1 

■*'(c~c^)(c-g)(c-6)"^(e/-g)(c^~6)(c^~c)' 

,5. bed cda 

\V TZ — l^t: — '\7:: — w\ + 



{a-b){a--c){a-d) (6- c)(6-c^)(6-g) 

dab ahe 



(c-^d){c-'a){C''b) {d-a){d-b){d-cy 

3 (g4-6)(g4-c) , (64-c)(64-g) (c4.g)(c4- 6) 
^^ ^a-6)(g-c)"*"'' (6-c)(6-g) (c-g)(c-6)' 
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76. Prove that 
(fl5-KC(£)(a«+5«-c*-<^«)-(ac-Kftrf)(a«~y-4-c«~cf') 

_ {b-c)(a + d) 

77. Prove that 

a<y-«)(l -f y'Xl +««) + y(2-a:) (1 +««)(1 +a*) + «(a;-y)(l +a;»)(l+y») 

"^ a; + y + « — ajy« 

II. Equations, 

78. Solve the equations 

(n (aJ+l)(« + 2)(a; + 3) = (aj + 4)(aj + 5)(aj-3), 

(2) (aj + l)(a:+2)(a:+3) = (aj-l)(a;-2)(aj-.3) 

-f 3(4aj- l)(aj + l), 

(3) (a; + o)(a; + a +6) = (aj + 5)(aj + 3a), 
17 5 3 



(4) :::T-r + 



+ 



aj + l x-^d 05 + 3 x + 7^ 

1 2.3 

a; 



' ' '- + 6a jc— 3a x-¥'Za x + a"* 



X h ~ 

(6) r + r =1> 

^ ' a;+6-a a? + 6-c 

a h a—cb+c 

'/ x-^b-^c x + a — e x-\-b x + a' 

{a-by (b-cy ^ {c-dy 
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„ x'+3 (B»-iB+l x'-2x+\ 
/in\ 111 1 



(16) 



a b X a + b + on* 
(11) _—-— + —-— ^_ = 2a;- 



a-1 a;-3 4«-8' 

,-^ aj+1 a:+2 lla;+18 

(1 4) {x - 9)(a; - 7){x - 5)(a; - 1) = (« - 2)(a; - 4)(a; - 6){a; - 10), 

(15) {a + x)^ + {b+x)i={a^b)i, 



{x + a){x + b) {x -'a)(x-~ b) 
{x — a) (x - b) {x + a){x + b) 



_^(x-^c){x+d) (x — c)(x-d) 
" {x — c){x- d) {x + c){x-^d)* 



/i^x 6 5 18 1 



x-t2 aj + 4 a; + l x + 3 03 + 5' 

(18) x^ + l+{x+\y=2(3i^ + x+l)% 

..^. 1 2_ J 14_ 1^^^ 

^^ 10a;-50 iB-6'^a?-7 a-8'^a;-9 "" * 

/-lAx 10 8 1A 8a?-15 -^ llaj-15 
14 4 11 



^^^^ ^31-^:12'"^"=^"^^ ""30' 

(22) a?-hl+{x + lY = 2{a^-\-x + l)\ 

(23) a;'Vl+(aj + l)^'» = 2(a;* + a; + l)* + 15;p»(a;Va; + l)', 

(24) 16a;(a; + l)(a; + 2)(a; + 3) = 9, 

(25) a;*+2aj'-llaj' + 4a:+4 = 0, 



. I 
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(26) 



x^-2x X* -X 



2 

+ x -x. 



/27^ + ^ ,? -^=a;'-10a?+19, 

40 20 8 12 ,1^0 

1 2 6 

'^(x-'2){x+'Ji)'^ " ' 
(30) (aj'+l)'=4(2aj-l), 
,on 2x 7 3 

(33) ai* = 6«;+6, 

(34) 4ac' = 6a; + 3, 

(35) flc' + 6a;' =^ 36, 

(36) a;y(a; + y)=12a?+3y, a;y(4a; + jir-a;^) = 12(a? + y- 3), 

(37) a;y^^•-■y7l^^' = «^y-^/^"^^/^■-y*=2• 

(38) ay« = a (/ + «*) - ^ (^ + ^*) =<'(»' + 2f ')> 

(39) cy + 6« = , az + cx^T--, bx + ay---^-^^ 

\ f ^ ax V y c z 

\/ yz SIX ocy ^ ^ ^ 

(41) x + y-^z = mQpyef 1 

y« + «a; + a^y = n, I 

(l + a?)(l4-y»)(l+i^=(l-<l 



(42) 2a; + ?^ = 2y + - = 2« + -- = a. 
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III. Theory of Quadratic Equations, 

79. In the equation 

ah c d ^ 

+ + r+ = 0, 



x — md x — mc x-^-mb x + ma 
prove that, if a + 6 + c + c? = 0, the only finite value of x will be 

a + 6* 

80. In the equation 

prove that, if 

tf, + *j + aj + a^ = 0, and etj^j + a,6, + a,6, + a^^^ « 0, 
the only finite value of x will be 

a^6,* + a J}/ + ajb* + aA ^ » « » *' 

81 . Find limits to the real values of x and y which can satisfy 
the equation 

82. If the roots of the equation 

aa? + 26a; + c = 
be possible and different, the roots of the equation 

(a + c) (oa;' + 26aj + c) = 2 (ac - V) (a* + 1) 
will be impossible, and vice versd. 

83. Prove that the equations 

a5 + y + «*a + 6 + c, 

X y z . 

- + X+ =1, 
a c 

are equivalent only to two independent equations, if-+^+--=sO. 
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84. Obtain the several equations for determining a, fi, y so 
that the equations 

may coincide : and in this manner solve the equation 

(x'+3a;-6)»+aa:* = 72, 

85. The roots of the equation 

(x + a-c)(« + 6 + c)(x + a — rf)(x + 6 + rf)=e 
vill aU be raJ, if 

8^ If jc^yX, be the roots of the equation 

c 



(1— .>Vl-x) 



+ &+— =0, 



thenvriU ^^ r-rr -4-ft+ =a 



87. If y» 2 be the rools of the equation 

(l~a>^(l~x^ 4wjr _ (1 -^ m*> (1 -«> j^^. 

6— c c— « a^b 

8^. PlK>Te that the equation 

af*-i- «x*-h lor-s^ — = 
caK be solved ^firectlj^ s>i^ that the complete cubic 

X Ve zcdveed to thk &na br the substitution x^y ^iL 
Ph7¥e ^krt the iwte (^ the auxilbunr quadntic axe 

^^ 7 being the roots of the 
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IV, Theory of Divisora. 

I % 

4 

89. Determine the condition necessajy in order that 

mf+px-^qj and a^-^p'x + q^ 

may have a common divisor of the form x-k-c, and prove that ^uch 
fk divisor will also be a divisor of px* •¥ (q — p') x — q, 

* ... 

90. The expression 

»•+ ^aaf + 36a* + ca;' + Zdof + Sea? +/ 
wiQ be a complete cube if ' . . 

8,/. /e d c-a^ , ^ 

91. The expression x^ — boif + cx^ + dx— e will be the product 
of a complete sqnare and a complete cube^ if 

I2b^9d_5e^d^ 
5 "" 6 ~ <j ~ c* ' 

92. Prove that ax'^+bx + c, and a + &fc*+ca5* will have a 
common quadratic factor, if 

6V = (c«-a> + 6»)(c'-a« + a6), 

93. The expressions 

affli^+a^ix^ + ajx^ + aj^x-k-a^i and a^x* + a^nc? -^ a^oi^ + a^x -^ a^y 
will have a common quadratic factor, if 

94. The expression af + px* + qx + r will be divisible by 
a^ + ax + hy if 

a* " 2pa* + (p* + q) a -^ r -pq ^0, and 6'-g&" + rp6-r* = 0. 

w. 2 
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95. Prove that x*+px + q will be divisible by a:" + oa: + 5, if 

a«-4ga*=i?*, and (6* +g) (6* -})•=;> V. 

96. The highest common divisor of p (o^ - 1) — ^ (a;' — 1), and 
{q-p) »'- qa^'' -^p is («- 1)*, Py q being numbers whose greatest 
common measure is 1, and q>'p. 

97. If 9% be any positive whole number not divisible by 3^ 
the expression a^ + 1 ^ (x -k- ly* will be divisible by «" + «+!; 
and, if 7* be of the form 3r + 2, by («■ + « + !)*, 



Y. Identities and EqwdiAeB. 

98. Prove that^ 

(1) (a+6+c)" = a" + 6' + c'+3(6 + c)(c + a)(a + 6), 

(2) -g-. A.^ A^ ^^-/^^^^;^T^^• HO. 

^ ' — c-a a—o (p-c)(c-a){a-b) 

(3) (lS'-6•)(lS'-c^^f(lS'-c•)(5r-a•) + (lS'-a•)(lS'-6•) 

= 4« («- o) («- 6) (s-c), 
where Si? = a' + 6' + c", and 2« = a + 6 + c, 

^x*(y + zy + y*{z + xy + z*(x + y)*+16afyV(yZ'hzx+icy\ 

(5) (6V+a«cP)(6-c)(a-^ + (cV + 6W)((j-a)(ft-c/) 

+ (ay + cW)(a-J),(c-cO 
= (6-.c)(c-.a)(a-6)((^-a)(c^-6)(e^-c), 

(6) (Jcc? + cda + ^6 + ahcy — ahcd{a + 6 + c + d)* 

= (6c-ac?)(ca- W)(a6-cc^, 
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/yx {h + cf+ip + ct)'+ (g 4- 6)'- 3 {h + o) (c^g) ((» + ^) ^ 
^^ a-+6%c*-3a6c = ^' 

(8) («*-aj + l)(a?*-a^+l). (aj^" - «2-t + 1) 

"" aj* + aj+l 
a b ^ a b a + 6' 

a b \a + bj 

lOO, Havinff given -■ = a. — 2L^=5- =c. 

y + « « + aj ' aj + y ^ 

£nd the relation between o^ 5> e; and prove that 

«• y* g* 

a(l-6c) ^(l-ca) c(l^o6)' 
101# Having given the equations 

prove thai 

a'a; + 6'y + c'« = (^'- (rf-a)(cZ- J)(rf- c). 

Ill 1 

102. If ±+^ + i= — i_, 

ike(D, for all integral values of n^ 



103. If a; + y + « = ocyz^ then will 

2a? 2y 2« 2a5 2y 2« 



, y + « « + a; aj + y _ y + « g + a; a; + y 

l-y« 1-asaj 1-ajy ~ l-y« l-«aj l~a^' 

2—2 
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104. If aj(6-c) + y(c-a)+«(a-J) = 0, then will 

b — c c — a a — 6 

105. 11 Xy yy Zf u he Bkll finite and satisfy the equations 

x^hy + cz •\- duy 
ff=ax-\-cz ^diif 
z = €US +hi/ -h duy 

- u=€uc + ly + czy 

xi- 11 * ^ e d ^ 

then will -r +?-^T+i — + i — j=l- 

l+a 1+6 1+c 1+rf 

106. If <z^=^and*'-'^-** 



then will 



and if 






a — 6 



a + ^ = 6 + 



««-iB» 



6-c c-a 

then will each member of the equation be equal to c + —-^^ 



o'-y* 



yz zx 

®~^ y — 



35 '8/ 

107. If ., = a— a- , and oi y be unequal then will each 

l-yz l-zx^ ^^ ^ 

member of this equation be equal to .. ^ , to sc + y +^ land to 

111 
X y z 

108. Haying given the equations 

a& + 6«iy + cn« = ara5 + 6m'y+c7i'«:5saa^ + 6y'+<?«*=0, 
prove that 

x{mh' -m'n) + y{nP --n'l) + z{lm' -Vm) = 0, 
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and that 

+ l{^_r)y- («»-«»>}•= 0. 
c 

109- Having given 

prove that 

oa" + &6" + ec"* + dd^ ,, , a4-d , - 6 4- c 
aoca aa be 

110, "In the equations 

X _^ y z 

I {mh +nc'-la)~' m{nc+la-' mb) n {la + mb -^ nc) ^ 

2, m, n axe all finite; prove that 

I Tti n 

X {by -i- cz — ax) ^ y {cz + ax — by) z(xix + by — cz)' 

111, If Of 6, e, X, y, z be any six quantities, and 

a^=:6c-aj*, b^ = ca-i^y c^^^ab-^a^, 
x^ = yz-ax, y^=zx--'by, z^ = xy-cz; 

and a,, 6,, c^,, a^, y^,, «, be similarly formed from a^, 5j, c,, x^^ 
y z. and so on; then will 

a be X y z 

= {ax'+by* + (^-aibc-2iX)yz) ^ . 

112, Having given 

I X y-\-z y z + x 

l-aj" m-\-nyz l-y* m + Twaj* 

prove that iEx,yhe unequal, 

z «+y 

5=—— — — « 

— «r m-¥ nxy - 
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113. ProTe the folio wing equalities^ having ^rea iha^t 
a + J + c=0, 

5 3 2' 

7 "■ 5 2 3 2 • 

a'^-t-yWa^ + ft'-f^^a' + ft' + c' (a* + 6' + c^' a* + ft' + c» 
11 " 3 2 9 2 • 

114. If a + ft + c + cf = 0, then will 

g»^.y+c»-|,<f g»4.y^,c^ + cr g«4-ft*4»c'-i-cr 
5 "" 3 2 • 

115. Having given the equations 

(y + «)• = 4aV2^ («4-ic)* = 4ft*«B, (» + y)*=4c*ay; 

prove that 

a"+6' + c«*2aftc=l. 

116. Having given 

y z z X ^ X y 

« y a « y X ' 

ytove that 

2ftV + 2c»a*+ 2aV-a*-6*-c*+a*ftV= 0. 

117. Having given the equations 

X y z 



Qiipy^cs^-aaT) y(cz+ax^hy') z'^aaff-hy'-ez')' 
prove that, if a, y, « be all finite, 
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118. If the quantities Xy y, z he all unequal and satisfy the 
equations 

a(y*g*+l)4-y*-^g' a(^as* + 1) -hs^-^af _ a (as'y' 4. 1) + /b*4. y« 
yz zx " xy ^ 

each member of the equations = a' — 1, and 

1 1 1 

yz + zx + xy = — +— + — . 
^ ^ yz zx xy 

119. If ?+?+?=4+|+^=,0; 

a c a c 

then will 

a\o c a J b\c a bj c\a cJ 



VI. IneqiudUies, 

The sjonbols employed in the following questions are always 
supposed to denote real quantities. 

The fundamental proposition on which the solution generally 
depends is a* + 6* > 2ab, 

Limiting yalues of certain expressions involving an unknown 
quantity in the second degree only may be found from the con- 
dition that a quadratic equation shall have real roots :— e. g. ^' To 

aj" — 4a; + 3 
find the greatest and least values of -^ — ^ -r ." Assuming the 

expression = y^ we obtain the quadratic 

aj'(l-y)-2a:(2-2/) + 3-4y = 0, 
and if a; be a real quantity satisfying this equation we must have 

(2-y)'>(l-y)(3-4y), 

or 3y'-3y<l, or(2y-l)*<I, 

sheving that y must lie between the values 



K-^/D• KvVS-, 
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120. 1£ X, y, z he tkree poshiYe quiitideB wbeee soni is 

12L Proreihjii 
122. Fnnreihjii 

123L JfOfb^ehe tiuee pcsctfre quantities of which any two 
aze tpgedier greater than the third, then will 

1 1 11119- 



&+C — a e-i-a^b a + b — e a b e a + b+e 
and, a^ jTy 2 1'cing an j real q[iiantitie^ 

a'(a:-y)(a:-2) + 6'(y-s)(y-x) + e^(s-x)(»-3r) 
cannot he pcg alii e, 

Ifjc+3f + 2 = 0, aV+&*2X + c^jc3f cannot he positiTe. 

124^ Jfa, by ehe poeitiTe and not aO eq[iia], the ezpreBsioiia 

a(a-ft)(a-c) + 6(&-c)(6-a) + c(c-a)(c-6), 
ii»{a-6)(a-c) + y(ft-c)(6-a)+6'(c-a)(c-6), 
aze | w itiife > 

125. Prore that 

{ax(6 + c) + 4y(c + o) + C8(tf + 6)}* 

>4a6c(x + 3f + 2)(ax+23r-l-cs); 
Oy 6, c^ a^ jr, 2 heing all positiTe, and a^b^e nneqnaL 

126. If xy2 = (l-x)(l-y)(l-«X 

1 
the greatest Tafaie of eith« of these eqnab is g, a^ y, s hong each 

poflzthre and less thaa miitj: 
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127. Find" the greatest numerical values without regard to 
sign which the expression 

(a? - 8) (a?- 14) (a? - 16) (x - 22), 

can have for values of a? between 8 and 22. 

128. If a >6, and c be positive, the greatest value which the 
expression 

(x-a) (aj-6)(a?-a-c)(aj-6 + c), 

can have for values of x between a and b is 

16 

, 129. If p>m, 

as* — 2mx + «* •« — rw pA-m 
±^ .5* * . .. ^ •■ ^ 

a? + 2mx-^p* p-\-m p — m 

130. The expression 

aaj' + 6a; + c 
ca;*+ 6a; + a* 

will be capable of aH values whatever if 

there will be two values between which it cannot Ke if 

6*<:(a + c)*>'4ac> 
and two values between which it must lie if 

h* < 4ac. 

131. The expression 

(aj - a) (a? — )8) 

can have any i^eal value whatever if both, or neither, of the two 
a, P, lie between y and 8 : otherwise there will be two values 
between which it cannot lie, . 
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95. Prove that a?* +|?aj + g will be divisible hjof+ax + h, if 

a' - iqa' = p% and {b' + q) (6« - q)' =:pV. 

96. The highest common divisor of p (o^ - 1) — g (aj' — 1), and 
{q-p) »'■- qa>'~' +p is (a?- 1)*, i^ g^ being numbers whose greatest 
common measure is 1, and ^ >/>. 

97. If » be any positive whole number not divisible by 3, 
the expression »*" + 1 4- (« 4- 1)"" will be diviaible by «" + «+!; 
and, if 7* be of the form 3r + 2, by (ic" + « + l)*. 



Y* Identities <md EqtiaiiUes^ 

98. Prove that^ 

(1) (a+6+c)" = a" + 6' + c'+3(6 + c)(c + a)(a + 6), 

(2) ^^^^^■.(^-/^/;-);;(--^)'^o. 

^' h-o c-a a-6 (6-c)(c-a)(a-6) * 

(3) (5r-6«)(5'-c^ + (5'~c')(5r-a') + (^-a')(^-6») 

= ^8 («- a) («- 6) («-c), 
where 2aS = a' + 6' + c*, and2« = a + 6 + c, 

(4) 2yV(« + «/(«4.y)«4.2«V(« + y)*(y + «)» 

+ 2a; V (y + «)'(« + «)* 
i=»% + «)* + y*(« + a:/ + «*(a; + y/ + 16a'y'«'(y« + «aj+a:y), 

(5) (6V+a«cP)(6-c)(a-^4.(cV+6"c^»)(c-a)(ft-.cO 

= (6~c)(c-a)(a-6)(e^-a)(e^-6)(^-c), 

(6) (Jcc? + cda + dab + a5c)* - ahcdi^^- 6 + c + d)* 

= (6c-ac?)(ca-M)(a6-cc^, 
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/yv {h + c)°-f (c + «)'+ (g 4- 6)'~ 3 (6 + c) (c-i-a) (<g4-^) _ ^ 
^^ a- + 6^+c*-3a6c = ^' 

(8) (a*-aj + l)(a?*-a^+l) («2"-«2-t^l) 

"" a5* + a;+ 1 

100. Havinff given ^ =«* — 5l^=5- aac, 

^'^ y4-« z + x x + y ^ 

find the relation between (i,h,e; and prove that 

g* y« g* 

a ( 1 - 6c) " 6 ( 1 - ca) ~ c (1 -- o6) ' 

101# Having given the equations 

a^x+Vy-¥(?z^d^y 
prove thai 

cfx + Vy + c^z = ^-' {d-a){d-'l){d-c), 

111 1 

102. If i+| + i= — i_,. 

a c a+b+c 
tkeny for all integral values of n^ 



I "^ 2vW»+l ''' 



oT"' 6""** c**+' (a + 6 + c)*"** * 

103. If x+f/ + z = xt/Zf then wiU 

2x 2y 2z _ 2x 2y 2z 



, y+a « + a! a+y _ y + « g+a! x+y 

\—yz 1— «8B 1— a^~l — y« 1— aaj 1 — !By' 

2—2 
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104, Jf »(6-o)'fy(o-a) + «(a-6) = 0, then will 

JW-<jy ct»-o« ay-hx 
ft-0 c-a a-6 

\^K If ^ yi «t» H bo iJl finite and satisfy the equations 

W«i 1^# l^c l-^d 



} ^ 4r iT-^ $ • 



^i5ksH* >l><'t 






^ 















«J^^ *f 






%VM 



^ 



« 



«""-«-• *• -'^•J 
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and that 

-{{m-m')z-(n-n')yY + h{n-n')x-{l-riz}* 

+ -[{l-r)y-(fn- myxY = 0. 
c 

109- Having given 

a + 6 + c + £?=a - 6'- c + er = = aa' + 56' + (?</ + cW, 
prove that 

abed ad b c ^ 

110. 'In the equations 

^ (w»6 +nc — la) m {nc + la — mb) n{la + mb — nc) ' 
£y m, 71 axe all finite; prove that 

I m n 

« (6y + C2; - oaj) . y (c« + (wc — 6y) z^ax-k-by — cz)' 

111. If a» 6, c, a;, y, z be any six quantities, and 

a^ = hC'-x% h^^^ca-'if^ c^-db-s?y 
x^ = yz-ax, y^=zx-bi/, z^ = xy-ez; 

and a^, 6,, c^, a;^, y^,, «, be similarly formed from a,, 6^, <j„ aj^^ 
^j, 2J, and so on; then will 

a b^ c X V z 
a b c X y z 

112. Having given 

V X y-^z y z + x 

1-a^ m-\-7iyz l-y* m + 7i«B* 

prove that if a?, y be unequal, 

z ^ x + y 
1 — ^ 771 + way ' 
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157. In the expansion of (ai + Oa+-.. +Op)*, where n is a 
whole number not greater than p, prore that the coefficient of any 
term in which none of the quantities a^y a^.,.a^ appears more 
than once as a &ctor is |n. 

158. The number of permutations of n different letters taken 
all together, in which no letter occupies the same place as in a 
certain given permutation^ is 

159. Prove that 

.C, = .«C, - 2 .„C_. + 3 .„C,_, -... + (- 1)' (r + 1> 

160. The number of combinations of 2n things taken n toge- 
ther, when n of the things and no more are alike, is 2"; and the 
number of combinations of Zn things, n together, when n of the 
things and no more are alike, is 

|2n 

161. The number of ways in which mn different things can 

be distributed among m persons so that each person shall have n 

Inrn 
of them is h=T=# 
(l2) 

162. There are p suits of cards, each suit consisting of q 
cards numbered fipom 1 to g'; prove that the number of sets of q 
cards numbered £rom 1 to ^ which can be made from all the suits 
is jp'. 

163. The number of ways in which p things may be dis- 
tributed among q persons, so that everybody may have one at 
least, is 
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164. The number of wajQ in which r things maj* be distri- 
buted among n + p persons, so that certain n of those persons may 
each have one at least, is {S^ 

{n'hpy^n{n + p^iy + ^^^^ {n+p^2y^ 

Hence prove that 

X. Binomial Theorem. 

165. Prove that 

n\ 1 ^ 1 + a? n(w~l) l + 2«_ 
^^^ ^ ^1+waj U (l+wa:)» 

w(y^-l)(w-2) l + 3a; 

[3 (1 +%«)•"*■ -"' 

... + (2«-l)(|j±i)'"'=»{2«-l), 
n being a whole number. 



166. Determine a, b, e,d,eixL order that the n^ term in the 

expansion of 

a + 6aj + ca:* + da:^ + «c* 

may be w a?"" . 

167. Prove that the series 

l" + 2"aj + 3V+ +rV""' + 

is the expansion of a function of x of the form 

a. + 0,05 + a_aj" + +aaf 

also prove that 
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168. The sum of the first r + 1 coefficients of the expansion 

I m + r 
of (1 — a)"" is equal to v , 

169. Prove that 

_(n-3)(.--4)(.-5^^.„^;;; ^;^^^ 

T /^ IX «* , (■>»-2)(n-3) m'  

(w-3)(w-4)(«-5) TO* ^ m'^'-l 1 

U (l + m)*"*" ~ TO-1 (»»+l) 

(i* + # - (« - 1) (P +«r> + («-2)(«-3) ^ ^ ^^.-y^ 

If 

(« - 3) (» - 4) (n - 5) , ,,_, ,. />-*• - 0-' 

~ ij • ■(? + ?) W+ s y_| » 

n being a positive integer. 

170. If j!> be nearly equal to q^ then -will - — ~ be nearly 



« > 



i-f 1 



equal to /-. 



171. If a^ denote the coefficient of of in the expansion of 

(1 •+• iC\* 
j in a series of ascending powers of a; the following rela- 
tion will hold among any three consecutive coefficients, 

(^+l)«r+i-2wa,-.(r-l)a,., = 0, 

172. If jj ^ be expanded in ascending powers of «, the 

coefficient of a?"*'"* is (w + 2r) 2"*"*, w, r being positive integers 
(including zero). • . 
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173. The sum of the first n coefficients of the expansioiiy in 
ascending powers of x, of jz L is 2""*—^ ^ ^» 

174. Prove that 

» 

{n 4- 1) fa + 2) 
= 2"-*(n* + 7n + 8X 



176. Prove that 

a-*^(h ^c)+ }f''\e - g) + c'"^' {a - 1) 
a*(6-c) + 6*(c-a) + c*(a-6) 

is equal to the sum of the homogeneous products of m dimensions 
of a^ by c. 



XL Exponerdicd and Logarithmic Series, 

In the questions under this head, n always denotes a positive 

whole number. 

176. Obtain the following equalities; — . 

(1) n*^{n+l){n^iy + ^^^^^(n 

(2) (7^-l)*-7i(7t-2)" + ''^'^J^^ (7^^3)">... = [n-l, 

(3) (n-2)"-w(w-3>«H-^^^^^^(n-4)"-..^ 

(4) r«^2- + '^^)3-^.. +(-i)"(7*tir=(-i)-Lr. 



af . SOOK. OF KAT0BIUTICAL PBOBLEMS. 

! ' 177. Tb« eo<dScient oi af m the expanaion of (1 -«- a;)*^ being 
denoted bj a^ peovo that 

».p""' -«. (p-ir' + «.(p- ^-"^ + (- ir' «,-.. 

=o,(»-l>)'-'-a,(»-l>-l)'"'+o,(»-jp-^"'- 

/7 being 'a whole number < n, 

178. Denoting by u, the senes 

3" (r+ir 

I" + 2" + To.+ — +^^-| — ^+ ••• toinfinily, 

proTe that 

n(n-l) n(»-l)(»-2) 



+(-i)X; 



and «^+i-«. = ««. + »»w..-i 

n(n-l) n{w-l){n-.2) 

and bj means of dther of these, prove that Uj = 4140c. 

179. If «.= l"-'-2-*+-2-- T3-+... to infinity, 

then will 

n(n-.l) 



180 
then will 



^^ _ 1 1 1 r-ir* 



" •-» 1^ w-1 n+1 



LL l!izi L 



181. Having given 
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prove that the limit of — ^ when n is indefinitely increased is 



^0 + 



183. If there be a series of terms u^ t*j, w^ u^ ... t*^..., of 
which any one is obtained from the preceding by the formula 

«^ = 7it*^ j + (_l)", and if w^ = l; then will 

.Prove also that !j* tends to become equal to-, as n is indefi< 

\n < 

nitely increased. 

183. Prove that 



2"+«- 



;2 ^ 2. _ !Lzl 2-« + (iiri) (»Lzi) 2-- ... , 



w + 2 - [2 13 

and that 

n(n — 4) (71—6) , ..-ii • « 
L£ 

184. By means of the identity 

log(l~jB") = log(l-a;)+log(l +aj + a^ 
prove that 

n = 1 _ MSwjJL) (3n-l)3n(37H-l)(3n4-2) 

^"" li **" Li 

the series being carried to 3?% terms. 

185. If there be n quantities €», 5, c, ... and 9^ represent 
their sum, «,_ ^ the sum of any n — 1 of them, and so on, and if 

K = (O' - 2(*.-.)' + 2 (,._ J' - . .. + ( - 1)-' S{..)'; 

3—2 
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prove that 

S^^ [ndbo ... , 25'^^.j = [n+1 abc ...{a + b + c + ...), 
and 12 /S.^. = ln + 2 a6c . . . {2 2 (a") + 3 S (a6)}. 

If a be any other quantity, and if S^ now denote 

theawiD /?, = 5^ = ^^« ... =/S'^., = 0, 

iS'^ = [no6c..., 2*S'^^j = [n+J.o5c... (2a + a+6 + c...), 
and 12 5.^, =^ |n^-2 a6c ... {2 2 (a") + 3 S (ab) -^6a:i (a) + 6a*}. 



XII. SummaHon of Series. 

If n^ denote a certain function of n, and 

<S». = ttj + w^ + + tt^, 

the summation of the series means expretsing jS'. as a functioii of 
n inTodTing only a fixed number of terms. The usual artifice by 
which this is effected consists in expressing u^ as the difference of 
two quantities^ one of which is ^the same function of n as the 
other is of » — 1, (C^— ^V-iX This being done» we haTo at 

^\=(r,- rj+(P,- F^+ +(P.- ir^js p.- u,. 

Thus» if M« be the product of r consecutive terms of a giren 
A. R, beginning with the W^, 

^s{«+(ii~l)6}{«+«i) {« + (i*+r-2)d} 
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whence U ^ {<^+ (^--t)^}(fl^ + ^^) {a+(n + r-l)5} 

* (r + 1) 6 * 

^"^^ ^• = 777m^[{« + (^-1)^}(« + '*^) {a+(n + r-l)5} 

^(a-6)(a)(a + 6) {a+(r-l)6}]. 

The sums of manj series can also be expressed in a finite 
form by equating the coefficients of a?" in the expansions of the 
same function of x effected by two different methods, of which 
examples have been given in the Binomial, Exponential, and 
Logarithmic Series» 

In the following examples, n always means a positive whole 
namber. 



186. Sum the series : 

13 5 27t-l 

^^ r:2'^27j'*"5:io"^ '^'{i+c/i-inci+n^' 

1 1.3 1.3.g 

1.3.5 (2n-l) 

1.2 2.2* n.2* 



,,, 3 2.3* . n.3* 









n + 7** 



1 1 

^^^ (l^.(c)ll + 2a;)'^(l + 2a;)(l + 3a;) 

1 



...+ 



(l+wx){l + (n + l)«}' 



38 



(T) 
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1.3 1.3.5 1.3.5„.(2«+1)' 



/gx 1 . 3 _ g 2»- l 

^^ 3 3.7"^3.7.11'^ ■^3.7.Il...(4n-l)' 

<^> [3^14 + -^l^TT-- 

.,rt\ * 9 3n* + 3»-l 

<'^> [3 + li-^ ^ L»jj ' 

(11) A-^+ + "'""-' 



5.10 10.17 {l + n'){l+{n + iy}' 

^^^ (1 +x) (1 +X') "^ (I + «•) (I + a;-) * - 



;.. + 



{i+ar){i + ar*y 



l+JB* l + a:* l + a;* I + sb' 1T¥« 1 ^■^ — 



+ «" 



« SB* aT" 

... + 



(14) 



! + »■ 1 + 05* 1 + iB*"' 

a; (1 — oa:) 
(l + a:)(l + aa;)(l + a*a;) 

005 (1 — o'a;) 



...+ 



(l + aa;)(l+o«a;)(l+a*a;) 
fl^'o: (1 - a"a;) 



+ ... 



(I + a-»a?) (1 + a-a;) (1 + a"*/*) ' 



(15) 



1 ^ r-fl ' (r-f l)(2r-f 1) 

p + r {p-^r)(j> + 2r)'^ {p-\-r){p-h2r){p + 3i)'^ 

+ (^ + l) (g^ + l)--»{(w-l)r+l} 
(jp+r)(p + 2r) ... (^-fwr) 



187. Prove that 

^ = — 12— ^ L3  ' 1 

. , n(w-l)(n-2)(«-3) 

li 
... + (7l-l)(-l)". 

188. Prove that 

189. Prove that 

li L£ "" ^■*"^ * 

100. Prove that ' 

1 . ... ^(n-^l) . rl(n + l)(l^-^2) . ' ^' 

li l! ^ "' • 

7i(?^+l)...(2n--l) ' * 

• • • *T* ' f I 

»  • 

_{n + l)(n + 2) ..,2n . . ; ' 



-h t fc > 



191. Prove that 

1 1.3 1.3.5 

V m 1 

+ 



m + n (m-^n)(m-hn — l) 



.,m,(m~l) . , - . . . I » 

(m + w)(w + 71 + l)(w + ?*—*•) w 



p being any positive quantity > 1* .. .* «. , •. -»^ 



— + 7- TT — 'T\ + ... to <ib t=i -— Hj , 

m-i-p {m+p){m+p+l) P""^ 
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192. From the equality 

log(l -a^) = log(l - a:) + log (1 +08 + a*), 
prove that 

1 -I W'U S^C^n + l) 

(3n - 1) 3n (3n + 1) (3n + 2) \ 

_J_ = (_l).f_i !!LLl 

3» (3n + 1) (3» ■!• 2) \ 
5 j 



XIII. JZscumn^ Series, 

The series i^^, t^^ t«, u^ is a recurring series if any fixed 

number (r) of consecutiye terms are connected by a relation of the 
form 

in which n may have any integral value, but p^^ p^ '^Pr^i *"^ 
constant. It follows that the series a^ + a^x + ajx? + . . . + a^aj" + . . . 
is the expansion in ascending powers of a; of a function of x of 

the form ■= — ^ ^ ,'" *"" t (the genercnting fimclum of 

the series); and if the ^coZ^ of relation (A) and the first r— 1 terms 
of the series be given this function will be completely deter- 
mined; when, by separating this function into its partial fractions 

:, — - — += — *~ + , and expanding each, we obtain the n**" 

l-ojajl-o^ ^ ^ 

term of the series and the sum of n terms. 

If the scale of relation is not given, we shall require 2(r — 1) 
terms of the series to be known to determine all the constants ; 
thus, if four terms are given we can determine a recurring series 
with a scale of relation between any three consecutive terms, and 
whose first four terms are the giyen quantities. 
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193. Prove that every A p. is a recurring series and that its 
generating function is —jy — \« > * being the first term and 6 
the common difference. 

194. Find the generating functions of the following series 

(1) l+3aj + 5a" + 7a?+ 

(2) 2 + 5a;+13a:» + 35a;»+ 

(3) 2 + 4a;+14a;*+52a»+ 

(4) 4+5a? + 7a:'+lla»+ 

(5) 2+2a; + 8aj" + 20««+ 

(6) l + 3aj + 12a' + 54flB»+ 

and employ the last to prove that the integral part of (^3 + l)*" is 
divisible by 2***, n being any integer. 

195. The generating function of the recurring series who86 
first four terms are a, b, c, d, is 

ab* -ca'-^x (a*d - 2abc + 6*) 
b'-ac-k-x{<id-bo)+x'{c''-bd)* 

196. If the scale of relation of a recurring series be 
and if u^ = 2, f^^ = 7, find u^ and the sum of the series 

197. Prove that, if 

a^, a^ a,...a,« be an A.p. and 5o, &i*--y &« a o.p., 

the series 

^0 + ^o> flfj + 6j, ... c»» + 6„, .... 

are recurring series. 
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198. Proye that the series 






are recurring series, the scales of relation being between 4, d, ... 
r + 2 terms respectively. 

199. Find the generating functions of the recurring series 

(1) 1 + 2a: + 5a* + 10a:» + 17a;* + 26aj»+..., 

(2) l + 3aj + 4a"+ 8a» + 12aj* + 20ar'+.. , 

(3) 3 + 6a; + 14«"+36«» + 98a^ + 276«» + ..., 

(4) 3-x+13a«-9aj» + 41a?*-53ar*+..., • 
and the n^ term of each. 

200. If the terms of the series a^ «j, a^ ... be derived, each 
from the preceding, bj the formula 

pq 
fit- = =-^ « 

prove that 

- -^ „^K -.p)j''~'-K-gV^' 



XIV. Cowver^CTi* iVoe^um^. 

201. If ^ be the w*** convergent to the continued fraction 

«i 54 «8 

we have the eauations - • 

*•■■ .J . ./» 

and the like law for q : and for the fraction - 

ft €b (t 

Zl ^ Z3 
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and the like law for q. The solntioii of this equation, a^, b^ being 
fiinctions of n^ must involve two constants, since it is necessary 
that two terms be known in order to determine the remaining 
terms by this formula. These constants may tonveniently be 

taken /?„ p^; qi, q^ respectively. The fraction — thus determined 

will not usually be in its lowest terms. We will take as an 
example the question '^To find the n^ convergent to the continued 
fraction 

1 1 4 12 2n(n-l) 

1—3—6— 9—...— 3r^ — .... 

Take u^ to represent either p^ or q^ (since the same law holds 
for both), 

then Wn+i = 3nw^-2n(w-l)«^_i; 

or w^^i - 2nu^ = n{u^-2(n- l)w«_i}. 

So «,-2(7i-lK = (n-l){t^,.i-2(w-2)i«,.J, 



Hence 



W3-4w, = 2(w,-2mi), (e2 or as w=^or g'). 
^n+i - 2wM^ = [w or 0, 



u, 



or 



■»+i 



-2 



w- 



[n |w-l 



= 1 or 0. 



So 



71—1 71—2 * 



2-*M 



^-2"Wj = 2-'orO, 



2X 



= 2". 



u. 



.-. ~^' = 2-*'-lor2". 



and the n^ convergent is 



2"-l 
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Ill 
202. The n^ convergent to -5 ^ 5- 



IS 



(i+V2)"~(i^V2r 
(i+V2r^-(i-V2r^' 



i^p. 



203. If — be the n^^ convergent to the infinite continued 

fraction - - - l P 9 </ will be coefficients of «""* and «* 
a+ a+ a+ .,. '^" ^" 

respectively in the expansion of 



1 — OOJ — 05* * 



204. Prove that, ^ being the n^ convergent to the infinite 
continued fraction - t - 7- » 

JP-+. - (2 + a^)i>„ + P„-. = 0, g,^, - (2 + ab) q^ + 5^,.. = 0. 

205. Prove that the products of the infinite continued frac- 
tions 

,,,1111 111 

m I ^ 1 1 1 ,^+1 1 1 1 

„. l + 6c ,„. 6 + c?+6c<^ 
are, (1) ^i r, (2) ; — ^. 

206. Prove that the difierences of the infinite continued frac- 
tions 

1111 1111 

fcr a C V 

^' a+ b + + d + a+ ...' o + b + a+ d+ c + ...' 
"^<^)rT^' ^^^a + c + oJc- 
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207. The contiiined fi'actions 

444 2III 

8+8+8+...' 4+4+4+...' 

each to n quotients^ are in the ratio 2:1. 

208. Having expressed J{n*-^a) as a continued fraction 

in the form » + s- tt- , ~ is the r*** convergent; 

2n + An + • • • 5^, 

prove that 

209. Prove that 

n n-1 w-2 2 1 l__n + l 

»+ w-1 + w~2 + ... +2+1 + 2~wT2* 

210^ Prove that the value of the infinite continued fraction 

12 3 .1 

IS 



1 + 2 + 3+.. . €-r 

211, Any two consecutive terms of the series 

satisfy the equation 

__ w (w + 1) 
^"+»" 2n-a • 

find a^ in terms of a^; and prove that, when n is indefinitely 
increased, the limit of  ' ' .'" — ^^^ i s a^, 

212. Prove that 
r (r + 1) r (r + 1) 



(1) 



1+ 1 + ... ton terms 

_ r(r + ir^ + (r + l)(-r)"^' 
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m 1 1 3.' 6' (2w-l)' 

^' 1 + 2+2 + 2"+ + 2 



-ill (-1)""' 

.«. 1 2 6 12 w(n + l) 

^^ 2 + 2 + 2+2 + + 2 

^J 1_ J^ (-1)* 

•"1.2 2.3"*" 3. 4- +(w+l)(n + 2)' 

IA\ ^ ^ r + 1 r-{'2 

^ ' T+r + r + l + r+2 + ... ton quotients 

^, 1_ 1 1 

" r+l"*'(r+l)(r + 2) (r + l)(r + 2)(r + 3) 

+ ... to n terms, 

'^ 1 + 2-aj+ 3-2a; + +w + l-«aj 

2 l^B w + 1 ' 

W i + 3_aj«+5_3a.« + + 2n+l-(2n-l)aj 

=«..?! + ?!_ ^(-^)v 

"" 3^5 ■^2;iTl' 

1 r r(r+_l) r(r + w-l) 

^^ 1 + 1+ ~2 + + n 

= ^"'F+'l"^(r + l)(r + 2)'"*'* 

(- ^)" 
"•■*"(r+l)(r + 2)...(r + w)' 

, 1 1 16 81 n" ^^xr* 

^ ' 1 + 3+5+7 + + 2» + l + ... to 00 ~ 12' 

114 9 w" 

<^> T+r + T+I + +T + ... tooo = ^^«2' 



11^.4 1 
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^ ' 1 + 2+3+ +W-1 + ... tooo €"+!' 

y 3,4 3^^ J|7i_ ^ 2€"+l 

^^ 1 +T"+ 3 + +W-2+... toQo" 5c*-2* 



213. Prove that 

..1111 2n 

\V 1 



(2) 



1 — 4 — 1 — 4-...to« quotients w + 1 ' 
1111 n 



4-1 — 4— 1 — ...to w quotients 2 (w + 1) ' 



...1149 _^-i 11 _I 

W T_3-.5_.7-..._.2w+l= 2**'3"*'"*"^w + r 

m ^ 1 ? ?^ (^^-l)' -i 1 1 1 

W x_4^8-12-...- 4n ^ ■*"3 ^d"*"" ■*"2n+ 1 ' 

1 ^ (r + 1)' (r + n-1)' 

i:.2r+l- 2r+3 - ...-2(r+w)-. 1 

1 1 1 

S- + :r + ... + , 

r r+1 r+n 



(S) 



^ ' a-2a + 6-2a + 36-...-2a+(2w-l)6 



= -+ r + ...+ 



(7) 



a a + 6 "* a + n&' 

«• (g-l)' a| (g-l)^ 

1— 1 —1— 1 —...ton terms 

a (w + 2a — 1) wa . - , 

= ^-^^ or ^_3^^2 , as « IS odd or even, 



.5.. a (a + 1) a (a — 1) a (a + 1) 

^' 1 — 1 — 1 —... to 2» terms 

_a(a + l){(a*-l)^^-a-} 



(a + l)(a'-l)"-a 



8n+l 9 
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3$ X 4x n*x 



(9) 



1 — 2+ a;— 3 + 205- ...—»+ 1 +na: 



ic" a;" a^ 



= 0; + -^ + 7r + ...+ 



2 ^ 3""^w+l' 



1 4 ^ (n'-l)' __ n(n+l)(27^+l) 
^^^^ T-5-13-...-n» + (w+l)»- 6 

2 3 8 n'-l _ w(7^ + 3) 
(^2) i^5_7-...-.2» + l- 2 ' 

1 1* 2^ w* 

0^) i-FT2^-2» + 3*-...-w' + (w + l)* 

_ 1 1 1 

112 3 n _ ^^ 

-(^^) 1-3-1-5-. .. -n + 2-. .. tooo ""* ' 

r r 2r 3r 

(15) l + i„j;rr2-r+3-r+4-... tooo *' 

<^^) 2;^-2i^T3--.-2irr5-...*^^=^' 
/,^v^«' + l '• + 2 . r-1 

214. The numerator and denominator of any convergent to 

^- JM* A* 

the fraction 7 t — r . ^^®^ ^^^ ^^^ ^*^®^ ^^ 

r— 1 + r— 1 + ^— 1 + ..• 

unity, 

215. If ^ be the n^ convergent to ^^ ^ir^ + i^ZTl^.., 
then will 
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1 + a? • ) 

prove that a.' - 26/ = (- 1)-'. 

2 — a; 

I'- 
prove that a * — 36 ' = 1. 



prove tliat a," - (»^ - 1) V = L 

1 1 

219. The n*"^ convergent to 1- j^^ ^ equal to the 

(an-l)* convergent to J^g^ J-^^; ,,. 

220. In the equation 

X* — 2/105' — 05 + w (w — 1) s= 0, 

prove that a; = ± ^ w d= Vti + 05, 

and find all the roots of the equation. Prove that 

^7 - Vj + Vt"^^^ to 00 = 2, 

and express the other roots of the biquadratic in the same form. 
W. 4 
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221. Prove that 



'Jp-Wp + Jp- ... = __ , (»»>«), 

J •/ /— n'-mn—m,* 



where |»=—j^^ 



XV, Properties of Numbers. 

222. If n be a positive whole nnmber, 

2*" + 15n-l is divisible by 9, 

(27i + l)*-2«-l 120, 

S^+'-Sw-O 64, 

S^'+' + ^On-ar 64, 

3"-*'' + 160n'-56»-243 512. 

223. If 2;?+ 1 be a prime number /[£)' + (-1)^ is divisible 
by 2/?+l. 

224. If ^ be a prime number, ,_iC, + (- 1)""^ is divisible by p. 

225. Ifn— 1, n+1 be both prime numbers > 5, n must be 
of one of the forms 30^, or 30«±12; and w"(n"+16) will be 
divisible by 720. 

226. If n — 2, n + 2 be both prime numbers > 5, n must be 
of one of the forms 30^ + 15 or 30^ tic 9, 



mm 



w^m^^fm 
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227. If 9» be a whole number^ 91 +1 and n^—n + l cannot 
both be square numbers. 

228. The whole number next greater than (3 + J5)* is divi- 
sible by 2\ 

229. The integral part of -^ (^3 + ^S)*"* is divisible by 2". 

230. The equation a? — 2^ = ± 1 cannot be satisfied by any 
integral values of x and y different from unity. 

231. The sum of the squares of all the numbers less than a 
given number H and prime to it is 

and the sum of the cubes is 

t(i-3(i-1)0-9--^x(i-«>(i-^)(i-'')-' 

a, bj c being the different prime factors of N, 



XYI. FrohaibUities. 



232. A and B throw for a certain stake, each one throw with 
one die. A^a die is marked 2, 3, 4, 5, 6, 7 and JB^b 1, 2, 3, 4, 5, 6; 
and equal throws divide the stake. Prove that ^I's expectation is 

47 

=^ of the stake. What will A^s expectation be if equal throws go 

for nothing ? 

233. A certain sum of money is to be given to the one of 
three persons A, £, G who first throws 10 with three dice; sujj- 
posing them to throw in the order named until the event happeu, 

prove that A*b chance of winning is f y^ j , and (7*s (ro ) • 

4r— 2 
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2^4; Ten persons each write down one of the digits 0, 1, 2... 9 
at random; find the probability of all ten digits being written* 

235. J throws a pair of dice each of which is a cube; B 
throws a pair one of which is a regiUar octahedron and the other a 
regular tetrahedron, whose faces are marked &om 1 to 8, and from 
1 to 4 respectively; which throw is likely to be the higher, the 
number on the lowest face being taken in the case of the tetrahe^ 
droni If A throws 6, what is the chance that^j? will throw 
higher ? 

236. The sum of two positive quantities is known, prove that 
it is an even chance that their product will be not less than three 
fourths of thtir greatest possible product. 

237. Two points are taken at random on a given straight 
line of length a: prove that the probability of their distance 

exceeding a given length c ( < a) is ( j . 

238. If three points be taken at random on the circum- 
ference of a circle the probability of their lying on the same semi- 

circle is ^ 
4 

239. If q things be distributed among p persons, the chance 
that every one of the persons will have at least one is the coeffi- 

cient of a^ in the expansion of [9 (c'- 1)". 

240. If a rod be marked at random in n points and divided 
at those points the chance that none of the parts shall be greater 

than - th of the rod is -j. 
n » 

241. There are 2w black balls and m white balls from which 
6 balls are drawn at random ; prove that when m is very large 



or 
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the chance of drawing 4 black and 2 white = ^rr-r, and the chance 

20 
of drawing 2 bkck and 4 white = ^jrt. 

242. If n whole numbers taken at random be n^ultiplied 

together, the chance of the last digit in the product being 1, 3, 7, 

n * /2\" 4" - 2" ' ' ^ ^ 

9 IS ( - ) j of its being 2, 4, 6, or 8 is — -^ — j of its being 5 is 

^Q, ; and of its being is j^s . 

243. If ten things be distributed among three persons, the 
chance of a particular person haying more than 5 of them n is 

1507 
19683* 

244. If on a straight line of length a + & be measured at 
random two lengths Oy b, the probability that the common part of 

these lengths shall not exceed c is -% , (c<a or 6): and ike 

probability of the smaller b Ijing entirety within the larger a is 
a — 6 
a .. 

245. If on a straight line of length a+b + c be mealsurecMat 
random lengths a, &, the chance of their having a common part 

which shall not be sreater than d is , . , ,v . (d < either 

® {c-^a){c + b) .^ 

aorb). 

246. There are m-^-p-^-q coins in a bag each of which is 
equally likely- to be- a shilling or a sovereign; p + q being drawn, 
p are shillings, and q sovereigns : prove that the value of the 

expectation of the remaining sovereigns in the bag is — — — ^ X. 

Kmss 5, j9 = 2, g= 1> find the chance that if two more coins be 
drawn they will be a shilling and a sovereign, (1) when the coins 
previously drawn are not replaced, (2) when they are replaced. 



54 ' BOOK OF MATHEMATICAL PBOBLEMS. 

247. A bag oontaiBS ten balls eacb equally likely to be white 

or black : three balls being drawn turn out two white and one 

black ; these are replaced and five are then drawn, two white and 

three black : prove that the chance of a draw &om the remaining 

71 
five giving a white ball is yaS' 

248. From a very large number of balls, each of which is 
equally likely to be white or black, a ball is drawn and replaced p 

times and each drawing g^ves a white ball : prove that the chance 

, « + 1 
of drawing a white ball at the next draw is - — ^ . 

'249. A bag contains four white and four black balls; from 
these four are d^wn at random and placed in another bag ; three 
draws are made from the latter the ball being replaced after each 
draw, and each gives a white ball : prove that the chance of the 
next draw giving a black ball is *33. 

250. A bag contains m white balls and n black balls, and from 
it balls are drawn one by one until a white ball is drawn. A bets 
B at each draw x : y that a black ball is drawn : prove that the 
value of il's expectation at the beginning of the drawing i^ 




-a?. 
m + 



251. ^ From an unknown number of balls, each equally likely 

to be white or black, a ball is drawn and turns out to be white; 

this is not replaced and 2n more draws are made, the balls 

being not replaced. Prove that the probability that in t^e 

3n4- 2 
2/t + 1 draws more white balls are drawn than black is -; s . 

4w + 2 . 
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XVJT* MUceUaneoua Qvsstions. 

252. By performing the operation for the extraction of the 
square root find a value of x which will make 

a perfect square. 

253. If y, + m^m^ = IJ^ + m^m^ - ^/a + ^^i^i^ = 1> 
then will KZ^^ 



254. Prove that 

(a<;-.6»){aj(a;-^) + y(y-A;))'--c(aj--A)*+ 26(05 --^)(y--A;)-a(y-^)* 

will be divisible by {x — hf + {y — ky if 

255. Having given the equations 



Ix 



« . /. ^\ y 



prove that 

Py« (rna — wy) + m*»a5 (tmb — &) + w'ajy (^ — wio?) 

= ^m.. (6^c)(c-a)(e»~6). 

256, The product of any r consecutive terms of the series 
1-c, l-c", 1-c", ... is completely divisible by the product of 
the first r terms. 
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257. The equation —^+-^+ ... + -^=0 wiU re- 

aj + 6j jc + Og x + b^ 

dace to a simple equation if 

a,ft, + ajb^ + ... + ah^ = 0, 
^=0, 

»i V"* + ««V"' + • • • + »A""' = ^y 
and the value of x will in that case be 

Aft r, b, C- K 

11 HI* 

258. Prove that 

(a + 5 + c + c?)" - 4 (a + 6 + c + rf) (5c + ca + oft + ac/ + W + a/) 

+ 8 {hcd-i- cda + <^ + abc) 

= (6 + c-a-c?) (c + a-6-rf)(a + 5-c-c?). 

259. Having given 

o + 6 + c + a' + 6' + c =0, a" + 6" + c"+a'" + 6'" + c'" = 0, 

^, ^ a' + ...+c'' a'+.-.+c'* «• + ... + c'* 
prove that = = ^ ^ ■= . 

260. If €tyh, che three positive quantities, of w:hich any two 
are together greater than the thirds 

(6 + c-a/(c + c»-6)'(a + 6-c)* 

>(6' + c«-a«)(c« + o*-60(a' + ^"-c*), 
unless a, h, e are all equaL 

261. Prove that 

+ — [2 — .+!.<',-,+ ••• +(- 1) p . 
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262. Prove that 
113 5 2w-l 



1-.2-4-6-...- 2n 



= 2 + 1.3 + 1.3.5 + ... + 1.3.5 ... (2w - 1), 



2n 271-2 4 2 „ 

263. If a = - =- ^ to 00 , 

n-\-n+ 1 +71 + 2+ ... 

prove that - — = -. =-r + —. ^.-, ^- ... to oo . 

'^ 7bA-x . n W(7i + 1) 7l(w+l)(7l + 2) 

V 

264. The 27i + 1*^ convergent to ^ tt" ^ :s- is equal 

^ l + 2p+l +2p + ... ^ 

tothe«*^conTergenttol-2-^_2^_ . 

If li 

then will u^ + vj^2 {u^ u^_^ 4- v^ v^_^) ; n being a positive whole 
number. 

266. If t. =1 + ^^77^) a:' + ^<^"^^^^:^^^^-^) «.-+..> 

L? li 

, n(n^l)(w-2) , 
and v^nx+—^ -^ ^aj'+..., 

then will "Z*,**^.! — ^^.^^.i = (1 "• «*)""* i » being a positive i^hole 
number. 
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PLANE TEIGONOMETRY. 



L Equations. 

In the solution of Trigonometrical Equations, ifc must be 
remembered that when ah equation has been reduced to the 
forms (1) sin a; = sin a, (2) cos a; = cos o^ (3) tan a: = tan a, the so- 
lutions are (1) « = wir+ (— 1)" a, (2) x= 2nv^ a, (3) a:= wir + a, 
n denoting an integer positiTe or negative. 

The formula most useful in Tiigonometrical reductions are 

2sinui cosJ& = Bin(^ + B) + sin. (A - B), 
2 QoaA cos B = cos (^ + J&) + cos {A 
2Bin^ sinj?= coB(A — B) — eos{A 



and 



1 • n o • -^ +-^ A — B 

smul+sinj?=2sm — ■= — cos 



2 
cos A + cos J? = 2 cos — ^ — cos 

coaA — COS ^ = 2 sin — :^ — sin 



2 

A-B 

2 

^ + i 



2 ~ 2 

which enables us to transform products of Trigonometrical funo- 
tions, (sines or cosines) into sums of such functions and con> 
versely. Thus, to transform 

sin2{(/S-y)} + sin2(y-o) + sin2(a-)8); 

8in2(y-o) + sin2(a-j8) = 2sin(y-)8)cos(/S + y-2a), 

8in20S-y)=.2sin08-y)cos08-y); 

.'. sin208-7) + sin2(y-a)+sin2(o-/3) 

= 2sin05-y){cos08-y)-cos03+y-2a)} 
= 2sin08-y){2sin08-a)sin(y-o)} 
B. -48in(^-y) sin(y~a) 8in(a-^ 



FLAKE TRIGONOMETBT. 
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So to transform cos (P — y) cos (y — a) cos (a — j9), 

co8(y-a)oos(a-)8) = J {cos(y-j3) + cos(^ + y-2a)}; 

•. cos 05 - y) cos (y — a) cos (a — )8) 

= i{l + cos2(y-^) + cos2 (y-a) +00S 2(o-jS)}. 

267. Solve the equations ; 



and 



(1 

(2 

(3 
(* 

(6 

(7 

(«: 

(9 
(10 

(11 
(12 

(13 

(14 
(16 



2 sin a; sin 3a; s 1, 

cos X cos 3x = cos 2a; cos 6a;, 

sin 6x cos 3a; = sin 9a; cos 7Xj 

sin 9a5 + sin 5aj + 2 sin* a; = 1, 

cos ax cos hx = cos (a + c)a; cob (b-h e)x, 

4sinasin)3 sin a; = sin 2a + sin 2)3 + sin 2a;, . 

cos X + cos (a; - a) = cos (oj - j8) + cos (a; + j8 - a), 

2 sin' 2a; cos 2a; = sin' 3a^ 

2 cot 2x.— tan 2x=3 cot 3a^ 

8cosa: = -? — + , 

sin X cos X 

sin 2a; + cos 2a; + sin a; — cos a? «= 0, 

(1 +sinx)(l - 2 sin a:)* = (1- cos a) (1 + 2 cos a)", 

sin a cos ()8 + a;) _^ tan P 
sin )S cos (a + x) . tan a ' 

cos 2a; + 2 cos a; cos a — 2 cos 2a = 1, 

sin a cos 3x — 3 sin 3a cos a; + sin 4a + 2 sin 2d » 0, 



(16) 



• 8 

Sin a 



cos a 

+ 

cos a; ..Sin a; 



= 1. 



268. If 



cos (a? + 3y) = sin (2a: + 2y), 
sin (3a: + y) = cos (2a: + 2y) ; 



then will a; = (5»i - 3w) ^ + y^ 

y-(5n-37^)g^i-^J 
m, n, r being integers. 



or ^-y = 2rjr+2. 



60 



BOOK OF MATHEMATICAL PB0BLEM8. 



269. The real roots of the equation tan' x tan ^ = 1 satisfy 
the equation cos 2a? = 2 — ^5. 

3 J3 

270. Given cosSajs-j-^; prove that the three values of 



008 



/3 . IT /3 . T /3 . St 

fl^are^^"^^, ^^ ^n g, -^^ sin j^. 



A»vi Tii 11 x» . flJ tana: + a— 1 

271, If the equation tan^ = -^ :r 

^ 2 tanaj + a+l 



have real roots, 



272, Find the limits of the value of - — ; ; for possible 

tan (a — a) ^ 

values of oo. 

, 273. If )3) y be different values of x given by the equation 
sin (a + ») = m sin 2a, 



COS 



2 



msin(/3 + y)=0. 



S74» The real values of x which satisfy by the equation 

ainf^ coa«j»oo8f 3 sinxj are 2niw or 2nir^^f 

n being an integer. 

375. Ifxvybereal^andif 

8iu*«ain*y + 8in*(«+y) = (sin« + Mny)*, 
ji; or y!k miisi bo a multiplo of «; 

d76« If •« ^ Y bo threo aiigIos» unoqiiial and ks tlian 2t, 
wbidi Mlbfy tW equatkia 

^ * *v 



Umii viU aijuv<}^Y)^wav>^oiH-^i^(o^/3)=()L 
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277. If A 7 ^ angles, unequal and less than tt, wluch satisfy 
the equation 

* cos a cos X sin a sin x 1 

1 — _ 

a b c' 

then will (6*+ c'- a*) cos)8 cos y + (c*+ a*- 6") sin j3 sin y = a*+ 6'- c*. 

278. If a, j3 be angles, unequal and less than ir, which satisfy 
the equation 

a cos 2a; + & sin 2a; = 1, 

and if (I cos' 2a + m sin* 2a) (I cos' 2j9 +. m sin* 2)9) 

= {? cos* (a + j9) + m sin* (a + )8)}*, 

then will either l = m, or a*- 6*= ^, . 



II. Identities and Equalities, 

279. If tan*^ = 1 + 2 tan*j5, then will cos 2.5 = 1 + 2 cos 2i. 

280. Having given that sin (.B+C- J), sin ((7 + ^-^), 
sin (^ + JB - (7) are in a. p. ; prove that tan Ay tan j5, tan (7 are in 
A. p. 

281. Having given that 

1 + cos (j8 - y) + cos (y - a) + cos (a - j9) = ; 
prove that (fi — y), (y - a), or (a — j9) is an odd multiple of v, 

282. If cot a, cot )8, cot y be in A. P., so also will cot (fi - a), 
cot)8, cot(^ — y). 



283. Having given 



e ff B 

T tan - = tan ^ : 



co60 = cosa cosjS, cos ^= cos a' cos j3, tan ^ tan ^r = tan ^ ; 
prove that sin* j8 = (sec a - 1) (sec a'-l). 
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284. If tan2a = 2-s^t^ taii2)8=2 . T» .. . 

a. A Cr c 

then will tan (a- ^ be equal to = or to , "" . 

285. If tan(<^ + a), tan<^, tan(<^ + )8) be in A. P. then will 
cot a, tan ^, cot j9 be in a. p. 

286. If a, ft y be all unequal and less than 2w, and if 

cos a + cos)8 + cos y = sin a + sin p + sin y = ; 

3 

then will cos* a + cos'jS + cos* y = sin* a + sin*)8 + 8in*y = ^ . 

oo^ TT • • tan 2)9 tan2y ., . , 

287. Having given ^^^^^^^ = t»n(, + ;8) ' P'**^* *^** «^ 

member of the equation is equal to 



tau()3 + y)' 

and that sin 2 (jS + y) + sin 2 (y + a) + sin 2 (a + j8) = 0, 

unless tan (jS — y) = 0. 

288. Prove that 

(l - W|) (l-tan« J) (l tan' J) to oo = -V . 

289. If 

C = 2 cos ^- 5 cos'tf + 4 cos^'e, /S^ = 2 sintf-S sin'tf + 4 sin'^; 

then will 

(7 cos 3^ + /S' sin 35 = cos 2tf, and /S'cos 35- CsinStf = - ^sin 2^. 

290. Having given 

ic cos ^ + y sin <^ = a; cos ^' + y sin t^' = 2o, and 2 cos ~ cos ?- = 1 ; 



prove that ^* = 4a(a + 0?) j ^,0 being unequal and less tiban 2ir. 
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291. Having given 

(x — a) cos tf + y sin tf = (a: - a) cos ^ + y sin ff = a, 

B & 

and tan -^ - tan — = st 2e; 

prove that y'= 2aaj - (1 -6*) a^, tf, & being unequal and less than 2w. 

292. If (1 + sin S) (1 + sin <^) (1 + sin i/^) = cos cos <^ cos i^, 
then will sec* 6 + sec* ^ + sec*^ — 2 sec sec ^ sec^ = 1. 

293. Having given 

cos ^ + cos -S + cos £7+ cos il cos j5 cos £7 = 0; 
prove that 

cosec*^ + cosec'2? + cosec*(7 ± 2 cosec A coseo B oosec (7=1. 

294. If 

tan' -4 tan X = tan* 5 tan S = tan* (7 tan G' = tan ui tan B tan £7, 

and cosec 2 A + cosec 22? + cosec 2(7 = ; 

then will 
tan(^-J') = *aii(^-^') = *an((7-(7')=tanil+tanj5 + tan(7. 

295. Having given 

aJsin3(jS-y) + ysin3(y-a)+«sin3(a-y3) = 0j 

prove that 

aj sin {p—y) + y sin (y — a) + sin (a — P) 
a; cos (^ — y) + 2/ cos (y — o) + « cos (a — $) 

sin 2 (/3 - y) + sin 2 (y- a) -t- sin2 (a- /8) 
cos2(jS-y) +COS 2(y-a) + cos2(a-/3)"~ 

296. Having given the equations 

aj» = /3* + y*-2)8y cos^ j x-\-y+z = 0)^ 
y* = y» +a'-2ya cos«^>, ^+<^-fi^B=o/' 
«*=o*+j8'-2a/3cosi/r J 

prove that py sin ^ + ya sin <^ + a)S sin i/r = 0. 
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297. If co8-4 + coflj5 cos(7 + smJ5 smO coB-4 = 0, 

and if. coa A = cos B cos C ^ sin B sin C cos A, 

then will cos B = cob C cos A ± sin C sin ^ cos j?. 

298. Beduce to its simplest form the equation 
{ajcos(a + j8) + ysin(a + j3)-cos(a-j8)} 

{a; cos (y + 8) +y sin (y + 8) - cos (y - 8)} 

= {a; cos(a + y) + y sin (a + y) - cos(a-y)} 

{a;cos03 + 8) + ysin()3+8)-cos(j8-8)}. 

299. Given the equations 

yz-y^z + zx-zx + xt/'-'Xy^O, A + B-hC=lSO\ 
ocx^ sin* -4 + yy sin' B + zz' sin' G = (y« + y «) sin B sin C cos ^ 

+ {zx + « oj) sin C sin -4 cos 2? + (ajy' + xy) sin J. sin B cos (7; 

prove that, for real values, either a; = y = «; or a;' = y = «'. 

300. If ^ + J? + £7 = 180', and if 

y' + »* + 2y« cos J. __ «" + ic* + 2203 cos j5 _ ic" + y" + 2a3y cos (7 
sin* -4 " sin*j5 ~~ sin* (7 ^ 

then will either 

X %i z 

a? sin -4 + y sin jB + « sin C = 0, or -. = ^ p = 7^ . 

^ • cos ul cos jO cos C 

301. Having given the equations 

y* + «* - 2.v« cos a _z^-^x^ — 2zx cos )3 __ aj* + y* — 2a^ cos y 
Bin" a "~ sin*^ "" sin*y ' 



PLANE TRldON OMETItl'r 



66 



then will 



X 



or 



«a (8 - a) 

X 

X 

«».(«- y) 

X 



y 
y 
y 



«» (« r- y) ' 
«iB(«-/3)' 

2; 



V2. 



= a + ^+ 



302. Having given 

cos a sin a ^ ooa' 79 a^ti*/} 

^3^+ SO = -l' prove that ^^Ll+ !E_f = i. 
cos (7 Bin p * , COS o sin o 

303. Jfa,p,y be unequal and less than ^, and if 

^ _ sin (g-/?) + Pin(a-y) si n ()g-y) + sin (ff-^a) . 

sin ^ + sin y- 2 sin a sina + siny-2 sin/3 / 
then will ' . 

sino + sin^ + siny=0, cosa + cos )3+ cosy = -3«. 

304. If 

tan^tan^=tan^tana, and sin^ be finite, 
then will sin(a+)S) = sin^^+|) + sin(g.+ |V 
30& Eliminate 0, 4> from the equations 



-cosd + |sind = -cos<^ + |sin<^=l, 

J. 6 — d> a-'$ a — <& 
4 cos —77-^ cos -7^— cos —^ = L 



• ^- » '■' . ' " , . ^ . ^ 

' 306. .Having given the equations 

a' + 6' - 2ah cos a=a c* + e?- 2c^ cos y, 

6" + c' - 26c cos )S = (£• + a"- 2ac^ cos 8, 
a5 sin a + ccZsiny = 6<j sin a + ac?sin 8 : 
prove that cos (o+ y) = cos(^ + S). 



J 



CL,0^ 



r  "< 
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307. Having given sin fl + sin ^ = a, cos0 + cos^ = &; prove 
that 

(1) tan^-4.taii^= ^,^^,^^^ , 

(2) tang.ftaii<^:= ^^,^^^__^^„ 

(3) cosgcos^= ^^y^^.^ , 

(4) sing sin <^= 4(a'-h6') ^ 

/^x ozi o^ (6'-a*)(a» + 6"-2) 

(5) cos2fl + cos2^=^ ^^— Tg -f 

(6) cos3tf + cos3«^ = 6f46*-3-3(^J^~— }. 

308. Having given 

ecos()8 + y) + cos()8-'y) = e cos(y + a) + cos(y — a) 

= e cos (a + j8) + cos (a — j8), 

Of Pyy being unequal and less than «■ ; prove that each member of 

e"-l 
these equations is equal to - ^ , and that 

sin (^ + y) + sin(y + a) + sin (a + )9) = 0, 

309. Having given 

ii cos (/S- y) + J5 (cos j9 + cosy) + (7 (sin ^ + siny) + D = 0, 
^ cos (y — a) + -B (cos y + cos a) + C (sin y + sin a) + i> « 0, 
AcoB{a^p) + B (cos a + cos )8) + (7 (sin a + sin j8) + i> = ; 
prove that 

A' + B' + G'^^^AD, unless sin^sinl^sin^^^.O, 

j8 J 2 

310* Having given the equation 
ilcofl(/3-y) + jBcos08+y) + Csin(j3 + y) 

-f -4 ' (cos ^ + cos y) + ^ (sin /8 + sin y) + C 0, 
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and tlie two like equations between y, a, and a, )3 respectively; 
prove that if 

sm -g-£ sin '-^ sm —^ 
be finite, JB« + O"-^'-.i''~^'*+2.4<7=0. 

311. Eliminate 6 from the equations 
?^+?^^ = l, »8in«-ycostf = ^(a'8in*(? + 6*co6'e). 

312. Having given the equations 

tftn^- — 5 tan a = tan ^ — ^^ — tan a = tan ^ tany = — : 

2 2 2 ' w 

prove that 

sin (/S + y) + sin (y + a) + sin (a + ^) = " 
cos P cosy sin j9 sin y 1 






. ^ P» y being unequal, 
' and < IT. 



<&c. 

313. Prove that 

cos* ~ 2 cos COB a cos (a + 0) + cos" (a + 6} 
is independent of 0, 

314. Prove that 

sin 2a cosjS cos y sin (y3 - y) + sin 3)3 cos y cos a sin (y — a) 

+ sin 2y cos a cos j3 sin (o — )8) = 0, 

cos 2a cosj3 cosy sin(/8 — y) + + 

= sin()S-y)sin(y-o) sin(a-j8). 

315. Prove that 

2sin^|sin«_-sin--^| 

s cos' + cos* 20 + cos* 30 - 3cosd cos 20 cos 30, 

, „ . 30r ,30 .50) 
and 2sin-^^cos"-^-cos*y > 

= 8in'0 -f sin' 20 + sin' 30*- 3 sin sin 20 sin 30. 

5—2 
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316. Prove that 

sin 2a sin (/S - y)A- sin 2j8 sin (y - a) + sin 2y sin (a - j8) 
= {sin (y - jS) + sin (a — y) + &in,()5 — a)} 

{sin (/? + y) + sin (y + o) + sin (a + j8) }, 

and cos 2a sin (/S — y) + cos 2)3 sin (y — a) + cos 2y sin (a — j8) 
= {sin (y — )8) + sin (a — y) + sin ()S — a)} 

{cos (fi + y) + cos (y + a) + cos (a + j8)}. 

■S17. Prove that 

,- . sin 3a sin (/8 — y) + sin 3j3 sin (y — a) + sin 3y sin (a — fi) 
^ ' cos 3a sin (iS — y) + cos 3)3 sin (y — a) + cos 3y sin (a - )8) 

= tan (a + )8 + y), 

. sin 5a sin ()3 — y) + sin 5/8 sin (y — a) + sin 5y sin (a — )8) 
^ ' cos 5a sin (/i^ — y) + eOs 5)8 sin (y — a) + cos 5y sin (a — )8) 

__ sin (3a + )g + y)+ ... + ... 
" cos(3a + )3+y)+ ... + ... ' 

and that 

. . sin 7a sin (/? - y) + sin 7p sin (y — a) + sin 7y sin (a — J8) 
^ ^ cos 7a bin ()3 — y) + cos 7/? sin (y — a) + cos 7y sin (a — (d) 

_sin (a + 3)8 + 3y) + ... +... -hsin (5a + )8 4-y)+... +... 
"" COS (a + 3)3+ 3y) + .... + ... +cos(5a + )3 + y) + ... +...* 

318. Prove that 

cos' a sin (/? — y) + cos"* )3 sin (y — a) + cos® y sin (a — )3) 

- I I ! -■ " ~ ". " " " ■--■■— _   

sin* a sin ()3 - y) + sin" )3 sin (y - a) + sin* y sin (a -j8) 

^ +cot(a + )3 + y) = 0. 

319. Prove that 

1 1 1 1 __sin7ia+asin(7i — l)a 

2 cos a — 2 cos a — 2 cos a — ... — 2 cos a + a sin(w+ l)a +a 6in wa ' 

there being n quotients in the left hand member. 
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320. From the identity 

^, (a?~5)(A?~c ) , ^^ (ig--5)(a;~g) , ,, (a?-a)(fl?- 5) __ ^ 

deduce the identities ., 

- . - V sin (^ — a) sin (0 — y) . ^ 

cos 2(0 -ha) -r-j J^ . q +,., + ...= cos 4tf, 

^ ^ sin (a - /j) sin (a — y) 

. „,- . sin/^-/S) 8in(^-y) .. , 

^ ' sin (a - jS) sin (a - y) 

32 1. Prove the identity 

cos gS + y - a — S) sin ^-^ sin — ^ 

^cofl(y+a-j9-6) siH^-^sm^-g— 

+ cos{a + j3-y-o) sin —— ^ sm -^-^ 

'  ,■ • • ' •  .  • ' 

o . fi-y . y-a . a-)S . S-a . 8-^ .^^-jy 
= 8 sm^-^-' sin ^-^ sin*— ^ sin — ^ sm — - sin —^ . 



III. Inequalities. ' 

' ^ i . . '  , • ' 

322. Erove^ that cot ^ > 1 + cot for values of 9 between 

and TT. ' ' 

323. Prove that, for real values of «, ,""^ 7; — =■ lies 

' a*-2a;co8/3+l 

, ^ ' 1 — cosa , r+coaa 

between :; ;=, and = -z, 

l-cosj8 1+cQs/:^ : 

324. li Xy y^zhe any real quantities, and Ay B^ G the angles 
of a triangle 

a* + y' + »* > %« cos -4 + 2zx cos -B + 2a!y cos C, 



unless 



mi A sin J? sin (/ * 
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325. Having given the equation 

Bee j3 sec y + tan j9 tan y = tan Oy 

prove that, for real values of fi and y, cos 2a must be negative ; 
and that 

tan P + tan a tan y cos iS _ ^ 

tan yH- tau a tan fi cos y 

326. If il + J5 + (7= 180*, prove that 

A ^ B G 
sin -^ ^-^ siii^>(l-cos4)(l-co8^(l-cosC) 

> cos A cos B cosCy 
unless A = B = C, Also 

sin ui sin J? sin (7 > sin 2ui sin 2^ sin 2(7, 

327. Prove that 

f co8'(a-^ 8in'(a~g) ) f cos' (a + ff) sin' (a 4- g) ) sin" 2a 
\ a* ■*■ 6« j\ a' ■*" F J^ aV ' 

and that the two cannot be equal unless tan' a lie between 
b' .a' 

328. If tan a tan j3 tan y » 1, a, A 7 being angles between 

IT 1 

and g, 8inaBinj8Biny<5— ^, 

unless o=)8 = y, 

329. If a + -4, p + B, y + G be the angles subtended at any 
point bj the sides of a triangle ABGy 

sin' a sin'jS sin'y sin a sin )g sin y 

sin-4 sin ^ sin (7 ^ . A . B . G* 

2smjsm^sinj 

unless the point be the centre of the inscribed circle. 
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IV. Properties of Triangles. 

In these questions Oy by e denote the sides, A^ByC the re- 
spectively opposite angles of any triangle; R the radins of the 
circumscribed circle, r, rj, r,, r, the radii of the inscribed circle 
and of the escribed circles respectively opposite A, By C. 

330. JfOyft>y\l/ be angles given by the equations 

coaO = -z , COS0S , cos</rs -; 

then will tan*;r + tan* ^ + tan" ^= 1 ; 

, <l> }lf A B G 

and tan ^ tan ~ tan s = * **"'i^ o" ^°^ 9" ^^^"^ 9 • 

331. If sin j1, sin By sin (7 be in harmonical progression, so 
also are 1— cos-4,1 — cosJ5, 1 — cos(7. 

332. Prove that 

sin ^ 8in(il - j&) sin {A - C) + sin ^ sin (5 - (7) sin (-B-ii) 

+ sin G sin (C— il) sin ((7- -B) = sin -4 sin -B sin C 

— sin 2 A sin 2J& sin 2(7. 

333. From the three relations between the sides and angles 
given in the form 

a* = V A-c^^^bc Qo^Ay &c., 
deduce the equations 

a b e 

assuming that each angle is < 180^ 
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334. In the side BCy produced if necessary, find a point F 
such that the square on PA may be equal to the sum of the 
squares on P-S, FG ; and prove that this is only possible when 
Af By G are all aoute and tan A < tan-^ + tair(7, or when B ox C 
is obtuse. These conditions being satisfied, prove that there are 
ingeneraltwo ^ch points which lie both between 'j? and 0, one 
between and one beyond, or both beyond, according as ^ is the 
greatest, the mean, or the least angle of the triangle. ^ 

. . ' _-...* 

335. P, Q are two points on the circumscribed circle, the 
distance of ^ther from A being a mean proportional be^ltCcv^n its 
distances from B and G ; prove that 

 ., iBAF'-iGAQ^^^. 

336. The line jdiniog the xoiddle points of BG and of the 
perpendicular &om A on BG makes with BG an^angle 

. cotr' (cot P - cot (7). 

c .337. -The line jpiniifg the* centres of the inscribed .and cir- 
cumscribed circles makes with BG an an^e 

sin jB -* sin C 



1 ( sin j5 -* sm c7 "^ 
\cos^ + cos(7-lj * 



338i. The li|ie joining the centre of the circumscribed circle 
and the centre of perpendiculars makes with BG an angle 



"* 1 f tanjg^^tang ) 
^ - ttinj5tana-3r 



339. The perpendicular from A on BG is a harmonic mean 
between r. and r„. 

^ .. . -* 

340. If be the centre of the circumscribed circle and AO 
meet PC in Z>, "" ' 

DO : AO :: cps^ ; cos(P-(7). ' x 



I 

I 
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• 341. The perimeter of & triangle : perimeter of the yisctibed 
circle :: the area of the triangle : area of the circle » 

:: cot ^ cot 75- cot -jr : ir. ^ 

^ ^ J 

' 342* ' A. triangle is formed by joining the feet of tW per- 
peudiculars. of;^ the triangle ABC; and the circle inscribed in this 
triangle touches the sides in A', B", C"; prove that 

B^cr CTA'^ a:b 



BG " GA" AB 



= 2 cos ii cos B cos (7. 



343* A circle is drawn. to toiich the circumscribed circle and 

A 
the sides AB, AG ; prove tha^ its radius is. rsec'-^- : a^d if it 

touch the circumscribed ciixjle and the sides AB, AG produced, it^ 

A 7 

radius is r^ sec^-^- .If B= G and the latter radius ^ JS, cos ^1 ^^^ - 



1 1 



S44. Prove the formul», ' , 

6' 8in2(7-26c sin (5 - (7) -c» sin 2-5 = 0, 

6' cos 2(7+ 2&<j cos (B - (7) + c* cos 2B = a\ 

► -. • > . _ . ,. 

345. Having given 

ysin"(7 + «sin*^ = «sin'-4 + a?sin"(7 = aJsin'-S + y sin*-4 ; 

346. Determine a triangle having a base c, an altitude h^ and 
a given difference a of the base angles; and if 0^, 6^ be the two 

' 4A 

values of the vertical angle, prove that cot ^i + cot 0^ = — . ^ . 

c sm CL 

Prove that only one of these values corresponds to a true solution ; 
and, if this be $^y that ^ 

tan -jr- = — •■• >j ^ r — . * 

2 .^ c(l — cosa) 



74 BOOK OF MATHEMATICAL PBOBLEMS. 

347. Determine a triangle in which are given a side a^ the 
opposite angle A^ and the rectangle m* under the other two sides : 

and prove that no such triangle exists if 2m sin -^ > a. 

348. A triangle A'BG' has its angles respectively supple- 
mentary to the half angles of the triangle ABG ; and its side 
BC equal to BG\ prove that 

. A 
t.A'EG' __ ^^Y 

aAJBG'-TTTTU' 
2fiinjBmj 

349. IfXj iff z be perpendiculars from the angular points on 
any straight line ; prove that 

«*(«-y)(«-»)+**(y-«)(y--«)+c"(«-«)(«-y)=(2Aii-Ba)% 

any perpendicular being reckoned negative which is drawn in the 
opposite direction to the other two. 

350. If p^, p^ p^ be the perpendiculars of the triangle, 

1111 COSil cos^ cosO 1 

— +-+ — = -, + + =-w. 

Pi Pa Pz *• Px Pa -Pa ^ . 

351. The distances between the centres of the escribed 
circles being respectively a, ^^ y; prove that 



AR = 



> ^' _ iS* - / 



^s+^8 ^8+»"i ^i-^^a 



where 2o- = a + j8 + y. Ph)ve also that 



V V. + V. + *".*"t >/'•.»•. + V. + ♦■.'■• 
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352. The distances between tbe centre of the inscribed circle 
and those of the escribed circles being respectively a', ^\ y ; 
prove that 

and that 325' - 2i? (a" + ^ + /•) ;K a jS'/ = 0. 

« 

353. Prove that 



8j* t t 

— ^pr*-2 = sin -4 sin JB sin C, 



and ^^'^-^ 



-7^» = (1 + cosu4) (1 + cosi5) (1 + cos C). 



354. Prove that 



45= 



a 



P ^-/^ ^ ^ P^ ^ y 



A B . A TM^ . a 

COS -g ^®s -^ ^^ "q" ^^ "q ^^ 9" "^^ 2" 



355. If 5^, y be the radii of two of the four circles which 
touch the sides of a triangle, and a the distance between their 

centres^ the area of the triangle will be gr^ . ^ y -h *to 

upper sign being taken when either of the circles is the inscribed 
circle. 

356. 0, ff are the centres of tbe circumscribed circle, and of 
the inscribed or one of the escribed circles, A\ BfyG the points 
of contact of the latter circle with the sides, L the centre of per- 
pendiculars of the triangle A'B^Cf \ prove that 0, (7, L are in one 
straight line, and that 

(/L X Off x: T \ S, or :: r^ : 5, &c. 

357. . If an isosceles triangle be constructed whose vertical 
angle is cos"^ ^, the inscribed circle will pass through the centre 
of perpendiculars^ 



76 BOOK OP MATHEMATICAL PROBLEMS. 

358. liOyO be the centres of the circumscribed aXid inscribed 
circles, and L the centre of perpendiculars 

and if o^ be the centre of the edcribed circle opposite A^ 

* m • \ 

359. If the centre of the inscribed circle, or of one of the 
escribed circles, be equidistant from the centre of the cii*cum- 
scribed circle and from the centre qf perpendiculars, one angle of 
the triangle must be' equal to 60 . 

•I •• • 

360. The angle at which the circumscribed circle of a tri- 
angle intersects the escribed circle opposite A is 

_, 1 + cos A — cos B — cos G 

cos . 

If a,)8, y be the three such angles, 

(cos ^ + cos y) (cos y + cos a) (cos a + cos P)- 
^ . . . =2(cosa + cos^ + cosy — l)", 

361. If P be any point on the circumscribed circle, 

P^ sin ui + JPJf sin-B + -PC sin (7 = 0, . 

A certain convention being made with respect to sign: also 
PA^ sin 2A + P^'sin 2B + PC" sin 2G=it.ABG. . 

' 362. If P be any point in' the plane of the triangle, and O 
the centre of the circumscribed circle, 

P^* sin 2.1 + Pi^ sin 25 + PC" sin 2C 

=r 2Aii5C + 40P* sin ^ sin -5 sin C. 

363. If P^be-aiyr po^nt on the inscribed circle,- 

Pil'kn^ + P^sini + PC'sinC 

is constant; and if P be any point on the circle with respect to 
which the triangle is self-coBJttgate, ' 

Pil* tan il + P-S* tan 5 + PC t«n C = 2 Aii^C. 
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If p be the radius of this latter circle, and 8 ^the distance of 
its centre from the centre of the circumscribed circle, 

264. The line joining the centres of the circumscribed and 
inscribed circles will subtend a right angle at the centre of per- 
pendiculars, if 

1 + (1 - 2 cos J) (1 -2 cos J?) (1 - 2 cosC) = 8 cos^ coa-5 cos C. 

365. If P be a point within a triangle at which the sides 
subtend angles A + a, B + P^ G+y, respectively, 

« 

sma sinp siny 

366. Any point P is taken within the triangle ABCy and the 
angles BFO, GPAy APB are A\ B\ G' respectively;, prove that 

A BPC (cot A - cot A') = A CPA (cot B - cot B') 

^ A APB {cot C- cot Cy 



V. Heights and Distances. Polygons, 

367. At a point A are measured the angle a subtended by 
two objects P, Q in the same horizontal plane as A and the 
distances a, h at right angles to ilP, AQ respectively to points at 
which PQ subtends the same angle a; find the distance between 
Pand$. 

368. An object is observed at three points -4, J?, G lying in a 
horizontal line which passes directly underneath the object ; the 
angular elevation at ^ is twice and at G is three times that at A ; 
also AB=a, BG = hj prove that the height of the object is - 

Tf the angle of elevation at A be* tan""* J, a : 6 :: 13 : 5. 
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369. The sides of a rectangle are 2a, 2b, and the angles sub- 
tended by its diagonals, at a point whose distance from the centre 
is c, are a, )3j prove that 

(yiy-^y "^' (tena-tan ^)'+6' (taUa^tan^S)'. 

370. The diagonals 2a, 25 of a rhombnci subtend angles a, j3 
at a point nrhose distance from the ceatre is c; prore that 

371. Thvae cxtcles A, B, C touch eaoh other two and two, 
«nd one common tangent to A and JB is parallel to one common 
tangent to A aad C; prove that, if a, (, c be their radii, and p, q 
the distances of the centres of B and C from that diameter of A 
which is perpendicular to the two parallel tangents, 

pq 88 2a' = Sbc 

372. AB is the diameter of a circle, C any point on AB, on. 
AC, BG as diameters are described two other circles: if a circle 
be described touching the three, its diameter will be equal to the 
distance of its centre from AB. 

373. Four points A, P, Q, ^ lie in a straight line, circles are 
described onAQ(^ 2a), BP (= 26), and AB{^ 2c) as diameters ; 
prove that the radius of a circle touching the three is 

c{c — a) (c — 6) 

374. A polygon of n sides inscribed in a circle is such that 
its sides subtend angles a, 2a, ... na at the centre; piove that its 
area is to the area of the regular inscribed polygon of n sides in 

the ratio 

, na .a 

sm-^ : nsm^. 

375. ABCD IB a parallelogram and P any point within it ; 
prove that 

i^APC cotJPC^ABPB cot BPD 

is independent of the position of P. 



I 
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376. The distances of any point jP on a circle from the an- 
gular points of a regular polygon of n sides inscribed in the circle 
are the positive roots of the equation 

Lf 

+ — ^ ^-^yj — — ' \dr-Qi?y ' a* -... « c?*" cos nO ; 

d being the diameter of the circle and 6 the angle subtended at 
the centre by any one of the distances. 

377. The sides of a convex quadrilateral are a, bj c, d and 
28 is their sum ; prove that 



tja {8 - a - d) {b — b — c^) {8 — c — d) 
cannot be greater than the area of the quadrilateral. 

378. The equation giving the length x of the diagonal joining 
the angles {a, d)y (b, c) of a quadrilateral, whose sides taken in 
order are a, b, c, d, is 

{a* (a6 + cd) - {dc + bd) (ad + be)}' 

= 4tab€d cos* a {(a* — a" — 6") («* — c* - <f *) + Aabcd sin* a}; 

2a being the sum of two opposite angles. 

379. In any quadrilateral A BCD, BG, AD meet in ^; GA, 
BD in F, and AB, GD in G ; prove that 

{EB.EG-EA.EDy (FG . FA - FB , FDf 

EA.EB.EG.ED mk*E' FA , FB . FG . FD bui' F 

(GA.GB-GG.GD)' 



GA.GB.GG.GDsin'G' 
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VL Expansions of Trigonometrical Functions, 

380. B7 means of the equivalence of the expansions of 

2c' sin a; X c* cos ar, and €** sin 2a;; 
prove that 

sm (» — r)-r cos -7- 2 sm -r- 

"^rsn-l ^ ^>4 4 4 

|n^ \n 

381. Prove by comparing the coefficients of 6*""' that the 
expansions of sin ^ and cos in terms of 6 satisfy the equality 

2 sin cos = sin 20. 

382. Prove that 

/ o\ / Q\ sin (w + 1) y , . ^ 

2.-(n-l)2 . ^ -... = __, ^^^ 

. 383. From the expansion of (sin 0)*"+* in terms of sines of 
multiples of 0, prove that 

Lz Li 

to (m + 1) terms. 

384. If n be aa odd integer, 

1 »— 1 y, w— 1 2»— 1 „. 

1 H cos tf + ^ — ; — cos 26 + ... to ao 

m n 'Zn 

= (n - 1)^ 2** 



Within what limits of is this true ? 
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385. From the eqaivalenl^ 

log (1 +aj€"*^^)+ log (1 -«€*^ = log{l -«(« + 27^1 sin fl)}, 

obtain the expansions of cos 2n0^ and 8in(2w + l)fl in terms of 
BinO, 

386. ' From the equivalence 

« o^ ^ . -« 4 . O-xJ^ . + xJ'^ 
c -2cos^ + € =4sin ^ sin ~ , 

resolve the former into its real quadratic factors. 

387. If tan (a + j8 7"^) = J^, a, p bemg real, then will a 
1>e indeterminate and p infinite. 

388. If oos(a-hpj— l)=cos^ + <y— 1 sin^ where Oj p^^ 
are real; then will sin ^ = it sin' a. Find also the relation be- 
tween a and p. 

389. If tan {a-^pj- 1) =cos^ + ^~ 1 sin ^, a, ft ^ being 
real^ then will 

«=y+J, 2^ = logtan(j + |). 

390. If tan(a + j8,y^) = tanfl + ,/^sece,.a,)S, fl being 

realj then will 

V 

2a = n7r+2+tf, 2/3 = log cot ^. 

391. Prove that 

1» 2« 3« , 2ir 

... to 00 = 



1« + 1 2«+l 3-+1 • €»-€^' 

392. If in a triangle the sides (f, b^ amd the angle w-^$ op^ 
posite b be given, and 6 be small j prove that, approximately 

c a ^ o6«..3a*6-3a?' f^ 

6-a* 6 2" ? If 
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393. Prove that 

. o ir* ^ -(2ir)' (3ir)' , . ^ 

394. Prove that 

tan^ 1 1 1 

■TT It 

Z^, Prove that if fl be an angle between j and - j , 

,, . .^ 2ffln*tf 2.4sm'tf 2.4.6 sin'»^ . 

e- = sm'<^ + 3-^ + 3^~3--+3-^-^-*-...toco 

l\tan*^ A 1 l\tan'^ 

-;r ... to 00 . 



, ,. /, l\tan*^ A 1 1\ 



396. Prove that 

1 1 1 1 1 1 

397. The expansion of tan tan tana is 

a. + 271 ^ + 4n (571 - 1) ~ + ^ (350nV^ 16871 + ^^^ 

the tangent being taken n tipaes« 



VIL Seriea. 



In the summation of many Trigonometric series in which the 
7^ term is of the form a^cosr^, or /i^sin rO, a^ being a function 
of r, it is convenient to sum the series in the manner following. 
^Xo find the sum of 1 +2 cos tf + 3 cos2tf + *..+w<5os (w- 1) ft*' 

Let (7= 1 + 2 cosfl + 3 cos 2tf + ... + w cos(« - 1) fl 
and ^= 2sind+3sin2fl + ... +7i'Sin (w-1)^ 

and let cos fl + ^/(- 1) sintf = «. 



}. 



^^■■M^H^p-*^^ mvm  w - 



Then C+Sj^ = l + 2z + ^ + ... +ny-'= ^ -^(**+ ^^-"?) 
_ 1 - (bos n9 + J^ah nef)(n +l)+ n{c(m(n+^l)0+J^mi. (n+l)6} 

_ 1 ~ (n+l)(oo8 wg+^^l sin ntf) + n {co8(w + 1)6+ J^ am (n+1)^} 

_ cosg-^y^ Bintf~(7H-l){cos(7^1)g+,y^sin(7^~l)^}-t-n(cosyitf+,y^ sinntf) 

WHencC; eq|^uating possible and impossible poxts, 

^ — (w + 1) cos (n — 1) tf — cos ^ — n cos nO 
' ~ 2(l-oos^) * 

«_ (w + l)sin{n — 1)6 + 8intf — n sinn^ 
== 2(1- cos 6) • 

Many others may be summed by separating the f^ term into 
a difference of the form CT +i — ^,, U^ being some function of r, 
and U^^^ the same function of r + 1. ^ua to sum the series 

1 1 1 1 

smo; sm 2« sm2a; sin 2 a; 



we have 



1 _ sinS'-^aj _ sin (2"-2'^0 « 



sin 2''x sin 2''''^a; sin 2*'a; sin 2*"~^a; sin 2''a; 
= cot2'"*aj-cot2'a, 

1 tt/ • ' . ** 

whence -: — =cot ^j— cota?, , 

= cota?.-*cot2aj, 



sin 2x 



sin 2""' a? 



^ ^^-=t:n-=cot2"-"aj-cot.2'^'«, "^ 



and the sum of the seriea is eot 71 - oot^^'la^^ "' 



X 



6—2 
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.398. Sum thesmes: 



(1) BlU*tf + —g—+—y— +....+ gS5J — , 

• il COS'S* C08*3"fl , -,^iC08»3"-*« 

(2) coe'fl 3~*~y -+(-1) -gi^i— > 



(3);^ 



eoB 9 COB 39 



+ -r 



Bin3* sinS'tf 



+ ..,+ 



cofl 3"-^ fl 
Bin 3"* 



n/i > 



W 



sin 20 



3 sin 66 



3"sin2.3»* 



l+2cos2« ' 1 + 2 co86tf"l+2cos2.3"« "*"••' 

3"-^ sin 2 . 3"-^ 
■*"l+2cos2.3--*«' 



,-. 2 cos fl- cos 30 « 2 cos 30 - cos 3"0 

(5) ; KH +2 7— j^sii -+•.. 



sin 30 



sin3'0 

2" cos 3"-* - 2-^ cos 3"0 



sin 3"0 



(6) 



1 + 2CO8 20 l-^2cos2^e 



sin 40 



sin 2*0 



+ ... + 



1-2 cos 20 1-2 cos 2*0 ^^^ 1 -cob 2 -0 



sin 20 



1+2 cos 2* 


-'0 


sin2»"0 


» 


Q^il-COB 


2re 



Bin2"0 



. . 5 sin 30- 3 sin 50 . 5 sin 120 -3 sin 200 
^^ oob30-cos60 **■ CO8120-COB2O0 "*■••• 

..,1 5sin3.4*-^0-3sing.4"-^0 
cos3.4-»0-co8 5.4-»0 ' 

,^. l+4Efln0sin30 i, 1 + 4 sin 40 sin 120 
(9) .._ An + 3 -nr-rsTi +... 



ain40 



^3 



sin 160 

l+4sin4*-^0sin3.4'^'0 
sin4"0 



(10) cos0+^cos20 + scos30 + ... to 00^ 

/iix /I cos 30 COB 50 

(11) <^^"--iy" + "nj5 ..• tooo, 
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/-ION y» COS 3d COS 50 

(12) cosfl « — ■*"~"5 .to 00, 

(13) coBwfl + ncos(w-l)fl + — W— ^cos(w-2)fl + ..,+woosfi+l, 

/ii\ /i cos 20 cos 30 ^ 

(U) COS0— j2~ + "T5 .-toco, 

/t K\ -, 1 COS 30 1 . 3 cos 50 

(15) oos0 + g~y-+^-j— ^ + ... tooo, 

(Ip) OOS.i0SU10 + COS"0-— 5— + cos'0 — o^ + -,to«>, 

/t^TV Ait it COS* 20 COS 30 1.3 •ft/»co8 50 . 

(17) OOS20COS0 + — ^ ^+ co8*20— g— +... tooo. 



399. Prove that 
8ec0+secr— + 0J + secT— + 0j + ... + sec|2(m-l)~ +.0> 



m^l 



is equal to 0, or to (— 1) ^ 9» sec m$, according as m is even or 
odd: also that 

sec*0 + 8ec*(^ + 0) + .,.+8ec"f2(m^l)-+0| 



m 



is equal to ^ , or tp m* BecfmO, according as 9?^ is 

1 « (-. 1) > cos «*0 

even or odd. 

400. Prove that 



COSn6-COS9»0 CO8^-COS0 ^^, ^«/** . A - ^ 

^ ^ COSo — COS! \-V] 

sin^ , . sip 4^ 

.oM^-coa(~ + dj oo9<^-cosl2(«-l)J + tfj 
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YIIL Miscdkmeous Qu^stums, 

* * ' *  . .  ■» 

401. The ambiguities in the equations 

A , A A A 

C06^ + sin^ = *jy(l +si&ui), cos -g- — sin -^ = * ^(1 -siuit) 

may be replaced by (— Vfy {— 1)\ where nhy n denote the greatest 
integers in ^^^ > ^^ ^qqo respectively. 

402. If d4-&i(tand:^tan^) + etan0tan^ = O, prove th&t 

1 1 



a cos' + 26 sin cos0+csln'0 a.co8*^ + 2&sm^ cos^ + esin*^ 

is equal to 7=-. 

^ ac-6 

403; AJB is ft fixed straight line, G a point in it such that 
SAC=A£, and P a point between B and C: if GF=CB sintf, 
then will JBP. AF'oo 1 + sin 3ft Hence prove that BP.AF* is 
greatest when P bisects £C. 

404. Find x from the equation 

1^ 1 1 



tan"* - + tan"* -= r = tan"* 



X n*-«+l n-1' 

and find the tangent of the iwgle 

tan"* 2 + Stan-* y + tan"* ^ - J. 

405* Three parallel straight lines are drawn through the 
angular points of a triangle ABO to meet the opposite sides in 
D, E^ F; prove that 

DB.DC EG.EA FA.FB 



DA^ E& FG^ 



= 1, 



> 
the segments of a side being affected with opposite signs when 

they fidl on opposite sides of the point of section. 



ft 

I 
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406. Bedace to its simplest form 
(a;cos2a+ysin2a~l)(a;cos2ff+ysin2)8-l)~{a;co8(a4^jg)+ysin(a4-j3)--<K)B(a~^^ 

407. Prove that 

1 * 1  1 

(1) tan-^-tan-g3+tan-^jjy, 

(2) tan-±=tan-jl^+tan-gL, 

(3) = tan-l-taa-l-tan-l4.W^^, 

(4) - = tan"' 7 + tan-* ^ + tan"* =+2tan"*:ro + tan** Tpr 
.4 4 a 7: lo 21 

= tan"* ^ + tan"* ^ + tan"* ^ + tan'* ^ - tan"* -r^ 
o o o o 4a 

= 3tan"* - + tan*"' — + tan"' — — . 
ojMu ^ -MAu 20 1985 

408. Prove that 
' 8in4asin(y— )3) + sin4)8 sin(a — 'y) + sin4ysin(/3— a) 

sin ()8 - y) + sin (y - o) + sin (a — ^) 

=:2Ssin(2a + ^ + y) + Ssin203 + y) + Ssin(3/J + y). 

409. ]?rovethat 

-^(176n«-33en + 164)^+... 

Li 

the sine being taken n times. 

410. If P be any point on the ITine Points' Circle of the 
triangle ABC, 

Pil*sin^co8<J5-C) + P^sinjBcos(a-il) + PC*sin(7cos((7-^) 

=: iS' (4 sin i sin J3 sin C tI- sin 2il sin 2^ sin 2C). 
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L Parabola^ 

411. Two parabolas having the same focus intersect; prove 
that the angles between their tangents at the points of intersec* 
tion are either equal or supplementary. 

412. A chord PQ of a parabola is a normal at P and sub- 
tends a right angle at the focus ^S^; prove that SQ is twice SP, 

413. A chord PQ of a parabola normal at P subtends a right 
angle at the vertex ; prove that ^S"^ is three times SP* 

414. Two circles each touch a parabola and touch each other 
at the focus of the parabola ; prove that the angle between the 
focal distances of the points of contact with the parabola = 120^ 

415. Two parabolas have a common focus and their axes in 
opposite directions ; prove that if a circle be drawn through the 
focus touching both the parabolas the line joining the points of 
contact subtends at the focus an angle of 60°. 

416. In a parabola AQ ha drawn through the vertex A at 
right angles to a chord ulP to meet the diameter through PmQ] 
prove that Q lies on a fixed straight line. 

417. Through any point P of a parabola a stiaight line 
QPQf is drawn perpendicular to the axis and terminated by the 
tangents at the extremities of the latus rectum ; prove that the 
distance of P from the latus rectum is a mean proportional be* 
tween QP, PQ". 

418* The looUs of a point dividing in a given ratio a chord of 
a parabola which is parallel to a given line is a parabola. 

419. From any point on the tangent at any point of a para- 
bola perpendioulars are let fall on the focal distance and on the 
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axis ; prove tlmt the guniy or the difSsrencey of the focal distanoes 
of the feet of these perpendiciilars is equal ta half the latna 
rectum. 

420* Two points are taken on a parabola such tihat the sum 
of the parts of ihe normals intercepted between the points and the 
axis is equal to the part of the axis intercepted between the nor* 
mals; prove that the difference of the normals is equal to the 
latus Tectum. 

421. SY is the perpendicular from the focus of a parabola on 
any tangent, a straight line is drawn through Z parallel to the 
axis to meet in Q a straight line through S at right angles to ST^ 
prove that the locus of Q is a parabola. 

432^ At one extremity of a giv^ finite straight line is drawn 
any circle toudiing the line, and from the other extremity is 
drawn a tang^it to the circle ; prove that the point of intersec* 
tion of this tangent with the tangent parallel to the given straight 
line lies on a ^xed parabola. 

423. Two parabolas have a common focus; from any point 
on their common tangent are drawn the other tangents to the 
two ; prove that the distances of these from the common focus 
are in a constant ratio. 

424. Two tangents are drawn, to a parabola making equal 
angles with a given straight line ; prove that their point of inters 
section lies on a fixed straight line passing through the focus. 

425. Two parabolas have their axes parallel and two parallel 
tangents are drawn to them ; prove that the straight line joining 
the points of contact passes through a fixed point. 

426. Two parabolas have a common focus S, parallel tangents 
drawn to them at JPy Q meet th^r common tangent in P", ^ ; 
prove that ike angle FSQ is equal to the angle between the axes 
of the parabolas^ and the angle F'SQ" supplementary. 
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42^7. If on a tangent to a patabola be taken two points equi- 
distant from the focns, the two other tangents drawn to the paifa- 
bola from these points will intersect on the axis. 

428. A circle is described on the latus rectum pf a parabola 
as diameter, and a straight line drawn through the focus meets 
the curves in. F, Q ; prove that the tangents at jP, Q intersect 
either on the latus rectum^ or on a straight line parallel to the 
latus rectum at a distance from it equal to the latus rectum. 

429. A chord of a parabola is drawn parallel to a given 

f 

straight line and on this chord as diameter a circle is described ; 
prove that the distance between the middle points of this chord 
land of the chord joining the other two points of intersection 
of the circle and parabola' is of constant length. 

430. On any chord of a parabola as diameter is described a 
circle cutting the parabola again in two points ; if these points be 
joined the portion of the axis of the parabola intercepted between 
the two chords is equal to the latus rectunu 

431. A parabola is described having its focus on the arc, its 
axis parallel to the axis, and touching the directrix, of a given 
parabola ; prove that the two curves will touch each other. 

432. Circles are described having for diameters a series of 
parallel chords of a given parabola; prove that they will all 
touch another parabola related to the given one in the manner 
described in the last question. 

433. The locus of the centre of the circle circumscribing the 

» .  . - 

triangle formed by two fixed tangents to a parabola and any other 
tangent is a straight line* 

434. Two equal parabolas, A and S, have a common vertex 
and axes in the same straight line ; prove that the locus of the 
poles with respect to B of tangents to ^ is ^. 

435. Three common tangents PJF^, QQ^, ER are drawn t6 
two parabolas and PQj P'Qf intersect in X ; prove that LR^ LR 
are parallel to the axes of the two parabolas. 
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436. Two equal parabolas have ft dommon fbcta vbA «csbb 
opposite ; two circles are described toucliing each other, each with 
its centre on One parabola and touching the tangent at the vertex 
of that parabola: prove that the rectangle nnder their radii is 
constant whether the circles touch internally or externally, but in 
the former case is four times aa great as in the latter. 

437. Two equal parabolas are placed with their axes in the 
isame straight line and theii^ vertices at a distance equal to the 
latus rectum; a tangent drawn to one meets the other in tw6 
points : prove that the circle on this chord as diameter will touch 
the parabola of which this is the chord. 

438. Two equal parabolas have their axes parallel and oppo* 
site, and one passes through the centre of curvature at the vertex 
of the other; prove that this relation is reciprocal and that the 
parabolas intersect at right angles. 

439. FF^ is any chord of a parabola^ P3f, FM' are drawn 
perpendicular to the tangent at the vertex ; prove that the circle 
on MM[ as diameter, and the circle of curvature at the vertex will 
have FF for their radical axis. 

440. A parabola touches the sides of a triangle AEG in 
A\ B^ C\ B(j meets BC in P, another parabola is drawn touching 
the sides and P is its point of contact with BG\ prove that its 
axis is parallel to SC\ 

441. The directrix of a parabola and one point of the curve 
being given ; prove that the parabola will touch a fixed parabola 
to which the given straight line is the tangent at the vertex. 

442. If a triangle be self-conjugate to a pa,rabola, the lines 
joining the middle point of its sides will touch the parabola ; and 
the lines joining any angular point of the triangle to the point o^ 
contact of the corresponding tangent will be parallel to the axis. 

443. If a complete quadrilateral be formed by four tangents 
to a parabola, the common radical axis of the three circles on the 
diagonals as diameters will be the directrix of the parabola^ 
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444. A circle and parabola meet in four points and tangents 
are diawn to the parabola at these points; prove that the axis of 
the parabola will bisect the three diagonals of the quadrilateral 
formed hj these tangents. 



IL Central Conies, 

445. If ST be perpendicular on the taDgent, S2t on iJie 
normal, S being the focus, T2i will pass through the centre, 

446. A common tangent is drawn to a conic and to the 
circle whose diameter is a latus rectum; prove that the latns 
rectum Insects the angle between the focal distances of the points 
of contact 

447. A perpendicular from the centre on the tangent meets 
the focal distances of the point of contact in two points ; prove 
that either of these points is at a constant distance from the feet 
of the perpendiculars from the foci on the tangent 

448. The tangent at a point P meets the nmjor axis in 2^; 
prove that SF : ST :: AN : AT, N being the foot of the ordinate 
and A the nearer vertex. 

449. The circle passing through the feet of the perpendiculars 
from the foci on the tangent and through the foot of the ordinate 
will pass through the centre; and the angle subtended at either 
extremity of the major axis by the distance between the feet of the 
perpendiculars is equal or supplementary to the angle which either 
focal distance makes with the corresponding perpendicular. 

450. A series of conies having a common focus S and major 
axes equal and in the same straight line will all touch the two 
parabolas having the same focus S, and latus rectum a line coinci- 
dent with the major axes in direction and of double the length. 

i 

451. A conic is described having the same focus as a parabola 
and major axis coincident in direction with the latus rectum of 
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the parabola and eqtial to half the latns reetnm ; prove that it will 
touch the parabola. 

452. In a conio PQ is the normal at i', ;S^ the focus ; prove 
that if /S&aP^^ SF is equal to the latus rectum. 

453. CFQ v^ a common radius to the circles on the minor 
and major axes of an ellipse, and tangents to the cirdes at P<, 
Q meet these axes id. U, T', prove that TU will touch the ellipse* 

454. S, S' are the foci of a conic, SPT, S'FT' perpendicu- 
lars on a tangent to the auxiliary circle meeting the conic in /*, 
P'; prove that the rectangle STy ^jP=the recttogle S'T\ 
SF=BG\ 

455. Given the foci and the length of the major axis; obtain 
by a geometrical construction the points in which the conic meets 
a given straight line drawn through one of the focL 

456. A tangent to a conic at P meets the minor axis in T, 
and TQ is drawn perpendicular to SP one of the focal distances ; 
prove that SQ is of constant length : and, PM being drawn perpen- 
dicular to ih.e minor axis, that QM will pass through a fixed 
point. 

457. One focus of a conic^ a tangent line, and the length of 
the majat axis is given; prove that the locus of the second focus 
is a circle. Determine the portions of the locus which correspond 
to an ellipse, and to a hyperbola of which the given point is an 
interior foeaa to the branch touched by the given straight linob 

458. PGG is a diameter of a conic, QVQ^ a parallel chord 
bisected in F, PV intersects CQ, or CQ^ in E; prove that the 
locus of i? is a parabola. 

459. - If CP, CD be conjugate radii of an ellipse, and if through 
C a straight line be drawn parallel to either focal distance of Py 
the distance of JD from this straight line will be equal to half the 
minor axis. . ^ 
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460. ' If three tangents to b. conib Be sucli that their points of 
intersection are at equal distances from one. of the foci, each 
distance wiU be equal to the major axis : and the second focus 
will be the centre of perpendiculars of the triangle formed hj the 
tangents. 

461. A straight line is drawn touching the circle on the 
minor axis of an ellipse, meeting the ellipse in F, and the director 
circle of the ellipse in. Q, Q'} prove that the focal distances of P 
are equal to QP, Q'F, 

462. A. conic is inscribed in a triangle and is concentric with- 
the Nine Points' Circle j prove that it will have double contact 
with the Nine Points* Circle, 

463. JSF is a chord of a circle, S m its middle point ; con- 
struct a conic of which JS is one pointy S one focus, and the giveu 
circle the circle of curvature at JS^ 

, 464. If P be a point on an ellipse equidistant from th& minor 
axis and from one of the directrices, the circle of curvature at F 
will pass through one of the foci. 

465. If She the focus of a conic, K the foot of the directrix, 
Q a point on the tangent at P, QE, QR perpendiculars on /SP, 
SK respectively; then will SR bear to KR^o, constant ratio. 

466. If an equilateral triangle FQR be inscribed in the 
auxiliary circle of an ellipse, and P, ^, R be the corresponding 
points on the ellipse, the circles of curvature at P, ^, R meet 
in one point lying on the ellipse and on the circle circumscribing 
RqR. 

r  •  • 

467. From a point on ^ ellipoe peipepdiculars are drawn to" 
the axes and produced to meet the cirqles on these axes re^ 
spectively ; prove that the line joining the points of intersection 
passes through the centre, 

468. 2P, TQ are tangents to a conic, Qq^ Fp chords parallel 
to jTP, TQ respectively; prove that pq is parallel to FQ^ ' .^ 
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469. QQ^ is a chord of an ellipse parallel to one of the equi- 
oonjugate 4^meters, QiT, ^i\^^are drawn perpendicular to the 
major axis; prove that the triangles. $(7iir, QfCN' are equal ; also 
that the normals i^t QQ intersect on the diameter which is per- 
pendicular to the other equi-conjugate, 

« 

470i Any ordinate NF of an ellipse is produced to meet the 
auxiliary circle in Q, and normals to the ellipse and circle at P, Q. 
meet in ^; RK,^ RL are drawn perpendicular to the ^xesj prove 
that Ky Py L lie on one straight line and that KP^ PL are equal 
respectively to the semi axes. 

471. Two conies are described having a common minor axis, 
and such that the outer touches the directrices of the inner; 
MPf! is a common ordinate; prove that MP^ is equal to the 
normal at P, 

472. QPP drawn perpendicular to the major axis of an 
ellipse meets the ellipse in P, P and the auxiliaiy circle in Q ; 
prove that the part of the normal to the circle at Q intercepted 
between the normals to the ellipse at P and P' is equal to the 
minor axis. 

473. The perpendicular from the focus of a conic on any 
tangent and the central radius to the point of contact will in- 
tersect on the directrix. 

474. On the normal to an ellipse at P are taken two points 
^, Q, such that QP=Q^P=CD', prove that th^ cosine of the 

angle QC(/ is j^tzb^- 

* 

475. A hyperbola is described through the focus of a para- . 
bola and with its foci lying on the parabola; prove that one of its. 
asymptotes is parallel to the axis of the parabola** 

476. A parabola passes through two given points and its' 
axis is parallel to a given line ; prove that the locus of its focus is 
a hyperbola. 
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477. If two tangents of a hjperbols be the acymptotes of 
another hyperbola and that other touch one of the asymptotes of 
the former it will touch both. 

478. Two similar conies A, B are placed with their major 
axes in the same straight line, and the focus of ^ is the centre of 
J? ; if a common tangent be drawn <he focal distance of its point 
of contact with A will be equal to the semi major axis of B. 

479. A series of similar conies are described having the same 
focus and direction of major axis, and tangents are drawn to them 
at points where they meet a fixed circle having its centre at the 
common focus ; prove that these tangents will aU touch a similar 
fixed conic whose major axis is a diameter of the circle. 

480. If a chord of a conic subtend a right angle at each of the 
foci, it must be either parallel to the major axis or a diameter. 

481. From the foci S, S" of bjo. ellipse perpendiculars SYy 
S'T are let fall on any tangent ; prove that the perimeter of the 
quadrilateral STY'S' will be the greatest possible when TY* 
subtends a right angle at the centre. 

482. The angle which a diameter of an ellipse subtends at 
the extremity of the axis major is supplementary to that which its 
conjugate subtends at the extremity of the axis minor. 

483. From the focus of an ellipse is drawn a straight line 
perpendicular to the tangent at a point of the auxiliary eircle ; 
prove that this perpendicular is equal to the focal distance of the 
corresponding point of the ellipse. 

484. If on any tangent to a conic be taken two points equi* 
distant from one focus and subtending a right angle at the other 
focus ; their distance from the former focus is constant. 

485. If a conio be described having one side of a triangle for 
directrix, the opposite angle for centre^ and the centre of perp^i- 
diculars for focus ; the sides of the triangle which meet in the 
centre will be conjugate diameters. 
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456. An ellipse is described touching two confocal ellipses, 
^nd having the same centre ; prove that the tangents to the two 
ellipses at two points of contact will be perpendicular to each 
other. 

487. An ellipse is described having double contact with each 
of two confocal ellipses ; prove that the sum of the squares on its 
axes is constant. 

488. If SY, SZ be perpendiculars from the focus 8 on two 
tangents drawn from ^ to a conic, the perpendicular from T on 
TZ will pass through the other focus. 

489. The tangent to a conic at P meets the axes in T, t, 
and the central radius at right angles to CF in Q ; prove that QT 
bears to Qt a. constant ratio. 

490. The foot of the perpendicular from the focus of a conic 
on the tangent at the extremity of the farther latus rectum lies on 
the minor axis. 

491. The tangents and normals drawn to a series of confocal 
conies at the extremities of their latera recta will touch two para- 
bolas having their foci at the given foci and touching each other 
at the centre. 

492. Through a given point on a given conic are'di*awn two 
chords OF, OQ, equally inclined to a given straight line j prove 
that FQ' passes through a fixed point. 

493. A chord FQ of a conic is normal at F, and a diameter 
LL' is drawn bisectiog the qhord ; prove that FQ makes equal 
angles.with LP, Z'P, and that LP ± L^P is constant. 

494. A given finitfe straight line is an equi-coDJugate dia^ 
meter of an ellipse; prove that the locus of its foci ia a lem* 
niscate. 

495. A parallelogram is inscribed in a conic, and from any- 
point on this ccaiic are drawn two straight lines each parallel to 

w. 7 
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two side's of the pahdlelograitn j prove that the rectangle under 
the segments of these lines made by the pai'allelogram are) in 
a constant ratio. 

496. Any two central conies in the same plane have two con- 
jugate diameters of the one parallel respectively t6 two conjugate 
diameters of the other ; and in general no more. 

497. In two similar and similarly situated ellipses are taken 
two parallel chords PP\ QQf ; FQ, FQ meet the two conies 
in i?, B\ Ri 8' respectively ; prove that RR\ SS' are parallel to 
each other. Also QQf^ RR\ and PF^ SS' intersect in points lying 
on a fixed straight line; 

498. A circle is described touching the focal distances of any 
point on a given conic, and passing through a given point on the 
major axis; prove that it will meet the major axis in another 
fixed point. The given point must be between the foci for a 
hyperbola, and beyond them for an eUipse. 

499. A circle described on the part of the tangent at P 
intercepted between the tan^nts at the ends of the major axis 
meets the conic again in Q ; prove that the ordinate of Q is to 
the ordinate of P as the minor axis to the sum of the minor axis 
and the diameter conjugate to P, 

500. If a conic be inscribed in a triangle ABO and have 
its focus at 0; and if the angles ROCy CO Ay AOB be denoted 
by A\ ffy C\ 

O^sin^ _ O^sini? _ 00 Bin C , 

8in(^'-J)"sin(^-^)"sin(C7'-C)"'"^''^^ ^^^ 

With What convention will this be true if (7 be a point without 
the triangle ? 

501. OA, OB are tangents to a conic, a straight line is drawn 
meeting OA, OB in Q, Q, AB in i?, and the eonic in P, P'; 
prove that QP.PQf \ QP.FQf :: RF" : ftP'*; todthafci for a 
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series of pandlel stttught lines the ratio QF, FQ^ : RF^ is con^ 
Btant. 

502. Sy S' are foci of an ellipse whose minor axis is equal to 
SS\ F any point on the ellipse, the centre of the circle circum- 
scribed to SFS' ; proye that the circle on OF as disLmeter will 
touch the mi^or axis at the foot of the normal at F. 

503. Through different points of a given straight line are 
drawn chords of a given conic, bisected respectively at the points; 
prove that they will touch a fixed parabola. 

504. With a fixed point on a conic as focus is described a 
parabola touching any pair of conjugate diameters of the conic ; 
prove that this parabola will have a fixed tangent parallel to the 
tangent at 0, and that this tangent divides CO in the ratio 
CO* : C(P^ COy Off being conjugate radii. 

505. Through a point are drawn two straight lines, each 
passing through the pole of the other with respect to a given 
conic ; any tangent to the conic meets them in P, Q ; prove that 
the other tangents drawn from P, ^ to the conic intersect on the 
polar of 0. 

506. A parabola is described having the focus S of a given 
conic for its focus and touching the minor axis; prove that a 
common tangent to the two curves will subtend a right angle at Sy 
and that its point of oontaot with either cooic lies on the directrix 
of the other. 



III. Rectangular ffyperbold. 

507« Jl, B, <7, D are Ibur points on a rectangular hyperbola 
and £G is perpendicular to ^2>; prove that CA is perpendicular 
to j92> and .i^ to CD, 

598. The angle between two diameters of a rectangular hf* 
perbola is equal to th^e angle between the ooi\jugate diameters. 

7-2 
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509. A A! is the transverse axis, P any point on tlie cuire, 
FKy PL are drawn at right angles to AP, AlP to meet the jaxis ; 
prove that PK=A'P and PL = APy and that the normal at 
P bisects KL, 

510. The foci of an ellipse are the extremities of a diameter 
of a rectangular hyperbola ; prove that the tangent and normal to 
the ellipse at any one of the points where it meets the hyperbola 
pre parallel to the asymptotes of the hyperbola. 

511. On a series of parallel chords of a rectangular hyperbola 
as diameters are described a series of circles ; prove that they will 
have a common radical axis. 

512. A circle and a rectangular hyperbola intersect in four 
points, two of which are the extremities of a diameter of the 
hyperbola; prove that the other two will be the extremities 
pf a diameter of the circle. 

513. Any chord of a rectangular hyperbola subtends at the 
extremities of any diameter angles which are either equal or sup- 
plementary : equal if the extremities of the chord be on the same 
branch and on the same side of the diameter, or on opposite 
branches and on opposite sides ; otherwise supplementary. 

514. AB \& 2l chord of a circle and a diameter of a rect- 
angular hyperbola, P any points on the circle ; PA, P-5 meet the 
hyperbola again in Q, P ; prove that BQ, AR will inteirsect on the 
circle. 

515. Two points are taken on a rectangular hyperbola and its 
conjugate, the tangents at which are at right angles to each other; 
prove that the central radii to the point are also at right angles to 
each other, 

516. CPy CQ are radii of a rectangular hyperbola, tangents 
at P, Q meet in T&nd intersfect OQy CP respectively in- P',-^'; 
prove that a circle jcan be described abouji GFTQf^ 
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517. A parallelogram has ita 'angular points on the $tc of a 
rectangular hyperbola and from any point on the hyperbola are 
drawJa two straight lines parallel to the sides ; prove that the four 
points in which these straight lines meet the sides of the parallen 
logram lie on a circle. 

. 518, The tangent at a point P of a rectangular hyperbola 
meets a diameter QCQ^ in T; prove that CQ, TQ' subtend equal 
ungles at P. 

519. Through any point on a rectangular hyperbola are 
drawn two chords at right angles to each other; prove that 
the circle passing through the point and bisecting the chords will 
pass through the centra 

520. If PG be a fixed diameter and Q any point on the 
curve, the angles QFG, QGP will differ by a constant angle. 

521. -4, jB are two, fixed points, P a point such that AP, BP 
make equal angles with a given straight line ; prov^ that the 
locus of P is a rectangular hyperbola. 

'■ 522. QR is any chord of a rectangular hyperbola, OP a radius 
perpendicular to it; prove that the distance of P from either 
asymptote is a mean proportional between the distances of Q, B 
from the other. 

523. Two circles touch the same branch of a rectangular 
hyperbola in the points P, Q, and touch each other at the centre 
G ; prove that the angle PGQ = 60^ 

524. On opposite sides of any chord of a rectangular hyper- 
bola are described equal segments of circles ; prove that the four 
points in which the completed circles again meet the hyperbola 
are the angular points of a parallelogram. 

525. A circle and rectangular hyperbola intersect in four 
points ; prove that the diameter of the hyperbola which is per- 
pendicular to the chord joining any two of the points will bisect 
the chord joining the other twa 
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526. PR is a diameter of a rectangular hyperbola, QQ', BB^ 
two ordinates to it on opposite branclies ; prove that a common 
tangent to the circles whose diameters are QQ^^ BK will subtend 
a righ^ angle at P and at P". 

627. Circles are drawn through two given points, and diame- 
ters drawn parallel to a given straight line ; prove that the locus 
of the extremities of these diameters is a rectangular hyperbola 
which asymptotes make equal angles with the line of centres of 
the circles and with the given straight line. 

528. The tangent at a point P of a rectangular hyperbola, 
and the diameter perpendicular to CP are drawn ; prove that the 
segments of any other tangent, from the point of contact to the 
points where it meets these two lines, will subtend supplementary 
angles at P, 

529. The normal at a point P of a rectangular hyperbola 
meets the curve again in Q : two chords PB, PR, are drawn 
through P at right angles to each other ; prove that the points of 
intersection of QB, PR, and of QRy PB lie on the diameter at 
I'ight angles to CP, 
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OaBTESIAK C(M)BI>INATE8. 

I. Straight Line, Linear Trcma^ormaUonf Circle, 

In any question relating to the intersections of a curve and 
two straight lines^ it is generally convenient to i^se one equation 
representing both straight lines. Thus, to prove the theorem 
that <' Any chord of a given conic subtending a right angle at a 
given point of the conic passes through a fixed point in the nor- 
mal at the given point;" we may take the equation of the conic 
referred to the tangent and normal at a point 

ax* + 2bxf/ + cy* + 2a; = ; 

the equation of any pair of sti'aight lines through this point, at 
right angles to each other, is 

a* + 2Aajy-y*=0; 
and at' the points of intersection 

(<jt + c) {»• + 2 (5 + pX) ojy + 2aj = 9 ; 
or, at the points other than the origin^ 

(a + c)a; + 2 (6 +cX)y + 2=0, 

which is therefore the equation of a chord subtending a right 
angle at the origin. This passes through the point y = 0, 
(a + c) fc + 2 = ; a iixed point in the normal. 

If two poinjts be given as the intersections of a straight line and 
a conic, the equation of the line joining these points to the origin 
may be found immediately, since it must be a homogeneous equa- 
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tion in x, y of the second degree. Thus the straight lines joining 
the origin to the points 

aa;* + 6y* + c + "lay + Wx + 'Ic'xy = 0, 

ay + ft'o; + c = 0, } 

are c {aa? + 6y* + 2c xy) = {a!y + h'scf. 

The results of linear transformations may generally be ob- 
tained from the consideration that, the origin being unaltered^ 

sx? + 2xy cos 0) + y* 

must be transformed into 

X» + 2Xr cos O + r», 

if (a?, y), (X, T) represent the same point, and co, 12 be the angles 
between the axes. Thus if 

ax* + 6y* + c + 2a'y + 2h^x + 2c'xy 

be transformed into -4X*+ ; and if we give h such a 

value that 

A(a;* + y* + 2xy cos o)) - {oo:* + } 

separate into factors, the corresponding transformed expression 
must also separate into factors. Hence the two equations 

- c (A - a) (A - 6) + 2a 6' (A cos o) - c') - (A - a) a * 

-(A-6)6'' + c(Acos<o-c')" = 0, 

and -c(A--4)(A-^)+ -=0, 

must coincide : and thus all the invariants may be deduced. 

One form of the equation of the circle may be mentioned : if 
(^1 > y^y (^B> y^ ^ *^® extremities of a diameter, the equation of 
the circle is 

530. The equation of the two straight lines which pass 
through the origin and make an angle a with the straight 
line a5 + y = is 

JB* + 2xy sec 2a + y" = 0. 
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531. If the straight lines represented by the equation 

»• (tan* fj} + cos" <f>) - 2a^ tan <^ + y" sin" <^ = 
make angles a, P with the axis of x, 

tana~tanjS=2. 

532. Form the equation of the straight lines joining the 
origin to the points given by the equations 

(x-hy + (i/-ky = €^j kx-\-hy-2hk; 

and prove that they will be at right angles if V ■\'k* = c". 

53^. The locus of the equation 

iB"-l aj"-l 



y = 2 + 



2+ 2+ ... to 00 



is the paiH} of two straight lines at right angles to each other 
which include one quadrant. 

534. If the formulae for effecting any transformation of co- 
ordinates be 

aj = aX+67 + c, y = a!X-\-VY + c\ 

then will {ah - aV) {aV — a'6) = hV — aa\ 

535. The expression 

aa" + 6y" + c + 2a y + 2Vx + 2c'xy 
is transformed to 

AX' + BT* + C + 2J'X + 2FT + 2C"X7, • 

the origin being unaltered ; prove that 

a'» + y« _ 2a 6' cos o) ^'" + iB'" - 2A'B' cos O 
sin (0 sin U 

2a'6V-aa'"-66'" 2^'^(7' - ^^'" - ^^^ ^ 

sin" 0) sin* O ' 

«), O being the angles between the axes. 
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536. If ABO be tm acuto-aagled triangle, P any point; in its 
plane ; the three circular loci 

PA'^PE' + FC, PB'=PC'-yPA, PA'^PB' + PC 

will have their radical centre at the centre of the circle circom- 
scribing the triangle. 

537. The radii of two circles are a^ b, and the distance 
between th^ir centres J{^ (a' -h b')} ; prove that any common 
tangent subtencls a right angle ^t the point l^secting the distance 
between their ceniares. 

638. A certain point has the isame polar with respect to each 
of two circles ; prove that any common tangent subtends a right 
angle at that point. 

539. AB is a diameter of a circle, a point in a fixed 
straight line passing through A, from two tangents are drawn 
to the circle meeting the tangent at B ia P, Q ; prove that 
BP + BQ is constant. 

540. AB is a diameter of a circle, a chord through A meets 
the tangent at B in P, and from any point in the chord produced 
are drawn two tangents to the circle ; prove that the lines joining 
A to the points of contact will meet the tangent at ^ in points 
equidistant from P. 

541. Three circles Ay B, C have a eommon radical axis, and 
from any point on G two tangents are drawn \xi A^ B respect- 
ively ; prove that the ratio between the squares on these tangents 
is equal to the ratio between the distances of the oeQibres oi A^ B 
from the centre of G, 

542. On two circles are taken two points such that the 
tangents drawn each from one point to the other circle are 
equal; prove that the points are equidistant from the radical 

axis. 

543. There are two systems of circles such that any circle of 
one system cuts any circle of the other system at right angles ; 
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prove that ilie circles of either sTstem Laye a common radical 
axis which is the line of centres of the circles of the other 
system. 

544. Given two circles, a tangent to one at P meets the 
polar of P with respect to the other In V\ prove that the circle 
on PP' as diameter will pass through two fixed points, which will 
be imaginary or real, according as the circles intersect in real or 
imai^i^ary points^ 

645. One circle lies /entirely within another^ a tangent to the 

inner meets the outer in P, P', and the radical axis mQ: ii She 

the internal vanishing circle which ha^ the same radical axis, the 

.. . PSP' SQP . ^ ^ 

ratio sin — - — : cos —^r— is constant. 

546. Trove that the equation 

{»eos(a + )3) +^sin(a + )9)~acos(a-^)} 

{« cos (y + 8) + y sin (y + 8) - a cos (y — 8)} 

s= {x COS (a + y) + y sin (a + y) - a cos (» — y)} 

{»eo6(/3 + 8) H-y sin(j8 + 8) -a cos(/8- 8)} 

is equivalent to the equation ic' + y* = a* ; and state the property 
of the circle expressed by the equation in this form. 

547. The radii of two circles are H, r^ the distance between 
their c^itres is J{£'-i-2r^, and 7*<2^; prove that an infinite 
number of triangles can be inscribed in the first, which are self- 
conjugate with respect to the second : and that an infinite number 
of triangles can be circumscribed to the second which are self- 
conjugate with rcq>ect to the first. 

548. A triangle is inscribed in the cirde a;* + y* = ^ and two 
of its sides touch the circle (a? — 8/ + y* p= r* ; prove that the third 
side will touch the circle 

Prove that this circle coincides wiik the second if 8* = £' ^ 2Br. 
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II. Parabola referred to its axis, 

4 

The equation of the parabola being taken ^=-4aa;, the ca* 
ordinates of any point on it may be represented by f — g, — J , 

and with tliis notation, the equation of the tangent iay = mx + — ; 

of the normal my + a; = 2a + — 5 ; and of the chord through two 

points (Wj, m^y 2m^m^ x^y (m^ + m^ + 2a = 0. The equation of 
the two tangents drawn through a point (X, T) is 

(r'-iaX)(y'-4aa;) = {7y-2a(a; + X)}«. 

As an example, we may take the following, ^' To £nd the locus 
of the point' of intersection of normals to a parabola at right 
angles to each other." 

If (X, Y) be a point on the locus, the points on the parabola 

to which the normals are drawn from (X, Y) are given by the 

equation 

m"r+ m"(X- 2a) - a = ; 

and if m^, m,, 9713 be the three roots of this equation, 

2a ^X ^ a 

wi, +m, + m3 = — y^i W3m3 + w.m, + m,m, = 0, m^m/n^= yi 

also since two normals meet at right angles in the point, the pro-* 
duct of two of the roots is — 1. Let then m^m^ = — 1, Then 

-a 3a-X -r 

or the locus is the parabola 

r' = a(X-3a). 

Again, ^f The sides of a triangle touch a parabola, and two of 
its angular points lie on another parabola having the same axis, 
to find the locus of the third angular point/! 
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Let the equations of the parabolas be y* = 4ax, y* = 4a' (x 4- a), 
and let the three tangents be at tHj, w^, m^. The point of inter- 
section of (1) and (2) is , a( — + — ) , and if this lie on the 

second parabola 

and similarly for m^, m^. Hence m^^ m^ are the two roots of the 
(^^uadratic in z^ 

,/l ly 4:aa , , 
a'l - + — ) = + 4a a, 

1 ^1^1 /4aa^ 2a'\ 1 _ 1 4aa 

But if (X, Y) be the point of intersection of the tangents 
(2), (3), 



or 

m 






f \. ^ Aaa a ^ 4a' — 2a^ 

dnd the equation of the locus is 

y.^ 4(2a'-a.)' /j,4«'a\ 
a \ a J ' 

a parabola which coincides with the second if a = 4a'. 

549. Two parabolas have a common vertex A and a common 
axis, an ordinate J^FQ meets them, and a tangent at F meets 
the outer parabola in F, F^ ; AFy AF' meet the ordinate in 
LyM\ prove that-JV^P, NQ are respectively harmonic and geo- 
metric means between NL^ NM, 

55(^. A triangle is inscribed in a parabola and another tri- 
angle similar and similarly situated circumscribes it; prove that 
the sides of the fonner triangle are- respectively four times the 
corresponding sides of the latter. 
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551. jT/*) TQ Are two tang^ts to a parabola ; prore that tlie 
perpendiculars let fall from P^ T^ Q on anj other tatigent ai^ iu 
geometric progression. 

552. Four fixed tangents are drawn to a parabola, and from 
the angular points taken in order of a quadrangle formed by them 
are let fall perpendiculars /?„ p^y p^ p^ on Any other tangent ; 
prove that p^p^^p^p^; 

553. The distance of the middle point of any one of the three 
diagonals of a quadrilateral from thd axis of the pafabola which 
touches the sides is one fourth of the sum of the distances of the 
four points of contact from the axis. 

554. Through the point j^« where the tangent to a given 
parabola at P meets the axis^ is drawn a straight line TQQf 
meeting the parabola in Qy Q^ and dividing the ordinate of P 
in a given ratio; prove that PQy PQf will both touch a fixed 
parabola having the same vertex and axis as the given one. 

555. Two equal palrabolas have their axes in the same 
straight line, and from aay point on the outer tangents are drawn 
to the inner ; prove that these tangents will intercept a constant 
length on the tangent at the vertex of the inner, 

556. 11 py q^rhQ the peipendiculars from the angular points 
of a triangle ABGy whose sides touch a parabbla, on the directrix, 
and Xy yy z perpendiculars from the same points on any other 
tangent, 

p tan A-¥q tan j8 + r tan (7 <^ 0, 

, ptaUil q^uB ftanC ^ 

and ^--- — ^ -f + -— =* 0. 

X y z 

557. A tangent is drawn to the circle of curvature at the 
v^ttest of a pambdia, and the ordinates of the points where it 

meets the parabola are y.^ y^ ; |Nrove that — ^ -«- c= - , 2c being 
the latus rectum* 
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65Si OAy OB are t^ tangents t« a parabola meeting the 
tangent at the vertex in P, Q\ prove that 

^FQ:^OA Hioa QP A = OB coA PQB. 

559. Two paral^olas have a common focus and direction of 
axisy QFQ^ a chord of ihe outer is bisected hj the inner in P, 
PP' parallel to the axis meets the outer in P'; prove that Qf^ is 
a mean proportional between the tangents drawn from P' to the 
inner. 

* 

560. The locos of tte centre of the Nine I^oints' Circle of a 
triangle, formed by three tangents to a parabola, of which two are 
fixed, is a straight line. 

561. Prove that the parabolas ^ = 4eias, y' + 2cy -f idte = da', 
cut each other at right angles in two pointsi 

562. Through each point of the straight line t + y => 1 is 

drawn a chord of Hie p&rabola y' = Acuib bisected in the point; 
prol^ that this chord touches the paHabola 

fy — Say] =Sa{x — h), 

5o3. Two equal parabolas have a common focus and axes in 
the same straight line ; from any point of either two tangents are 
drawn to the other : prove that the centres of two of the four 
circles which toaeh the sides of the triangle formed by the tan<^ 
gents and their chord of contact lie on the parabola to which the 
tangents are drawn. ' 

564. The two parabolas y' = aa5, ^ = 4a(a5 + o) are so re- 
lated that if a normal'^to the latter meet the former in P, P^, and 
A be tte vertex of the former, AP or AP^ is perpendicular to the 
normal. 

565. The normals at ^ree points of the pirabola $^^iaii 
meet in the point (^, k) ; ptove that the equation of the dbrcld 
through the three points is • 

2{a? + y") - 2aj (A + 2a) - *y = 0. 
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566. A. straight line parallel to the directrix of a parabola 
meets the axis produced at a distance from the vertex eqoal to 
the latus rectum, and a f)oint P on this straight Une is joined to 
the vertex -4 by a straight line meeting the directrix in Q ; with 
centre Q and radius QA is described a circle meeting the pa- 
rabola again in 7?j prove that FE will be normal to the parabola 
at H. 

567. A chord of a parabola passes through the centre of 
curvature at the vertex ; prove that the normals to the parabola 
at the extremities of the chord intersect on the parabola. 

568. From any point of a straight line drawn through the 
focus of a parabola, and making an angle a with the axis, three 
normals are drawn ; prove that the sum of the angles which they 
make with the axis exceeds a by a multiple of tt, 

569. Normals are drawn at the extremities of any chord 
passing through a fixed point on the axis of a parabola ; prove 
that their point of intersection lies on a fixed parabola. 

570. Two normals to a parabola meet at right angles, and 
from the foot of the pei-pendicular let fall from their point of 
intersection on the axis, is measured towards the vertex a distance 
equal to one fourth of the latus rectum ; prove that the straight 
line joining the end of this distance with the point of intersection 
of the normals will also be a normal. 

« 

571. Two equal parabolas have their axes coincident but 
their vertices separated by a distance equal to the latus rectum;, 
through the centi*es of curvature at the vei-tices are drawn chords 
FQ, J^Q^i equally inclined in opposite directions to the axis, 
P, i^ being on the same side of the axis ; prove that (1) JPQ\ 
i^Q are normals to the outer parabola; (2) their intersection 
i^ lies on the inner parabola; (3) the normals to the inner 
parabola at i^, ^, R meet in appoint which lies on a third 
equal parabola. 



r~^ 
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672, From a point are drawn three normals OP, OQ, OR, 
^nd two tangents OZ, OM^ to a parabola ; prove that the latus 
OF.OQ.OB 



rectum = 4 



OL.OM 



573. The normals to the parabola y* = 4aa3 at points P, Q, R, 
meet in the point (JT, Z) ; prove that the co-ordinates of the 
centre of perpendiculars of the triangle FQR are 

X^^a, -jr. 

574, A circle and parabola intersect in four points A^ B,G,I>; 
AB, CD produced meet in P; BO, AD in Q] both points being 
without the parabola ; and from any point on the pai*abola per- 
pendiculars are let fall on these lines ; prove that the rectangle 
contained by the perpendiculars .on the two former : that con- 
tained by the perpendiculars on the two latter 

;: 1 ikcos^ ; 1 :t>cosQ. 

576. In the two parabolas y*= 2c (x *c), a tangent drawn to 
one meets the other in two points, and on the part intercepted 
is described a circle ; prove that this circle will touch the second 
parabola, 

676. On a chord of a given parabola as diameter a circle is 
described, and the other common chord of the circle and parabola 
is conjugate to the former chord with respect to the parabola; 
prove that each chord will touch a fixed parabola equal to the 
given one. 

677. Two parabolas have a common focus S, and axes in the 
same straight line, and from a point P on the outer are drawn 
two tangents PQ, PQf to the inner ; prove that the ratio 

QPQf PSA 
cos— 5 — : cos— ^ 

is constant, A being the vertex of either parabola. 

678. If a parabola circumscribe a triangle ABC, and its axis 
make with BC an angle 6 (measured from CB towards GA)^ it^ 

W, 8 
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latus rectam is 2E sin sin. (O—O) sin (B + 0)^ R being the radius 
of the circumscribed circle of the triangle; and if a parabola 
touch the sides of the triangle, its latus rectum is 

%R sin sin ((7- 0) sin {B •¥ 0). 

579. A triangle ABC is inscribed in a parabola, and the 
focus is the centre of perpendiculars of the triangle ; prove that 

(I — cos -4) (1 — cos B) (1 — cos (7) = 2 cos A cos B cos G ; 

and that each side of the triangle will touch a fixed circle which 
passes through the focus, and whose diameter is equal to the 
latus rectum. 

580. Through a fixed point within a parabola is drawn any 
chord PP'f and the diameters through P and P' are drawn ; 
prove that there are two fixed straight lines perpendicular to the 
axis, the part of either of which intercepted between the dia- 
meters subtends a right angle at 0, 

581. A triangle, self-conjugate to a given parabola, has one 
angular point given ; prove that the circle circumscribing the 
triangle passes through another fixed point Q, such that OQ is 
parallel to the axis and bisected by the directrix. 

582. A triangle is inscribed in a parabola, its sides are at 
distances x, y, z from the focus, and subtend angles 0, if>, ij/ at the 
focus ; prove that 

. * . , . , sin^ + sin6 + sini/r+2tanstan~tan^ 
sm sm ^ Bm\J/ ^ ^ ^ 2 2 2 

I being the latus rectum, and the angles being measured all in the 
same direction so that their sum is 29r. 

583. If a parabola touch the sides of a triangle ABC in 

A\ By C, and (? be the point of intersection of AA\ BB, CG\ 

then will 

OA OB 00 

sin BOC "^ m^GOA "^ ^xi.AOB " ' 
a certain convention being made as to sign. 
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58l4. a parabola touches the sides of a triangle ABC in 
A\ Sy G\ and is a point such that OA' bisects the angle BOGy 
and Offy OC bisect the external angles between OC, OA, and OA^ 
OB, respectively ; prove that OA = OB + 00, 

585. A triangle circumscribes the circle «" + y* = a', and two 
angular points lie on the circle {x — 2a)' + ^ = 2a* ; prove that the 
third angular point lies on the parabola 

Prove also that the curves have two real common tangents. 

586. Two parabolas have a common focus, axes inclined at an 
angle 2a, and are such that triangles can be inscribed in one 
whose sides touch the other; prove that Z^ = 4ZjC0s*a, Zj, l^ 
being their latera recta. 

587. A circle is described with its centre at a point P of a 
parabola, and its radius equal to twice the normal at F; prove 
that triangles can be inscribed in the parabola whose sides touch 
the circle. 

588. Two parabolas A, B have their axes parallel, and the 
latus rectum of J^ is four times that of A; prove that an infinite 
number of triangles can be inscribed in A whose sides are tangents 
to A 



IIL Ellipae referred to its axes. 

The equation of the ellipse in tike following questions is always 

supposed to be -^ + ^ = 1, imless otherwise stated. The point 

whose eccentric angle is 0, is called the point 0. The eccen* 
tricity is denoted by t. The tangent and normal at the point 
B are respectively 

- COS tf + ^ sin tf = 1, -. - -^^ijf^ J*; 

a 008^ sin0 ' 
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tBe cHdrd throtigli a, )3' is ' 

X a + B f/ . a+B a-P 

. ^ _il + I sia^ = COB -^; 

and the intersection of tangents at a, j3, 

a+ B , a + B 

cos  ^ sin — TT^ 

2,2 

a — a-0 

COS — o"^ cos — ~- 

xX vY 
The polar of (X, 7) is — « + ^= 1 ; and the equation of the two 

tangents through (X, Z) is 

It follows from the equation of the tangent that, if the equa- 
tion of any straight line be lx-\-my=\y and l^ fn satisfy the 
equation o*P + 6*m* = 1, the straight line touches the ellipse 

of ^ 

-^ + ?a = 1, a result often usefuL 

a 6 

The equation of the tangent in the form 

X cosd + y sintf =^^(a"coa'5 + 6* sin'tf) 
may be occasionally employed with advantage. 

The points a, )3 are extremities of conjugate diameters if 

a - j8 = ^ . Any* two points are called conjugate, if each lies on 

the polar of the other \ and any two straight lines^ if each passed 
through the pole of the other. 

, . If (X, 7) be the pole of the. chord through a, j3, it will be 
found immediately that 

sin g sin P cos a cos B sin a + sin /S cos a + cos j9 1 

7 V 6 a , a' ■*" 6' 



. CONIC SECTIONS, AKALYTICAL, 117 

which are of use in finding the Icicus of {X^ T) when (d» /}) ard 

connected hj some fixed equation* 

 t- 

ThuSy ''If a triangle be circumscribed about an ellipse 



» •■ 



^+1-1 

and two aognlar points lie on the ellipse, 

to find the loctis of the third angular ^int** 

If Oy j3, y be the three points of contact, and (a,jS), (a, y) be 
the pairs of points whose tangents intersect on the second ellipse, 
we have 

-COS -^-+^,sm -^ = cos'-^; 

and a like equation in a, y« 

Hence P, y are the two roots of the equation . 

where , v^ . . , . r  - "' ; ,' 

we have then 

cos ^ ^-' sin i--jr-i ^cos ^ q ^ 

ulcosa ,, ^sina Jj ' 

and therefore , ' 

1 «««''* + >'+lain»^±^— Leos'^-y- 
the locus of the third point is then 

Hj -11- * 

This will be found to coincide with the second ellipse M{ .,'■<: 

. d b 



uf 



*l:^0. 
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Under this condition, therefore, the ellipses 

will be such that an infinite number of triangles can be described, 
whose sides touch the first, and whose angular points lie on the 
second. If this condition be not satisfied, the two given conies 
and the .locus will be found to have four common tangents, real 
or impossible. 

Again, for the reciprocal problem, ** If a triangle be inscribed 

in the ellipse --^ + ^ = I9 and two of its sides touch the eUipse 

-J + ^ = 1, to find the envelope of the third side." 

If a, )3, y be the angular points, and (a, )3), (a, y) the sides 
which touch the second ellipse, we have 

^eos«-^+^sm«^=cos'-^, 

and a like equation in a, y. Hence, as before, 

oos'^1^ cos'tl^ 

and the third side is 

COS^-rr-*- Sm^—rr-i 

wherefore the envelope is 



A'^^B'f^C, 



which coincides with 



^+^=.1, if **J,-.1=0. 
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If this condition be not satisfied, the three conies intersect in the 
same four points, real or impossible. 

The relations between the eccentric angles oorrespondiDg to 
normals maj be found from the equation 

aX hT 

COS ^ sm 

which if (X, T) be given is a biquadratic whose roots give the 

- 6 

points, the normals at which meet in (X, Y\ If 2; = tan ^ , this 

equation becomes 

This equation having four roots, there must be two relations 
between the roots independent of (X, Y) as is obvious geome- 
tricallj. These relations are manifest on inspection of the 
equation ; they are 

«iV8«4 = -l> V3+ =^- 

and the relation between any three is found from these to be 

111 

• • 8 1 X 8 

'Which is equivalent to 

sin(d, + dJ + sin(tf, + tf^ + sin(d^+d,) = 0. 

Since 1 — {zjs^ + ,..) + z^zjs^^ = 0, it appears that 
or S i + ^a + ^8 + ^4 ^^^ ^^^ multiple of ir. 



The following is another method of investigating the same 
question. If the normal at (a;, y) to the ellipse, pass through 
(X, 7), we have 

0*xX--VyT^{a*''V)xy,... ............ {Ay 



120 BOOK OF MATHEMATICAL PROBLEMS. 

^_ .^ Ix my - J I'x m'y , , ^, ^. ^ 

Now if — + -r^ = 1, and — + —^ = 1, be txie equations of 

two lines joining the four points^ the equation 

can be made to coincide with (A). This leads to 

X=l, «' + l=0, m»>' + l=0, 

whence we see that the normals at the points where the ellipse is 
met by the straight lines 

a b ' cU bm 
meet in a point. If a, /3 be the two points on the former line, 
and y one of the points on the other, 

a + B . a+iS 

cos — ~- Sm — ;r^ 

. . / 1- ^_ i_ cosy smy 

whence 

. a + /5 a + )8 / . a + i8 . a + /8\ a-j9 ^. 

sin "2^^^<>s— ^ + fcosysin •+smycos ) cos— ^ =U, 

or sin (^ + y) + sin (y + a) + sin (a + /3) B 0, 

The same relation must hold for the fo^rth point (3), whence 
the other equation 

o + /5 + y + 8=(2w + l)ir 
immediately follows, 

589. A is the vertex of an ellipse of eccentricity e, along PA 

PA 
sjkj chord is taken a length Pi2= -^, and EQ is drawn at right 

angles to the chord to meet the straight line through P parallel to 
the axis ; prove that the locus of Q is a straight line perpendica* 
lar to the axis* 

590. Two ellipses' have the same major axis^ and an ordinate 
jVPQ is drawn^^bhe tangent at P meets the other ellipse in two 



CONIC SECTIONS, ANALYTICAL. 121 

points, the lines joining which to either extremity of the major 
axis meet the ordinate ia L, M; prove that IfF is a harmonici 
and NQ a geometric, mean between IfZ, NM. 

tf91. On the focal distances of any point of an ellipse as 
diameters are described two circles; prove that the eccentric 
angle of the point is equal to the angle which a common tangent 
to the circles makes with the minor axis. 

592. The ordinate NP at a point P of an ellipse is pro»> 
daced to Q^ so that NQ : NP :: (74 : CNy and from Q two 
tangents are drawn to the ellipse ; prove that they intercept on 
the minor axis produced a length equal to the minor axis. 

593. From a point P of an ellipse two tangents are drawn to 
the circle on the minor axis; prove that these tangents will meet 
the diameter itt right angles to CP in points lying on two fixed 
straight lines parallel to the major axis. 

594. .The lengths of two tangents drawn to an ellipse from a 
point in one of the equi-conjugate diameters are p^ q\ prove that; 

595. ACA- is the major axis, P a point on the auxiliaiy 
circle; AP^ A!P meet the ellipse in Q, ^; prove that the ^nation 

of CC'ia 

(a' + V)ysintf4'26*ajcostf=2ay;" 

where is the angle ACPi If an ordinate to P meet QQ[ in Ry 
the locus of jS is an ellipse to which ^Q' is a tangent. 

596. A circle is described on a chord of the ellipse lying on 
the straight line 

- cos a + r suii A = cosi?; 

a I- ^ ..^ 

prot^ that the equation of the line joining the other two pointil 
of intersection of the ellipse 4uid eirde is 

X y . a* + y ^ 

-cofla-vsma = -= — TmOOAp. 
a .0 ... a -6 
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597. In an ellipse whose axes are in the ratio ^2 + 1 : 1, a 
circle whose diameter joins the extremities of two conjugate dia- 
meters of the ellipse will touch the ellipse. 

598. Two circles have each double contact with an ellipse 
and touch each other; prove that 






Ty r' being the radii ; also that the point of contact of the two 
circles is equidistant from their two chords of contact with the 
ellipse. 

599. Two ellipses have common foci S^ S^, and from a point 

P on the outer are drawn two tangents FQ, PQ to the inner ; 

^, ^ QPQf SP8' . ^ X X. 

prove that cos — jr — : cob „ is a constant ratio. 

600. The sides of a parallelogram circumscribing an eUipse 
are parallel to conjugate diameters; prove that the rectangle 
under the perpendiculars let &11 from two opposite angles oh any 
tangent is equal to the rectangle under those from the other two 
angles. 

601. Prove that the equation 
|^co8(a-i8)+|sin(a-j8)-lU^cos(a + ^) + |sin(a + j8)--l} 

f« y . fl)* 

18 true at any point of the ellipse 

and henoe that the locos of a pointy from which if two tangents be 
drawn to the ellipse the centre of the circle inscribed in the 
jtnangle formed by the two tangents and the chord of contact 
ahall lie on the ellipse, is the curve 
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602. The three points whose eocentric angles are a, )3, y are 
the angular points of a triangle; prove that the co-ordinates of the 
centre of perpendiculars of this triangle are 

—= — '(cosa + cosp + cosy) ^ — cos(a + j8 + y), 

25 (siu o + sin p + smy) ^^ sin (o + )8 + y) ; 

and of the centre of the drde circumscribing the triangle are 

#»* — &• 

—7— {coso + cos/5 + cosy + co8(o + /3 + y)}, 

■99 t 

— ^^ {sina + sinj8 + siny — sin(a + /3 + y)}. 

Find the lod of each of these points when the triangle is a 
maximum. 

603. If a chord of a parabola be drawn through a fixed 
point on the axis, and an ellipse be described with the extremi- 
ties of this chord for foci, and passing through the focus of the 
parabola ; the minor axis of this ellipse will be constant 

604. Two tangents to a given circle intersect a constant 
length on a fixed tangent ; prove that the locus of their point 
of intersection is a Conic which the given circle osculates at a 
vertex. 

605. If a tangent be drawn to an ellipse, and with the point 
of contact as centre another ellipse be described similar and 
similarly situated to the former, but of three times the area ; then 
if from any point of this latter ellipse two other tangents be 
drawn to the former, the triangle formed by the three tangents 
will be double of the triangle &rmed by jgining their points 
of contact. 

606. TPy TQ are tangents to an ellipse at points, whose 
eocentric angles Bie a, fij another tangent meets them in P", ^ ; 
prove that 
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607. If two sides of a triangle be given in position imd the 

third in magnitude^ the locus of the centre of the Nine Points* 

Circle of the triangle is an ellipse ; which reduces to a limited 

straight line if the acute angle between the given sidea be 60^ 

If c be the given side, and 2a the given angle, the axes of the 

,,. 1 X <? sin3o ccos 3a 

ellipse are equal to . . , ' — ^,' t-^, — • 5—4 

^ ^ 4 sm a COB a 4'smacos a 

608. If FMf PN be perpendiculars from any point of an 
ellipse on the axes, and the tangent at P meet the equi-cohjugates 
mQ^ Rl the tangents from Q, JS to the ellipse will be parallel 
to MN. 

609. If a right-angled maximnm triangle can be inscribed in 
an ellipse, the bcoentrio angle of the point at which is the right 
angle, is 

610. CPy CD are conjugate radii, and PQ is measured along 
the normal at P equal to m times CD ; prove that the locus of 
Q is the ellipse 

PQ being measured inwards or outwards as m is positive or 
negative 

611. If a triangle circumscribe a given ellipse, and its centre 
of gravity lie in the axis of as, at a distance e fi:om the oentrCi ita 
angular points will lie on the fixied conic ^ 






a» a*b 



. J 



612, If two tangents be ilrawn to ah ellipse from a point P, 
the cosine of the angle between them is 

CP^ - AC* " BG* ' - 



iiSP.S'P 



.§ . 
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613. Two points Hy H' are coDJugate with respect to an 
ellipse, P is any point on the ellipse, and PH^ PH' meet tbe 
ellipse again in QQ' ', prove that QQf passes through the pole 
of HH\ 

614. A triangle circumscribes the circle a^ + y* = a", and two 
of its angular points lie on the circle (a; — c)* + y" =^ 5* ; prove that 
the locus of the third angular point is a conic touching the 
common tangents of the two circles; and' that this conic becomes 
a parabola if (c * a)* = 5* — a*, 

« 

615. A triangle circumscribes an ellipse, and two of its 
angular points lie on a confocfd ellipse; prove that the third 
angular point lies on another confocal ellipse, and that the peri- 
meter of the triangle is constant. 

616. The lines 

form a self-conjugate triangle to the ellipse ; provo that 

and that the co-ordinates of the centre of perpendiculars, of the 
triangle are 

617. A triangle is self-conjugate to a given ellipse, and one 
ftti gnUr point is fixed ; prove that the circle circumscribing the 
triangle passes through anoth^ fixed point Q ; that (7, Q, are in 
one straight line, and that CQ . CO = a'-¥ b\ 

618. In the ellipses 

a* y" - «? y" • 

a a 

a tangent to the former meets the latter in P^Q; prove that the 
tangents at P, Q are at right angles to each other. 
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619. Two tangents OPy OQ are drawn at the points o^ j3; 
prove that the co-ordinates of the centre of the circle circumscrib- 
ing the triangle OPQ ai*^ 

a + /J 



cos 



cos 



2 g* + (g' - ft*) cos g cos ff 



. + /J 

Rin 



2 y + (6*-.g«)sinasin/3 



a-P 26 

cos-g- 

If this point lie on the axis of x, the locus of is a circle. 

620. Two points P, Q are taken on an ellipse, such that the 
perpendiculars from Q, P on the tangents at P, Q intersect on the 
ellipse ; prove that the locus of the pole of PQ is the ellipse 

gV + 6y=(g* + 5«)«. 

If R be another point similarly related to P, the same relation 
will hold between Q^ R : and the centre of perpendiculars of the 
triangle PQR will be the centre of the ellipse. 

621. Perpendiculars />,, p^ aire let fall from extremities of two 
conjugate diameters on any tangent, and p^ is the perpendicular 
fi'om the pole of the line joining the two former points : prove 
that;?3*=2jp,|?,. 

622. The normal at a point P of an ellipse meets the curve 
in Qy and any other chord PP' is drawn; ©P'and the line through 
P at right angles to PP' meet in R : prove that the locus of R 
is the straight line 

- cos A - f sm A = -r — rz , 

^ being the eccentric angle of P. The part of any tangent inter- 
cepted between this straight line and the tangent at P will be 
divided by the point of contact into two parts which subtend 
equal or supplementary angles at P. 



1 
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623. Two normals are drawn to an ellipse at the extremi« 
ties of a chord parallel to the tangent at the point a ; prove that 
the locus of their intersection is the curve 

, 2 (ax sina + 6y cos a) (ctx cosa + Jy sin a) = (a*— 6')* sin 2a cos* 2a, 

624. The normals at three points of an ellipse whose eccen- 
tric angles are a, P, y will meet in a point if 

sin ()8 + y) + sin (y + a) + sin (a + )8) = 0, 

625. If four i^ormals to an ellipse meet in a point, the sum 
of the corresponding eccentric angles will be an odd multiple 
of IT. Prove also that two tangents drawn to the ellipse parallel 
to two chords passing through the four points will intersect on 
one of the equi-conjugate diameters. 

626. If («j, f/Jf {x^, y^), (fl?3, f/^ be three points on an 
ellipse, such that x^-{-x^ + x^ = 0, ^1+^3 + ^3 = 0, the circles of 
curvature at these points will pass through a point on the ellipse, 

whose co-ordmates are = — , ;, • 

or 

627. K four normals be drawn from a given point to any one 
of a series of confocal ellipses, the sum of the angles made by 
them with the axis is constant. 

628. The normals to an ellipse at the points where it is met 
by the straight lines 

X V . /* ^ y — 1 

- cos a + f sin a = cos ft + j—-, • = 5 , 

a '^' a cos a sm a cos fi 

will all intersect in a point. 

629. Fp is a diameter of an ellipse, PJ/", P-^ perpendiculars 
on the axes, MI^ produced meets the ellipse in ^, g' ; prove that 
the normals at Q, q, intersect in the centre of curvature &tp, 

630. If fi-om a point be drawn OP, OQ, OR, OS normals to 
an ellipse, and p, q, r, s be taken such that their co-ordinates aj*e 
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the intercepts on the* axes of the tangents at P, Q, R, S respect- 
ively ; p, q, r, 8 will lie on one straight line. Also, if through 
the centre C be drawn straight lines at right angles to CP, CQ, 
CBy CS to meet the tangents at P, ©, 2?, ^S' respectively, the four 
points so determined will lie on one straight line. 

631. If the normals to an ellipse at P, Q, E, S meet in a 
point, and circles described about QES, MSP, SPQ, PQR meet 
the ellipse again in P', ^, K, S\ the normals at P', Q', R, S' will 
meet in a point. 

632. PQ is a chord of an ellipse, normal at P, PP' a chord 
perpendicular to the axis, the tangent at P' meets the axes in T, 
T\ the rectangle TOTE is completed, and CE meets P^ in T ; 
prove that GE.GU = a^-h\ 

633. Normals drawn to an ellipse at the extremity of a 
chord passing through a given point on the axis will intersect in 
another ellipse whose axes are 

a«-6V 1\ a'-y 



-^{'*'i)' ^^i'-'i): 



the distance of the given point from the centre being c times 
the semi major axis. 

634. A triangle A'FC is inscribed in the ellipse -?j + ^ = 1, 

and its sides tonch the ellipse -« + ^s = ^ ^^ ^® points A, P, C ; 
prove that, if the relation which must exist between the axes be 
-7 + 7> = 1, the eccentric angles of A and A' will differ by ir : but 

if the relation be -7 ~ n ~ 1 1 the sum of these eccentric angles 

a ° 

will be either ir or 3ir. 

635. Two ellipses are concentric and similarly situated, and 
triangles can be inscribed and circumscribed; prove that the 
normals to one ellipse at the angular points of any such triangle 
meet in a point ; and also the normals to the other at the points 
of contact. 



w^^ 
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636. The ellipses 

are so related that (1) an infinite number of triangles can be 
inscribed in the former whose sides shall touch the latter ; (2) the 
central distance of any angular point of such a triangle will be 
perpendicular to the opposite side ; (3) the normals to the first 
ellipse at the angles of any such triangle, and to the second at the 
points of 'contact, will severally meet in a point, 

637. The ellipses 

are such that the noimals to the latter at the angular points of 
any inscribed triangle which circumscribes the former, meet on 
the latter. 

638. Two ellipses are confocal, and are such that triangles 
can be inscribed in one whose sides touch the other ; prove that 
the perimeters of all such triangles are equal. 

639. Triangles are circumscribed to an ellipse, such that the 
normal at each point of contact passes through the opposite 
angular point ; prove that the angular points lie on the ellipse 

k being the positive root of the equation 

^ (a« - by + 2a«6* (a* + 6«) « = 3d'b\ 

Also the perimeter of the triangle formed by joining the points of 
contact is constant. 

640. The two similar and similarly situated conies 

■W. 9 
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will be capable of having triangles circumscribing the first and 
inscribed in the second, if 

to ^' ^ 
a* 

641. Two straight lines are drawn parallel to the major axis 

at a distance - from it ; prove that the part of any tangent inter- 

cepted between them will be divided by the point of contact into 
two parts subtending equal angles at the centre. 

642. A circle has its centre in the major axis of an ellipse, 
and triangles can be inscribed in the circle whose sides touch the 
ellipse j prove that the circle must touch the two circles 

643. Two tangents are di*awn to an ellipse from a point 
(X, Y) ; prove that the rectangle under the perpendiculars from 
any point of the ellipse on the tangents bears to the square on the 
perpendicular to the chord of contact the ratio 1 : X; where 

644. If a triangle be inscribed in an ellipse, and the centre of 
perpendiculars of the triangle be one of the foci, the. sides of the 
triangle will touch one of the circles 



L^«v(«'-^^)r 



r^ — c^^Tv 






IV, Hyperbola, referred to its axes, or asymptotes, 

645, Prove that the four equations 

b{x^J{7?^a')}^a{y^J{fVbyi 
represent respectively the portions of the hyperbola 

which lie in the four quadrants. 
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646. Two points (x^, y,), (x^, V^ are taken on the hyperbola 
xy = ^ 'y pitive that the equation of the line joining them is 



« . y 



= !• 



647. The equation of the chord of the hyperbola -5 - ?s = 1 
which is bisected at the point (X, Y) is 

a* 6» a* 6* • 

648. The locus of points whose polars with respect to a 
given parabola touch the circle of curvatui*e at the vertex is a 
rectangular hyperbola. 

03* v' 

649. A double ordinate PP' is drawn to the ellipse -5 + t3 = Ij 

and the tangent at P meets the hyperbola — —^f = 1 iu Q^ Q ', 

prove that P'§, F^Q are tangents to the hyperbola ; and, if 2?, B! 
be the points in which these lines again meet the ellipse^ that 
UK divides TV into two parts in the ratio of 2 : 1. 

650. A circle is drawn to touch the asymptotes of a hyper- 
bola ; prove that the tangents drawn to it at the points where 
it meets the hyperbola will also touch the auxiliary circle of the 
hyperbola. 

651. Two hyperbolas have the same asymptotes, and NFQ is 
drawn parallel to one asymptote meeting the other in N^ and the 
curves in P, ^ ; a tangent at Q meets the outer hyperbola in two 
points, and the lines joining these to the centre meet the ordinate 
NQ in Z, M) prove that NQ is a geometric mean between NL, 
NM^ and that NP is a harmonic mean between NQ and the har- 
monic mean between NL, NM. 

652. The locus of a point from which can be drawn two 
straight lines at right angles to each other, each of which touches 

9—2 



132 BOQK OF MATHEMATICAL PROBLEMS. 

one of th6 rectangular hyperbolas xy = ib c* is also the locus of the 
feet of the perpendiculars, let fall from the origin on tangents 
to the hyperbolas ic*-^ = J=4c'. 

« 

653. The axes of an ellipse ai*e the asymptotes of a rectan- 
gular hyperbola which does not meet it in real points ; prove that 
if two tangents be drawn to the ellipse from a point on the hyper- 
bola, the difference of the eccentric angles of the points of contact 
will be least when the point lies on an equi-conjugate of the 
ellipse. 

654. The locus of the equation 

if c" 

y =0?+ — — 

05 + aj+ ... to QOy 

is that part of the hyperbola y*-a:' = c', which, starting from a 
vertex, goes to oo on the line y = a?. 

655. Normals are drawn to a rectangular hyperbola at the 
extremities of a chord parallel to a given line ; the locus of their 
intersection is another rectangular hyperbola whose asymptotes 
make with the asymptotes of the given hyperbola luigles equal 
and opposite to those made by the given lina 

^5^, An ellipse is described confocal with a given hyperbola, 
and the equi-conjugates of the ellipse lie on the asymptotes of the 
hyperbola ; prove that if from any point of the ellipse two tan- 
gents be drawn to the hyperbola, the centres of two of the circles 
which touch these tangents and their chord of contact will lie on 
the hyperbola. 

657. A triangle circumscribes a given circle, and its centre 
of perpendiculars is a given point ; prove that its angular points 
lie on a fixed conic which is an ellipse, parabola, or hyperbola, aa 
the given point lies within, upon, or without the given circle. 
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V. FoUvr C<Hn*dinate8* 

658. The equation of the normal drawn to the circle r = 2a cos 0, 
at the point where = a, is 

a&in 2a = r sin (2a~ 0). 

659. The equation of the straight line which meets the circle 
r = 2a COB 0, at the points where = a, tf = /8^ is 

2a coda cos )3 = r cos(a + )3~Q. 

660. PSQ is a focal chord of a conic, and a parallel chord 
AF^ through the vertex A meets the latns-rectum in ^ ; prove 
that the ratio SF. SQ : AF^, AQ^ is constant 

661. Prove that the equations 

-=e cos^ifcl 

T 

represent the same conic. If (r, 9) be the coordinates of a point 
on the locus when the upper sign is taken, what will be its 
co-ordinates when the lower sign is taken? 

662. A conic is described having a common focus with the 

I* 
conic — = 1 + 6 cos B^ similar to it^ and touching it at the point 

fl=a: prove that its latus rectum is ■= — ^ —^% and that 

' ^ l-«-2e cosa + e* 

the angle between the axes of the two conies is 

ft . .1 e + cos ct 

2tan ' — : . 

sin a 

663« A triangle ABC has its angular points on a hyperbola, 
and the centre of its circumscribed circle at a focus of the hyper- 
bola; prove that e sin ^ sin (7= 1, B^ C being angular points on 
the same branch, and e the eecentricily* 
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664, If r , r., r. be the focal distances of three points on a 
conic, and a, p, y the angles between them, the latus rectum I is 
given hy the equation 

8 sin ^ sm ^ sin ^ . . ^ 

2 2 2 sin a sinp siny 
J = + — ^+ f; 

C T r T 

" 'i 'a '» 

the angles a, ^, y being always so taken that their sum is 27r. 

665. SF is a radius yector from the focus of a conic, Q, Q' two 
points on it, conjugate with respect to the conic ; prove that the 
latus rectum 

_ 2SF.SQ 2SP,8Qf 

QQQ, If PQf Pit be two chords of an ellipse subtending each 
the same angle at the focus, the tangent at P and the chord QR 
will intersect on the directrix, 

667. If an ellipse circumscribe a' triangle ABCy and the 
centre of perpendiculars of the triangle ^be a focus of the ellipse, 
the latus rectum will be 

Alt cos A cos B cos C 

. A . B . C ' 
Bin^sin^smg / 

Jt being the radius of the circumscribed circle. 

668. Prove that any chord of the ellipse 

c 

- = 1 + e COS d 

r 

which is normal at a point where the conic is met by the lines 

f /e+ l^ «dbsin^-^(l - 6^ cos e 
will subtend a right angle at the pole. 
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669. Two parabolas have a common focus and axes in the 
same straight line in opposite directions; a circle is drawn thi'ough 
the focus touching both parabolas ; prove that 

a, a' being the latera recta, and r the radius of the cirde. 

670. Through a fixed point is drawn any straight line, and 
on it are taken two points, such that their distances from the 
fixed point are in a constant ratio, and the line joining them 
subtends a constant augle at another fixed point; prove that their 
loci are circles. 

671. If a triangle ABC circumscribe an ellipse^ and its sides 
subtend angles a, a ; )3, j8'; y, y at the foci, 

sin(a-i)sin(a^-.i) ^ sin()g-^)sin()8'-.g) 
sin a sin a sin j3 sin ^ 

. ^ sm(Y-g)Bin(y-C) . 
siny siny ' 

the angles being taken so that a + j3 + y-a +j8' + y'= 27r. 

2a 

672. Pour tangents to the parabola — = 1 + cos are drawn 

at the points tf,, 0^ 0^ 9^ ; prove that the centres of the circles 
circumscribing the four triangles formed hj them lie on the 
circle 

2r sintf, sm fl, sin ^3 sin tf^ = a sin {0^ + ^, + ^3+ tf^-tf). 

^ 673. Two straight lines bisect each other at right angles; 
prove that the locus of the points at wliich they subtend equal 

angles is 

r* _ a cos O^bsinO ^ 

ah" b 00a O-aainO^ 

2a, 26 being the lengths of the lines, their point of intersection 
the pole, and 2a the direction of the piime radius. 

674. Two circles interaect, a straight line is drawn through 
one of their eonunon points, and tangents are dr^wn to the circles 
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at the points in which this line again meets them : prove that the 
locus of the point of intersection of these tangents is the curve 

the second common point of the circles being pole, the common 
chord (c) the initial line, a, b the radii^ and a, fi the angles sub- 
tended by c in the segments of the two circles which lie each 
without the other circle. 

675. Two ellipses have a common focus, and axes inclined at 
an angle a, and triangles can be inscribed in one whose sides 
touch the other; prove that 

c,* ± 2cj(?, = e^\' + e/Cj* - 2e^e^c^c^ cos a, 

<?j, C2 being the latera recta, and e^, e^ the eccentricities. Also, if 
^, ^, ^ be the angles subtended at the focus by the sides of any 
one of the triangles, 

J 6 ^ 'A ^« 
4cos7rCOs Jcos5-= -*. 
2 2 2c. 



VI. General Equation of the Second Degree, 

The general equation of a conic being 

CKC* + 6y* + c + 2a' y + 26'aj + 2(/xy = Q, 
the equations giving its centre are 

aaj+cy + 6' = 0, c/oj + Jy + a'sO. 

The equation determining its eccentridiy may be found from 
the consideration that 

o + 5 — 2c' cos 0) a5 — c* 
sm (0 sin (0 

are unchanged by transformation of co-ordinates; and therefore 
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that H-i /ov— -a— ^ IS equal to ^ — =^-^ : if 2au 2p be the axes. 

(ab — c^ sin a> ^ a"^* 

We have then the eccentricity e given by the equation 

e* (a-\'b — 2c cos a>)' - 
1-e* (a6 - c'*) sin' a> 

The foci may be determined from the condition that the i^ct- 
angle under the perpendicidars from them on any tangent is 
constant. Thus taking the simple case when the origin is the 
centre, and the axes rectangular, if the equation of the conic be 

and (X, 7) be one focus, (- X, - Y) the other, we must have, 
in order that the straight line Ix + my = 1 may be a tangent, 

(l-?X-mr)(l + ZX+mr) ^ ^ 

^ n • ' = a constant = a, 

OT, P(ii + X')+m'{fi+T')-\-2lmXY-'l = (A), 

But the condition that this line may be a tangent gives also 
the condition that 

cwj' + 6y* + 2c XT/ "/{Ix + my)* 

must be a perfect square, or 

(a-/P) (b^fmrj = {c'^/lmy; 
whence l^/-{^m'a/-^2lmc/+ </''■• ah = (B). 

Kow (A) (B) expressing the same condi^iion must give the 
same relation between I and m; hence 

/i + X* /i+F' XT 1 _ X'-r' 
The eG^uations are then 

x'-r' _xr_ / 
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It may be noticed also that ^^e obtain the following equation for /x 

/ _¥_\f of \_ ^T 

equivalent to . f-L ^cnfi- ^b)^c*; 

whose roots are the squares of the semi axes. 

To each root correspond two foci, which are real for one and 
unreal for the other. 

The same method will apply to all cases ; and; the foci being 
found, the directrices are their polars. 

The more useful forms of the equation are 

(1) ^,.2A^4,-.(14)-,(J.|,).l = 0, 

which, for different values of X, represents a series of conies 
passing through four given points; two of the joining lines 
being taken as axes : 

(2) •  | + |-1 = 2X 

the equation of a conic touching the axes at distances h. Is re- 
spectively from the origin. It is sometimes convenient to use 
this as the equation of the coiiic touching four given straight 
lines j h, k, X being then parameters connected by the equations 

the equationa of the other two given straight lines being > 

When (2) represents a parabola, X = 1 ; and the equation may 
bewritten' 

■(0'-8)'--- 

The equation of the polar of {X, T) to the conic in the most 
general form is 
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and this may be adapted to all the special oases. The equation of 
the tangent at a point (X, T) to the parabola 

the signs of the radicals in the eqni^tion of the tangent being 
determined hj the corresponding signs in the equation of the 
curve at the point (X, T). The equation of the polar^ of course 
cannot be expressed in this form. 

The equation of two tangents from (X, Y) is 

(aX» + 67* + c + 2a r+ 26'X + 2c'XY) 

{aa? + J^jf* + c + 2a' y + 2Vx -«- 2c'Qcy) 

676. The equation 

^ (608 + <jy)^ wiy (005 + 63/) = 

represents a pair of conjugate diameters of the conic 

oaf -^2hxy'\'Cj^ = d, 

677. If — g + ^ = 1 be an ellipse referred to coigugate dia- 
meters inclined at an angle o), the condition that the circle 
7? + 2fl5y cos iA-\'%^^ii^ may touch flie ellipse is 



n \\ n \\ _ cos'o) 



Hence determine the relations between any conjugate diameters 
and the axes. 

678, The axes of the conic aa? + 2hxy ^cy' = d make with 
the lines bisecting the angles between the axes of co-oi:dinates 
angles 6; prove that 

tan2(?=, (^-^)«in^ 

(a>f c) cos (I) — 2o : 

CO being the angle between the axes. 
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679. The locus of the foot of the perpendicular let fSall from 
a point (X, F) on any tangent to the ellipse aaf-h2hx^-\-cy^^ 1 is 

the axes being Rectangular. Prove that this reduces to a circle 
and a point-circle, if 

z'~r' ^xr_ 1 

a — c b '^ b* — ac* 

680. The equations determining the foci of the conic 

y (x-^-y cos w) oj (y + as cos co) d 
a cos a> — 6 c cos « — 6 "" oc — 6' * 

o> being the angle between the axes. 

681. The general equation of a conic confocal with the 
conic 005* + 2bicy + cy' = 1 is 

and the given conic is cut at right angles by any conic whose 
equation is 

(X-a)ai" + — ^ ^ ay-(X + c)2^«l. 

682. The equation of the equi-conjugates of the conic 

aa^ + 2bxy + cy*=l 
oa» + 26a?y + cy* 2(a5*+2/*) 

is " n ^^ • 

683. The equation of the equi-conjugates of the conicf 

aa5*+26a?y + cy*=l 

is (a-c)(aaj*-cy^ + 2a5(6i» + cy)(6--a cosw) 

+ 2y((MB + 6y)(6-c cosft)) = 0; 

when (0 is the angle between the axes. 
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684. The tangents to the two conies 

aha ^ h a + 6' 

at any common point are at right angles. If both curres be 
hyperbolas, they will haye fonr real common tangents, 

685. If a common tangent be drawn to the conies 

it will subtend a right angle at the centre, 

686. Prove that in general two parabolas can be described 
passing through the points of intersection of the conies 

aa5« + Jy«4. c+ 2ay + 2^05 + 2c'a^ = 0, 

and that the axes of these parabolas will be at right angles to each 
other if 

a-'b" A-B' 

687* The equation of the director circle of the conic 
f(x, y) = aaj* + 2c'a^ + 53^+26'a5+2a'y + c=0, 
is {af-\-i/)(c''^ah) + 2x{c'a'^bb') + 2y(V(/-aa') 

688. The equation of the asymptotes is 

(c"-a5)/(a, y)^aa!^^bb'^^2aVc\ 

689. The equation of the chord which passes through the 
point (Xy Z) and is bisected at that point is 

(a? - X) (aX+ cT + 60 + (y - ^) (<?'-^+ ^^+ aO = ^ i 
and the equation of the tangents drawn through the origin is 

{ac" 6") a^ + 2 (cc'- a'6')^ + (6c-a'»)y' = 0. 

690. The foci are given by the equations 
xifla'-Vc) + y (66'- c'a') + a'V -cd^vyy (c" - a6), 

2aj<66^-c'a0-2y(aa'^6'c') + 6'"-ca-a" + 6c-(«"-y')(c'"-a6). 
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691. Trace the locus of the equation 

x-\-y—a 03 + y-o  
for values of w > = and < L 

692. Trace the conies 

2a;' - 2acy -2ay + a' = 0, 2]/'- 2xy-2ay + a^ = Oy 

2xy — 2ay-^a^ = 0'y 
shewing that they touch each other two and two. 

693. Two parabolas are so situated that a circle can be de- 
scribed through their four points of intersection ; prove that the 
distance of the centre of this circle from the axis of either para- 
bola is equal to half the latus rectum of the other. 

694. A hyperbola is drawn touching the axes of an dlipse 
and the asymptotes of the hyperbola touch the ellipse ; prove that 
the centre of the hyperbola lies on one of the equi-conjugates of 
the ellipse. 

695. Five fixed points are taken, no three of which are in 
one straight line, and five conies are described, each bisecting all 
the lines joining four of the points, two and two: prove that these 
conies will have one common point. 

696. Ay P and B^ Q are points taken respectively on two 
parallel fixed straight lines. Ay B being fixed points and P, Q 
variable points, subject to the condition that AP, BQ is constant ; 
prove that PQ touches a fixed conic which will be an ellipse or 
hyperbola according as P, Q are on the same or opposite sides of 
AB. 

697. One side AB of a rectangle ABCD slides between two 

rectangular axes ; prove that the loci of G, D are ellipses whose 

area is independent of the magnitude of AB i and that the angle 

2BG 
between their axes is cot"* "TTT* ^ ^^ ^^^ position AB make 

an angle with the axis of y, and a, )$ be the angles which the 



I 
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tangents at (7, D to the loci make witli tlie axes of y, x re- 
spectively, 

^ AB 
cot a+cotc' = ootp + tan^ = -^, • 

698. A circle being traced on a plane, the locus of the vertex 
of all cones on that base whose principal elliptic sections have an 
eccentricity e^ is the surface generated by the revolution about its 
conjugate axis of an hyperbola of eccentricity e~\ 

699. A straight line of given length slides between two 
fixed straight lines, and from its extremities two straight lines 
are drawn in given directions ; prove that the locus of their inter- 
section is an ellipse. 

700. Two circles of radii r, r (r > r*) touch each other, and a 
conic is described having real double contact with both ; prove 
that, when the points of contact are not on different branches of a 

hyperbola, the eccentricity >'9*^/(l+-7)) ^J^d the latus rectum 

is greater than, equal to, or less than r — /, according as the 
conic is an ellipse, parabola, or hyperbola. If the contacts be on 

different branches of a hyperboK «>^, and tiie asymptotes 

alwaya touch a fixed parabola. 

701. If ABC be a triangle circumscribing an ellipse, S, S 
the foci, and if SA=^SB = SG, then will 

S'A.S'B.SV 



SA.SB.SG 



= 1-6'; 



and each angle of the triangle ABC will lie between the values 



cos 2 



702. One angular point of a triangle, self conjugate to a 
given conic, is given ; prove that the circles on the opposite sides 
as diameters will have a common radical axis, which is normal at 
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the given point to the similar, concentric; and similarly Bituated 
conic through that point. 

703, If e be the eccentricity of the conic 

and (0 the angle between the axes, 

e* ___(»- &)* sin* ft) + {(a + b) cos <a - 2c Y 
T^V. {ab - c") sin" ui ' 

704, The co-ordinates of the focus of the parabola 

are given by the equations 

XV hk 



k h" A'.+ ¥ -«- 2AA; cos ft> ' 
and the equation of its directrix is 

a; (A + £ cos o>) + y (^ + A cos (o) =^ cos (o. 

705, In the parabola 

a tangent is drawn meeting the axes in P, Q ; and perpendiculars 
are drawn from P^Qto the opposite axes respectively ; prove that 
the locus of the point of intersection of these peipendiculars is 

a? + V cos (0 V + a; cos Q) 

^ r + S^ = = 008 CO. 



706, The condition that the straight line - + ^ = 1 should 
touch the conic 



IS 



\h aj\k pj hk 
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707. The asymptotes of the conic 




h k 
vnUl touch the parabola 

708. The equation of the director circle of the conic 

is (X'- 1) (ic' + y* + 2ajy cos <d) + A (« + y cos<o) 

+ A; (y + 05 cos w) — A^ co3 w = 0. 

709. A conic is drawn to touch four given straight lines, 
two of which are parallel ; prove that its asymptotes will touch a 
fixed hyperbola, and that this hyperbola touches the diagonals of 
the quadiilateral, formed by the four given straight lines, at their 
middle points. 

710. K a rectangular hyperbola have double contact with a 
parabola, the centre of the hyperbola and the pole of the chord of 
contact will be equidistant from the directrix of the parabola. 

711. The area of the ellipse of minimum eccentricity which 
can be drawn touching two given straight lines at distances A, k 
from their point of intersection is 

77/1.. r.9\ . (A' + ^'-2A^C0Sa))^ 

(A* + A^ + 2AA COS 0))^ 
and, if 6 be the minimum eccentricity, 



l-e* AVsin 



s 



712. Four points are such that ellipses can be described 
through them, and e is the least eccentricity of ^ny such ellipse ; 

w. 10 
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f! is the eccentricity of the hyperbola, which is the locus of the 
centres of all such conies ; prove that 

«" e* A 

= 4. 



Proye also that the equi-conjugates of the ellipse are parallel to 
the asymptotes of the hyperbola. 

713. . The equation of the conic of minimum eccentricity 
through four giren points ia 

a* , 4a:jyco8(D ^ y* 
aoi 



• 4a?vco8o) y* /I IN /I 1\ , ^ 
fr oa +oo' 66 \a a/ "^ \6 6 / 



the points being on the axes of a;, y at distances a^ a'; 6, 6' fix>m 
the origin. 

714. If ^ be the angle which* an axis of any conic through 
four given points makes with the line bisecting the angle 9 be- 
tween the axes of the two parabolas through the four points, the 
eccentricity e of the conic is given by the equation 

#* 4 cos' 

ir7'*sin'^-sin"2^' 

715. If & be the acute angle between the axes of two para- 
bolas, the mininrmTn eccentricity of a conic passing through their 

points of intersection is I -z j,: and either axis of this 

^ V 1 + sec ^ 

conic makes equal angles with the axes of the two parabolas. 

716. Three points A^ B, C are taken on an ellipse, the circle 
about ABC meets the ellipse again in P, and FF' is a diameter ; 
prove that of all ellipses passing through ABCF' the given ellipse 
is the one of least eccentricity. 

717. Of all ellipses circumscribing a parallelogram, the one 
of least eccentricity has its equi-conjugates parallel to the sides of 
the parallelogram* 
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718. The ellipse of least eccentricity which can be inscribed 
in a given parallelogram is such that any point of contact divides 
the side on which it lies into parts which are to each other as 
the squares on the adjacent diagonals. 

719. The axes of the conic which is the locns of the centres of 
all conies passing through four given points are parallel to the 
asymptotes of the rectangular hyperbola which passes through the 
four points. 

720. The equation of a conic having the centre of the ellipse 
-j + |g 8 1 for focus, and osculating the ellipse at the point $, is 

(a" + y*)(a«cos«tf + ysin"^" 

= {(a* - 6*) (ax cos" tf - 6y sin" 6) + a'b^y. 

721. A parabola has contact of the third order with an 

ellipse ; prove that the axis of the parabola is parallel to the 

diameter of the ellipse through the point of contact, and that the 

2a'6' 
latus rectum of the parabola is equal to , , where a, b are the 

semiaxes and r the central distance of the point of contact. 

722. The locus of the foci of all conies which have a contact 
of the third order with a given curve at a given point, is a curve 
whose equation referred to the tangent and normal at the given 
point is of the form 

m (a* + y*) (wiy + 05- 2a) = ay (x-a), 

723. An ellipse of constant area ^c" is described having 
contact of the third order with a given parabola whose latus 
rectum is 2m : prove that the locus of the centre of the ellipse 

is an equal parabola whose vertex is at a distance (—) from the 

vertex of the given parabola ; also that, when o^m, the axes of 
the ellipse make with the axis of the parabola angles 



^ tan-* (2 tan ^), 



10—2 
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-wHere ^ is tHe angle which the tangent at the point of contact 
makes with the axis. 

724. The locus of the centre of a rectangular hyperbola 
having contact of the third order with the ellipse — , + |f = 1 is 
the curve 



a^-.j^ = (a'-H6')@+^)*. 



725. The locus of a pointy such that tangents drawn from it 
to a fixed conic intercept a constant length on a fixed tangent; is a 
conic having contact of the third order with the given conic at the 
extremity of the diameter through the fixed point of contact ; and 
that the locus is an ellipse, parabola, or hyperbola, according as 
the given length is less than, equal to, or greater than the diame- 
ter parallel to the fixed tangent. 

726. On every straight line can be found two points, conju- 
gate to each other with respect to a given conic, and the distance 
between which subtends a right angle at a given point not on the 
straight line. 

727. If a parabola meet an ellipse in four points such that 
the four normals to the ellipse at those points meet in one point, 
the axis of the parabola will be parallel to one of the equi-con- 
jugate diameters of the ellipse.' 

728. A conic is drawn through four given points lying on 
two parallel straight lines ; prove that the asymptotes touch the 
parabola which touches the other four joining lines. 
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VII. Envelopes, 

The equation of tHe tangent to a parabola in the form 

a 
m 

gives as the condition of equal roots in m, ^ s 4aa;, and the 
equation of the tangent to an ellipse 



- cos a + ?- sin a = 1, 
a 



written in the form 



gives as the condition of equal roots in Zy 

6a • • •*■• 
a 

So, in general, if the equation of a straight line, or curve, involve 
a parameter in the second degree, it follows, that through any 
proposed point can in general be drawn two straight lines, or 
curves, of the series represented by the equation. These two 
curves will be the tangents (rectilinear or curvilinear) from the 
, proposed point to the envelope of the system. In order that they 
may be coincident, the point from which they are drawn must be 
a point on the envelope. 

r 

Thus, "To find the envelope of a system of conies having 
a given focus, length and direction of major axis." 

The equation of aily such conic may be taken 

— ^ ^ = 1+6 cos 0, 

T 

^here e is the parameter. The envelope is then the curve 

(r cos Oy = 4a(r- a), 
or, r'sin*tf = (r-2a)*, 
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or, r = T ; — ^ ; 

a pair of parabolas Haying the given point for focus, and their 
common latus rectum in the given direction and of twice the 
given length. This admits of very easy geometrical proof. 

In this case every one of the system of curves has real 
contact with the envelope; but it frequently happens that this 
is true for only a portion of the system. 

The same principle applies to systems whose equation involves 
higher powers of the parameter ; but in the following •examples 
it will be found that the general equation of the system whose 
envelope is required- can always be expressed in the form 
U+2XV+\*W-0, where X is the parameter; and the cor- 
responding envelope is the curve UW= V\ 

729. The envelope of the circles 

«"+(y-/S)(y-y)=o, 

where j3, y are connected by the equation 

1 1^1 

1^^ y a' 
is the two circles a;" + y* st 2ax = 0. 

730. The envelope of the circles 

«"+(y-i3)(y-y)=0, 
where p, y are connected by the equation 

(/J+a)(y-a) + A'=0, 
is the two circles y* + (a? ± A)* = o*. 

731. TheelHpse a^'^W^^ 
has its axes connected by the equation 
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prove tHat the envelope is the two circles 

and if the relation between the axes be 

the envelope is pa^ + g'y* + 2aq^x = 0, 

732. Through each point of the i^raight line — + ——= 1 

Cb 

is drawn a chord of the ellipse -^ + ~ = 1 bisected in the point ; 
prove that the envelope is the parabola 

733. The envelope of the ellipse 

- , « , ... /a? cos a y sin a\ 
ar + y" - 2 (oic cos o + 5y sin a) ( + ^—^ — j 

/ • T* tv /xcoBa ysinaX* . . • . r« « t 
+ (a* + 6*-c*)f ■*"^i — ) =a sin*a + 6*cos*a-c* 

is the two ellipses 

^+y!«i ^J^+^ 1 

734. A variable tangent to a parabola meets two fixed 
tangents in two points; prove that the directrix of the parabola 
which touches the fixed tangents at these points envelopes an- 
other parabola. 

735. A variable tangent to a parabola meets two fixed tan- 
gents, and a circle is described on the part intercepted as dia- 
meter; prove that the envelope of these circles is an ellipse 
which touches the fixed tangents at the points where the direc- 
trix meets them. 

736. The director circle of a conic and one point of the conic 
being given, prove that the envelope is a fixed conic whose major 
iLxis is a diameter of the given circle. 
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737. If two points be taken on an ellipse sucli tliat the 
normals at these points intersect a giyen normal in the same 
point, the chord joining the two points enrelopes a parabola 
whose directrix passes through the centre and whose focos is 
the foot of the perf>endicnlar from the centre on a tangent per- 
pendicular to the given normal. 

738. In an ellipse given the centre and directrix, prore that 
the envelope is two parabolas having their common focus at the 
given centre. 

739. In an ellipse given one extremity of the minor axis and 
a directrix, prove that the envelope is a circle having its centre at 
the given point and touching the given straight line. 

740. If three points be taken on an ellipse, such that their 
centre of gravity is a fixed point, the straight lines joining them 
two and two will touch a fixed conic. 

741. If three points be taken on an ellipse, such that the 
centre of perpendiculars of the triangle formed by joining them 
is a fixed point, the joining lines will touch a fixed conic whose 
asymptotes are perpendicular respectively to the tangents drawn 
from the fixed point to the ellipse. 



VIII. Areal Coordinates. 

In this system, the position of a point P with respect to three 
fixed points A, By C, not in one straight line, is determined by the 
values of the ratios of the triangles PBC^ PGA, PAB to the 
triangle ABC^ any one of them PBG being positive or negative, 
as P and A lie on the same or opposite sides of BC, These are 
usually denoted by a, P, y, which satisfy the equation a+^+ y = 1. 
A point is therefore completely determined by equations of the 
form la^mp^ny, 

. The general equation of a straight line is la + mp + ny = 0, and 
2, «n, n are proportional to the perpendiculars from A, B^C on the. 
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straiglit line, perpendiculars drawn in opposite directions being of 
course affected with opposite signs. 

The condition that the straight lines 

la + mP + Tiy = 0, To + m'fi + »y = 0, 
shall be parallel is 

mil — mn -k-rit — vfl-^ Iwl — tm = ; 
and that they may be perpendicular is 

IX sin*^ + ... + ... = (mTi' + m'») sin J5 sinC coSil+ ... + ... 

If ? = m = w, or r = m'=w', it will be noticed that both these 
conditions are satisfied. The straight line a + )3 + y = 0, the line at 
infinity^ may then be regarded as both parallel and perpendicular 
to every other straight line ; the angle which it makes with any 
straight line being really indeterminate. 

In questions relating to four given points, it is convenient to 
take the four points to be 

la = ^mP = ^ny \ 

and similarly to take the equations of four given straight lines to be 

la «fc mj8 db wy = 0. 

The general equation of a conic is 

&x' + «ij8* + wy" + 2r^y + 2wya+ 2»a)8 = ; 

the polar of any point (a', )S', /) being 

a(?a + n)3 + wy) + j8'(na + m)8 + ry) + /(ma + r)8 + ny) = 0. 

The special forms of this equation most useful are 

(1) circumscribing the triangle of reference 

iPy + mya + wajS = ; 

(2) inscribed in the triangle 

(fe)* + (w«i8)* + (ny)* = 0; 

(3) touching two sides at the points where the third meets 
them 

i8y = W; 
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(4) to which the triangle is self-conjugate 

The general equation of a conic passing through four given 
points (^a = ^ mfi = ± ny) is 

■with the condition m + -^ + — s = 0: 

r m n ' 

and the general equation of a conic touching four given straight 
lines (^a ± mfi ± wy = 0) is 

with the condition -? + tj- + -rr= 0. 

L M If 

The form (4) of the equation of a conic admits of our denoting 
any point on the conic hj a single variable, analogous to the 
eccentric angle in the case of a conic referred to its axes, which 
is indeed a particular case of this form. 

Thus, the equation of the conic being la' + m)3* + wy* = 0, any 
point on it may be represented by the equations 

cos^"sin]8.7^^ "^f^' 
which we may call the point 0. 

The equation of the tangent at is 

Jla bos tf + JmP sin tf = ^(- w) y ; 
the equation of the chord through 0, ^ is 

and the point of intersection of the tangents at 0, ^ is 

Jla Jmfi J{-n)y 

COS -~i: sin— ^. cos -^ 
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The equations of any two given conies may be assumed in tliis 
form, since we have only to take the equations of their four 
common points to be ^a = »»= mfi = =fc wy, or the equations of their 
four common tangents to be la^mfi^ny—O, The triangle of 
reference will, however, be imaginary if the conies intersect in 
two real and two impossible points. 

Any point on the conic Ipy 4- mya + waj8 = may in like 
manner be taken to be 

a cos* __p sin" tf __ y 
I m — w' 

and any point on the conic 

(Za)* + (wii8)*+(wy)*=:0 

^ , la mB 

to be — r^= ' 4/i = ^Y> 

cos* B sm* ' 

the tangents at these points being respectively 

^co8*tf + ^sin*tf + ^ = 0; 

la mB ^ 

cos^ sm^ ' 

but these equations are not often needed. 

The equation of a tangent to.l3y = la* in the form 

ft*^-2/xa + y = 0, 
the point of contact being 

P y 

is, however, frequently convenient. 

742. The sides of the triangle of reference are bisected in 
points -4j, ^j, (7, ; the triangle A^Bfi^ is treated in the same way, 
and so on n times ; prove that the equation of BJlI^ is 



i8 + y = 






a. 
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743. TI16 equation of the straight line passing through the 
centres of the inscribed and circumscribed circles is 

OL B *v 

-: — ' (cos J?-cosC) + -T^— ,, (coaG-cosA) + . ^ ^ (cosil - cos-ff)=0. 
sin -4 ^ ' sin i? ^ ^ sin (7 ^ 

Prove that the point 

a ^ y 



ahiA(m+n cos A) Bin B (m-^n cos £) sin C{m + n cos C) - 
lies on this straight line. 

744. If Oy p, y be perpendiculars from any point on three 
straight lines which meet in a point and make with each other 
angles J, B, G; the equation ^* + w)8* + ny* = will represent 
two straight lines, which will be real, coincident, or imaginary 
according as mn sin' A+nl sin' B + lm sin' G is negative^ zero, 
or positive. 

* 

745. If Xy j/y z be the perpendiculars from A, B, (7 on any 
straight line, and a, )3, y the areal co-ordinates of any point on 
that line, then xa-hyfi + zy = ; and the perpendicular from any 
point (o, p, y) on the straight line is xa+yP + zy. 

746. "Within a triangle ABC are taken two points 0, (/ ; 
AOy BOy GO meet the opposite sides in A'y ffy C", and the points 
of intersection of (TAy BG' \ ffB, G'A' ; (XGy A'B' are respect- 
ively DyJSyF: prove that A'Dy BEy G'F will meet in a point; 
and this point remains the same if 0, 0' be interchanged in the 
construction. 

747. If Xy y, z be the . perpendiculars from A^ By G on any 
tangent (1) to the inscribed circle 

X sin A-^y sin B -^zainG^ 2E sin A sin ^ sin C7; 

(2) to the circumscribed circle 

XBm2A +y sin 2B + 2; sin 2(7= 4^ sin A sin B sinG ; 

(3) to the Nine Points' Circle 

icsinil co8(^— C) + y sin^cos((7~^) . 

+ ;s sin (7 cos (il — J?) = 22? sin ^ sin ^ sin (7 ; 



r'.»*~ 
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and (4) to the circle to which the triangle is self-conjugate 

«• tan ii + ^ tan -ff + «* tan (7= 0. 

748. If A\ B\ a be the feet of the perpendiculars let fall 
from the point la. = m)3 = ny on the sides of the triangle of refer- 
ence, the straight lines drawn through Ay B, C perpendicular to 
FCy G'A\ A'F will meet in the point 

tk _^ P y 

749. A triangle MB'C has its angular points on the sides of 
the triangle ABGy and AMy BB^^ GG' meet in a point, any straight 
line is drawn meeting the sides of the triangle A'B^G* in points 
which are joined respectively to the corresponding angles of the 
triangle ABG ; prove that the joining lines meet the sides of the 
triangle ABG in three points lying in one straight line. 

760. The two points at which the escribed circles of the 
triangle of reference subtend equal angles lie on the straight 
line 

a(6-c) cot-4+)8(c-a) cot -5 + y (a- 6) cot (7 = 0, 

751. Four straight lines form a quadrilateral, and from the 
middle points of the sides of a triangle formed by three of them 
perpendiculars are let fall on the line joining the middle points of 
the diagonals ; prove that these perpendiculars are inversely pro- 
portional to the perpendiculars from the angular points of the 
triangle on the fourth straight line. 

752. A straight line meets the sides of a triangle in A!^ B^y G\ 
the straight line joining A to the point (BB^y GG') meets BG in i>, 
and By F are similarly determined. If be any point, the lines 
joining D^ JSy F to the respective intersections of OA, OBy OC 
with A^BG' will pass through a point 0', and OOf will pass 
through a point whose position is independent of (?• 
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753. The conic la? + mj8* + n/ = 
will represent a circle if 

I tanil = m tan B = n tan C. 

754. The necessary and sufficient conditions that the equation 

ta?+mp^ + n/ + VPy-\-m'ya + n'afi^O 
may represent a circle are 

a* " b^ " c* • 

755. The lengths of the tangents from A, £, C to & circle are 
jp, q, r; prove that the equation of the circle is 

a*^y + b*ya + c*a)3rx (a + )8 + y) (pV + g*j3 + r*y). 

756. P, Pj, Pj, Pg are the points of contact of the Kine 
Points' Circle with the inscribed and escribed circles ; proye that 
(1) the equations of the tangents at these points are 



b—c c—a a—b 

and the three equations obtained from this by changing the sign 
of a, 6, or c j (2) PP^^ -^J^z ™®®* ^^ ^^ ^^ same points as the 
straight lines bisecting the internal and external angles at ^; 

(3) PP[, P^P^ intersect in the point 

-^ _ P _ y . 

(4) the tangents at P, Pj, P,, P, all touch the ellipse which 
touches the sides of the triangle at their middle points. 

757. The straight line la + mj3 + ny = meets the sides of the 
triangle ABC in. A\ B\ C ; prove that the circles on AA\ BJB'y 
CG' have the common radical axis 

o cot ^ ("i - - V iS cot ^ f- - -, V 7 cot C ("7 - -V : 
\m nj '^ \n 1/ ' \l m) 

and the circles will touch each other if 

(mn + w^+/m)'(o*+ -26V- ) 

= 8^w{Za*+ -(m + w)6V- }. 
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758. The equation of the straight line bisecting the diagonals 
of the quadrilateral whose four sides are 

la J= mP dfc Tiy = 0, 
is ^«a + m"j3 + w'y = 0, 

and the equation of the radical axis of the three circles on the 
diagonals is 

{m'-n'){b'y^c'P) + + = 0. 

759. One of four straight lines passes through the centre of 
one of the four circles which touch the diagonals of the quadrila- 
teral ; prove that the other three straight lines pass each through 
one of the other three centres. Prove that in this case the circles 
described on the three diagonals touch each other in a point lying 
on the circle circumscribing the triangle formed by the diagonals^ 
and that their common tangent is a normal to this circle. 

760. The equation of a circle passing through B and C, and 
whose segment on JBG (on the same side os A) contains an angle 
e, is 

a . a J •a7> a - a rt / n ^SlllB Sin Gain (0 -^ A) 

Bysm' A + yasiDT B + aBswr G=a(a+ B +y) ; — jr-^ \ 

II I \ I 1/ sm ^ 

761. The locus of the radical centre of three circular arcs on 
jffC, (7-4, AB, respectively containing angles A + O, B-^9^ C + for 
different values of 0, is the straight line 

-^sm(B-^G) + '^sia(G--A)+-^sm(A-^B)=.0. 
smA ^ ' BinB ^ ' sinC ^ ' 

If ^ = 90**, the radical centre is the centre of the circumscribed 
circle. 

762. Prove that, if P be a point such that 

tan BFG- tan ^ = tan CFA - tan j5 = tan uiP^ - tan (7, 

there are two positions of P ; and that the equation of the line 
joining them is 

a cot A (tan B - tan C) + /? cot J5 (tan G - tan A) 

+ y cot(7(tan-4-tan-5'W0. 
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763. A straight lino drawn througli the centre of the in- 
scribed circle meets the sides of the triangle ABG in A'y B^ C", 
these points are joined to the centres of the corresponding escribed 
circles ; prove that the joining lines meet two and two on the 
sides of the triangle ; and, if A!\ B^\ G" be their points of inter- 
section, the circles on A'A"^ B'B\ C'C as diameters will touch 
each other in one point lying on the circumscribed circle ; and 
their common tangent will be normal to the circumscribed circle. 

764. A circle meets the sides of a triangle ABG in P, P' ; 
Q, Qf ; B, B' respectively, and APy BQy GB meet in the point 
la = mP — ny j prove that AP^ BQfy GB! meet in the point 
V(L = mP = ny\ where 

{m + n){m-\-'nr) {n + J){n+l') _{l-\-fn){V + rn!) 

« 

7G5. The equation of the circle which passes through the 
centres of the escribed circles of the triangle of reference is 

6ca* + ca)8' + ah-f •\-{a^-h-¥c) (a^y + hya + ca)3) = 0. 

766. The lines joining the feet of the perpendiculars meet 
the corresponding sides of the triangle ABG in A', jB', (7'; prove 
that the circles on AA\ BB^ GG' as diameters will touch each 
other if 

sec" A + sec* B + sec* C + 2 sec -4 sec ^ sec (7 = 7. 

767. If the side BG subtend angles tf, ff at the foci of an 
inscribed conic, 

sin (^-^) sin(^-il) = sin d sin ff. 

768. If P be any point on the minimum ellipse circum- 
scribing a given triangle ABG^ 

AP BP _0P_' 

^BPG^ BinGPA '^ aia A PB"' 

coiBPG^cotGPA-^cotAPB^cotA + cotB + cotC} 

the angles BPG, GPA, APB being so taken that their sum 
is 360*. 
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, 76&. If a conic Z^y + mya -f naj8 = be such that the nor- 
mals tp it at the angular points of the triangle of referentse meet^ 
in a point, 



sm 

the point must lie on the curve 

a(/3'-y')(cosii-cos-B cos C) + .,. + .,. =0j^ 

and the centre must lie on the cunre 



sin^ 
trUinear co-ordinates being used; 

770. The two conies circumscribing the triangle of reference, 
passing through the point (a, jS, y), ,and touching the line - 

will be real if , 

X1/Z {xa + yP + zy) ^^ 

Interpret this result geometrically. 

» • .  

771. A conic touches the sides of a triangle ABC in the 

points JDy Uy Fy and AD meets the conic again in d; prove that 
the equation of the tangent at 6^ is 2 (mfi + ny) = la ; AD, JBB, CF 
meeting in the point la = mp = ny, 

» 

772. Find the two points in which the straight line ^ = A^ 
meets the conic 

(;«)* + (m/3)* + (ny)J = 0; 

and &om the condition that one of these points may be at infinity, 
determine the directions of the asymptotes. Prove that the , 
conic will^ be a rectangtilar hyperbola if ^ , ^ 

a*P + 6W + «?•»' + Sicmn. cos 4 + 2ccmL ooa J3 4- 2ablm cos C = 0. 
w. 11 
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773. If la + mfi+ny==0 be tlie equation of the axis of a 
parabola which touches the sides of the tiiangle of reference^ * 

la' fnb' ni? 

+ ' F+^ =0, 



774, A conic touches the sides of the triangle AJBG, any point 
is taken on the straight line which passes through the intersec-- 
tions of the chords of contact with the corresponding sides, and 
the lines joining this point to the angular points meet the oppo- 
site sides in A\ B^ C ; prove that corresponding sides of the 
triangles ABC, A'BC intersect two and two on one straight line 
whith touches the conic, 

775, If a, ( be the axes of a conic inscribed in a triangle, , 
and a, p, yhe the trUinear co-ordinates of either focus ; 

6*__ 4a/3y(a sin ^ -I- ... + ...)(j8y sin -4+ ,.. + ...) 
a* (/3* + / + 2j3ycosJ)( )( ) ' 

776, Two parabolas are such that triangles can be inscribed 
in one whose sides touch the other ; prove that 



©'*(!)'*&)'-■ 



if (o, P, y), (a', )5', y') be the foci; the triangle formed by the 
common tangents being the triangle of reference, 

777. A conic touches the sides of the triangle A£G in the 
points A\ B', C'j AA'y BB^ GC meet in 0; through is drawn 
any straight line meeting the sides of the triangle in a, &, c, and 
from a, hf e are drawn other tangents to the conic ; prove that 
these tangents will intersect two and two in points lying on a 
fixed conic circumscribing the triangle, 

778, The equation of an asymptote of the conic Py = haf^ is 

/t*y + ij8-2*/Aa=:0, 

ft being given by the equation /bi' + fi + ^ = 0; also the envelope 
of the asymptotes for diiferent values of ^ is the parabola 

4a(a+j8 + y) + 03-y)" = a 
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779. The radias of curyatxire At the point £ of the conic 
^ -,. 2^8in*C 

' kmiA «isiM 

780. OAy OB touch a conic at A^ B, and the tangent at P 
meets OA^ OB in ^, A' respectively ; find the locus of the inter- 
section of AA\ BB) and if AF, BP meet OB^ OA in A'\ S' 
respectively, find the envelope of A'*S\ 

781. OA^ OB touch a conic at A^ B, and C, D are two other 
fixed points on the conic ; a tangent to the conic meets OA^ OB 
ia C\ I/; prove that the locus of the intersection of CC\ Di/ 
is a conic passing through C, D and the intersections of 00, BD; 
and of OJD, AC^ 

782. The locus of the foci of the conic Py^haf for different 
Talues of k is 

-^(-^^--^^^ 

smui \8in';0 aurU/ smB ainp^ * ' 

783. Prove that the equation 4)9y = a' represents a parabola; 
and that the tangential equation of the same parabola \ayz^9?^ 

784. (7i, CB are tangents to a conic, P any point on the 
conic, and JP, BF meet GB^ CA in A\ B' ; prove that the tri- 
angle A'SF is self-conjugate to another conic touching the former 
at A,B. 

785. The sides of a triangle ABG touch a conic, 0, 0^, 0^ 0^ 
are the centres of the circles which touch the sides ; a conic is 
described through J?, C, 0, 0^ and one focus, and another through 
£> ^t O^i 0^ and the same focus ; prove that the fourth point of 
intersection of these conies will be the second focus;. 

786. A conic passes through four given points ; prove that 
the locus of the points of contact of tangents drawn to it from a 
given point is in general a curve of the third degree, which re- 
duces to a conic if the point be in the same straight line with two 
of the former; and in that case the locus passes through the other 
two given points; 

11—2 
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787. Given « point O'on-ft' coiiic, and a triangle -4jS(7 self- 
conjugate to the conic, AO, BO, GO meet the opposite sides in 
three points, and the lines joining these "two and two meet the 
corresponding sides in A\ E, G' \ prove that the intersections of 
J?jr, GG' ; GG\ AA'; and AA'^ BB also lie on the conic. 

 * '. 

788. Any tangelit to a conic meets the sides of a self-conju- 
gate triangle in i>, E, F; the line joining ^ to the intersection of 
BB, GF meets BG in A' ; ff} G' are similarly determined ; ptov^ 
that -5'C", C'-i', ul'i?' are also tangents to the conic .. 

789. Tf ?a + mjS + wy = he the equation of an asymptote 
of a rectangular hyperbola self-conjugate 1)0 the triangle of 
reference, 

-+^ — -a^--, = 0. 



790. A parabola is. described touching the sides of a triangle 
ABGj /S' is the focus, and the axis meets the circle circumscribing 
tlie triangle again in (?; prove that if with centre a rectangular 
hyperbola be described, to which the triangle is self-conjugate, one 
of its asymptotes will coincide with OS, 

. 791. One directrix of the conic 

fc' + WiS' + Tiy" = 
passes through A] prove that 

1 cot*^ cot* (7 

7 = + ; 

and that the second focus lies on the line joining the feet of the 
perpendiculars from By G on the opposite sides. 

•  ' .\ 

792. The equations determining the foci of the conic 

inrA t ft m n) sm B ( m n I ) 

sin*(7\ w I my 



are 
sm 



f 

c 
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793. If a triangle be self-coo jugato to a pantboU, the lines 
joining the midd}^ points of the,side^ are tangents to the parabola. 
Hence prove that the focus lies on the Kine Points' Circle, and 
that.'Oie directrix passes through the centre of the circumscribed 
circle. 

794. A conic is drawn touching the four straight lines 
prove that its equation is 

Zf Afp 2^ satisfying the equation 

Investigate the species of this conic with reference to the position 
of its centre on the straight line which is its locus. 

795. Any conic through the four points ' 

will divide harmonically the straight line joining the points' 
(^i» A» ri)> K» P^ y»\ ^ 

796. If a triangle be self-conjugate to a rectangular hyper- 
bola, and any conic be inscribed in the triangle/ its foci will be 
conjugate points with respect to the hyperbola. 

«  - • • • i • . 

/ 

797. A given triangle is self-conjugate to a conic, and the 
centre of the conic lies on a given straight line parallel to one of 
the sides of the triangle ; prove that the asymptotes will envelope: 
a fixed conic which touches the other two sides of the triangle. 

798. . ' The locus of the foci of all conies touehing the four, 
straight lines la^mPti^ny^O is 

(a + ^+y) (W cot j1 + iw*/8» cot -8 + nV cot C) dn -i sin -5 sin (7 

= {Pa + w'i8 + n*y)(i8y.sin*-i + ya8in«5 + aj8 8in«C). 
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799. The siaraiglit lined 

xa + f/p + zy^O, x^a + y'P + zy = 0, 

ynll be conjugate with respect to all parabolas inscribed in the 
triangle of reference, if 

and with respect to all cpnics toncliing the four straight lines 
•^ . vaf ^y%f _zsi 

V 

800. A rectangular hyperbola is inscribed in the triangle 
ABG y prove that the locus of the pole of the straight line which 
bisects the sides. ^^, AG is the circle 

at(a« + 6« + c«) + (j8«+2a)S).(a« + 6'-c') + (/-4:2ya)(a«-^6« + c«) = 0. 

801. Four conies Kve described with respect to any one of 
which three of the four straight lines ^a >fe m)9 :fe ny = form a 
self-conjugate triangle, and the fourth is the polar of a fixed 
point (a', py y); prove that the four will have two common 
tangents meeting in (a , fi^, y\ their equation being 

^02. A triangle circumscribes the conic 

/a* + mj8* + n/ = 0, 
and two of its angular points He on the conic 

prove that' the locns of the third angular point is the conic 

la* 



J J TJI^X * ••• • ••• ^ ^ » 

\m n i/ 
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and ttiat tliis will ooincide with the second conic if 

Also prove that the three conies have four common tangents. 

803. The angular points of a triangle lie on the conic - 1 

Za* + wj8* + ny' = 0, 
&nd two of its sides touch the conic 

prove that the envelope of the third side is the conio 

\m n U ' 

and that this will coincide with the second conic if 

©'^(5)'*G.)'=»- . 

iAlso prove that the three conies have four common points. 

804. A triangle is self-conjugate to the conic 

&i* + m)3* + ny* = 0, 
and two of its angular points lie on the conic 

ra" + m'^ + nV = 0; 
prove that the locus of the third angular point is the conic 

n— + — )a*+M. +... =0, 
\m n/ 

and that this will coincide with the second if 

-5 + — + — = 0. 

Prove also that the three conies have four common points, and 

that the envelope of the line joining the two angular points is 

the conio 

V 



m n 
m fk 



•f*... +«»•— V* 
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805. A triion^e is^lf-coDJiligate to the conic 

and two of its sides touch the conic 

prove that the envejlope of the third side is the conic 



^ 






t" • • • T • • •' -~ \J • 



and that this wUl coincide with the second if 

• - I  

• • • 

Ptove also that the three conies have four common tangents, and 
that the locus of the point of intersection of the two sides is 
the conic 



r f~ + — )a*+.., +...=0, 



IX. AnharmoTnc Tropertiea. 

The anharmonio ratio of four points A^BjC^Dm one straight 

line, denoted by [ABGD}^ means the ratio -=^ : ^^, or jri ifjy i 

the order of the letters marking the direction of measurement of 
any segment^ and segments measured in opposite directions 
being affected with opposite signs. So, i£ A, B, Cy D he any 
four points in a plane, and F any other point in the same plane, 

F {ABGD] denotes —. — . >>^ ' . — sttt: i *^e same rules being ob- 
' * sin AFC . axn BFJ) ° 

served as to direction of measurement and sign for the angles in 

this expression as for the segments in the former. 

Either of these ratios is said to be harmonic when its 
value is — 1 ; in which case AD is the harmonic mean between 
AB and AC^ and JDA the harmonic mean between DB and DC. 
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The anHarmonic ratio of four points, or four straight lines, can 
never be equal to 1 ; as that leads immediatelj to the condition 
AD . BC=0, or sin API) . sin BPG^ ; making two of the points, 
or two of the lines, coincident. 

If A^ B, C, 2) he four fixed points on a conic, and P^ any 
other point on the same conic, P {ABGD} is constant for all posir 
tions of P, and is harmonic when BCy AD are conjugates to the 
conic. Also, if the tangents B.t A, B^ Cj D meet the tangent 
at P in a, 6, c, d, the range {a6cc?} is constant and equal to the 
former pencil 

The range formed by four points in a straight line is equal to 
the pencil formed by their polars with respect to any conic. 

 * 

If the equations of four straight lines can be put in the form 
u = fj,jVf u = fi^Vf u = fijCf u^fi^v, the anharmonic ratio of the 
pencil foimed by them, or of the range in which any straight line 
meets them, is 

806. Two fixed straight lines meet id. A; By C, D are three 
fixed points on another straight line through A; any straight line 
through D meets the two former in -5', C; BB^ GG' meet in P, 
BG\ GB in Q : proye that the loci of P, Q are straight lines 
through A which form with the two former a pencil equal to 
{ABGD\ 

807. ABG is a triangle, two fixed straight lines intersect id 
^ point on BG^ any point is taken on AOy and the straight lines 
joining it to ^, C7 meet the two fixed lines in B^^ B^ (7,, C^ 
respectively; prove that Bfi^ and Bfi^ {ass each through a 
fixed point on BG. 

808. Chords are drawn through a fixed point on a conic, 
making equal angles with a given direction; prove that the 
straight line joining their extremities passes through a fixed 
point. 
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80S. Through a given point are drawn chords PP', QQ" to a 
given conio, so as to touch any the same confocal conic ; prove 
that the points of intersection of FQ, FQf, and of FQ', FQ are 
fixed. 

810. If ii, ^ be two fixed points, P, Q any two points on the 
same straight line, such that the range {APQB) is harmonic, and 
a circle be described on FQ as diameter; all snch circles will 
have a common radical axis, and will cut orthogonally any circle 
passing through A^ B, 

811. If two triangles be formed, each by two tangents to a 
conic and the chord of contact, the six angular points lie on 
a conic 

812. Four chords of a conic are drawn through a pointy and 
two other conies are drawn through the point, and each through 
four extremities of the chords, respectively opposite ; prove that 
these conies will have contact at the point. 

813. Through a given point is drawn any straight line 
meeting a given conic in Q, Q\ and P is taken on this line, so 
that the range {OQQ'F} is constant ; prove that the locus of P is 
an arc of a conic having double contact with the former. 

814. Given two points A^ B of a conic, the envelope of a 
chord PQ, such that the pencil {AFQB} on the conic is equid to a 
given quantity, is a conic touching the former conic at if, B, 

815. Through a fixed point is drawn any straight line meet- 
ing two fixed straight lines in Q, R respectively } B^ F are two 
other fixed points, QE, RF meet in P; prove that the locus 
of P is a conic passing through E^ P, and the point oi intersec- 
tion of the two fixed straight lines. 

816. If ^, P, (7 be three points on a conic, and P, P* any 
two other points, such that the pencils {FABC}^ [FCBA] at any 
point on the conic are equal ; FF^ GA, and the tangent at B^ will 
meet in a point. 
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817. If A, £, Cf A'y B'fffhesix fixed points on a conic, such 

that 

{B'ABC}^{BA'JS'G% 

ieuid P, F^he anj two points of the conic, such that 

{PABC} = {P'A'JS'C% 
PP will pass through a fixed point on BB\ 

818. A given straight line meets any conic which passes 
through four given points in two points \ prove that these points 
are conjugate with respect to the conic, which is the loens of the 
pole of the given straight line with respect to the series of conies 
through the four points. 

819. The anharmonic ratio of the pencil suhtended by the 
four points a^, a^ a^, a^ on an ellipse at any point on th^ ellipse is 

ft — a . rt —• ot 
sm — ^-ft— sin ' * 



sm  .. ' sm * * 



2 2 

820. If tangents be drawn to a conic at A^ By C, D, and 
X,, X^ X, be the middle points of the diagonals joining the points 
of intersection of the tangents at (1) ^, ^; (7, D; (2) il, C7; 
By 2>; {Z) Ay D\ By C ; and be the centre; the range 
jOXjX^,} is equal to the pencil {ABCD} at any point of the 
conic. 

821. A conic is drawn through four given points AyByC^D; 
AB, CD meet in F,, AC, BD in F,, ADy BC in Y^ and is the 
centre of the conic ; prove that the pencil {ABCD] on the conic 
is equal to the pencil {OY^T^T^} on the conic which is the locus 
of 0. 

822. The anharmonic ratio of the points of intersection of 
the conies 

la*+mj8*+n/=0, fa* + m'jS* + ny* = 0, 



I 
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with respeot to the former is ' ,' 
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or the reciprocal of one of these, according to the~ order in w14<3|l 
the points are taken : and these are also the anharmonic ratios of 
the range formed by the four common tangents on any tangent to 
the latter* 



X. Reciprocal Pola/rs^ Frqjectians. 

If there be a system of points, and straight lines, lying in the 
same plate, and we take the polars of the points and the poles <^ 
the straight lines with respect to. any conic in that plane, we obtain 
a system reciprocal to the former ; so that to a series of points 
lying on any cuiTe ih the first system correspond a series of 
straight lines touching a certain other curve in the second system^ 
and vice versd: and, in particular, to any number of points lying 
on a straight line or a conic, correspond a number of straight 
lines passing through a point or touching a conic. Thus, from 
any general theorem of position may be deduced a reciprocal 
theorem. It is in nearly all cases advisable to take a circle for 
the auxiliary conic, with respect to which the system is recipro- 
cated; the point (jp) corresponding to any straight line being 
then found by drawing from 0, the -centre of the cirde, OF per- 
pendicular to the straight line, and taking on it a point p, such 
that OF ,Op=Ii^, h being the radius of the circle : and similarly 
the straight line through p at right angles to OF is the straight 
line corresponding to the point F. 

To draw the figure reciprocal to a triangle ABC, with respect 
to a circle whose centre is 0, or, more shortly, wi^h respect to the 
point Of draw Oa perpendicular to BG, and in it take any point a ; 
through a, draw straight lines perpendicular to 0(7, CA, meeting 
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Ui!h ; and tliroagli b, O draw straight lines perpendicular to OA^ 
AB, meeting in c ; then the points a, b, c will be the poles of tfa^' 
sides of the triangle, and the straight lines be, ca, ah the polars of 
the points A, B, C, with respect to some circle with centra 0. 
iN'oWy^tnippose we want to find the point corresponding to the per- 
pendicular from A, it must lie on 6c, and on the line through at' 
right anglto to Oa, since Oa is parallel to the straight line whosd 
reciprocal . is required ; it is then determined. Heuce, to the" 
theorem that the three perpendiculars of a triangle meet in a 
pointj corresponds the fallowing : if through any point Q in the 
plane of a triangle ahc be drawn straight lines at right angles to 
Oa, 06, Oc, to meet the respectively opposite sides, the three 

points so determined will lid in \)ne straight line. 

- '• '^ . 

So, from the theorem, that the bisectors of the angles meet 
in a point, we get the following : the straight lines' drawn through 
O bisecting the external angles (or one external and two internal 
angles) between 06, Oc; Oc, Oa\ Oa, Ob, respectively, will meet 
the opposite sides ih three points lying in a straight line. 

If a circle, with centre A and radius R, be reciprocated with 

respect to 0, the corresponding curve is a conic whose focus is 0, 

OA 2k* 

major axis along 0-4, eccentricity -jr , and latus rectum -jr- or 

2 

"5 if we take the radius of the auxiliary circle unity. Tlxe.cen- 

tre A is reciprocated into the directrix.- Most of the focal pro-' 
perties of conies may thus be deduced frdm well known properties' 
of the circle. For instance, if be a point on the circle, and* 
OP, OQ two chords at right angles, PQ passes through the centre.^ 
Beciprocating with respect -to 0,. to the circle corresponds a 
parabola^ and to the points F, Q two tangents to the parabola-^ 
at right angles to each other, which .therefore intersect on the 
directrix. 

• 

Again, to find the condition that two conies which have a 
common focus should be such that triangles can be inscribed in 
one whose sides shall touch the.othet. * ^ 
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Take two circles whicli have tliis property, and let B^ r he' 
their radii| 8 the diBtanoe between their centres; then 

Beciprocate the system with respect to a point at distances as, y 
from the centres, and let a be the angle between these distances. 
Then a will be the angle between the major axes of the oozugs, 
and if 2c^y 2c, be the latent recta, e^, f, the eccentricities, 

^* = r' ^'"ifi' ^»"r' *»"^' 8* = a'+y«^2«ycosa, 

whence i2*db2i?r=a^ + y*-2a;y cosa; 

1 2 «/ e' 2«,«_ 

or Cj* "fc 2(jjC, =3 «/c/ + e'c* - 2tf,«,CjC, cos a ; 

the relation required 

If a system of confocal conies be ^reciprocated with respect to 
one of the foci, the reciprocal system 'will consist of circles haying 
a common radical axis, the radical axis being the reciprocal of the 
second focus, and the former focus being one of the limiting points 
of the system. 

The reciprocal of a conic with respect to any point in its 
plane is another conic which is an ellipse, parabola, or hyperbola, 
according as the point lies within, upon, or without the conic. 
To the points of contact of the tangents from the point correspond 
the asymptotes, and to the polar of the point the centre of the 
reciprocal conic. So also to the asymptotes and centre of the 
original conic correspond the points of contact and polar with 
xespect to the reciprocal conic» 

As an example, we may investigate the elementary property 
that the tangent at any point of a conic makes equal angles with 
the focal distances. The reciprocal theorem is, that if we take 
any point in the plane of a conic, there exist two ^ed straight 
lines (the reciprocals of the foci), such that if a ^tangent to the 
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conic at F meet them in Qy Q^ OP makes equal angles with OQ 
and 0Q\ If, howeTer, the point lie on the curve, the original 
curve was a parabola ; and one of the straight lines being the 
reciprocal of the point at infinity on the parabola will be the 
tangent at 0, 

Since the anharmonic ratio of the pencil formed by any four 
straight lines is equal to that of the range formed by their poles 
with ret^pect to any conic, it follows that in any reciprocation 
whatever, a pencil or range is replaced by a range or pencil 
having the same anharmonic ratio, 

Th ) Method of Projections enables us to make the proof of 
any general theorem of position depend upon that of a more simple 
particular case of the theorem. Given any figure in a plane, we 
have five constants disposable to enable us to simplify the pro- 
jected figure, three depending on the position of the vertex and 
two on the direction of the Plane of Projection. It is clear that 
relations of tangency, of pole and polar, and anharmonic ratio, 
are the same in the original and projected figures. 

As an example we will take the following : '< To prove that if 
two triangles be self-conjugate to the same conic, their angular 
points lie on a conic." 

Let the two triangles' be ABG, DEF \ project the conic into 
a circle with its centre at D, then F, F will be at infinity, and 
DEy DF will be at right angles to one another. Draw a conic 
through ABGDEy then since ABC is self-conjugate to a circle 
whose centre is 2), D is the centre of perpendiculars of the triangle 
ABGf the conic is therefore a rectangular hyperbola, and E being 
one of its points at infinity, F will be the other. The theorem is 
therefore true. 

Again, retaining the centre at D, take any other conic instead 
of the circle; DE, DF will still be conjugate diameters, and 
therefore if any conic pass through Ay B^Cy J), its asymptotes will 
be parallel to a pair of conjugate diameters of the conic whose 
centre is i>, and to which ABC is self-conjugate. The same must 
therefore be the case with respect to the four conicSj each having 
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its centre at one of the four points, and tbe other three self- 
conjngate* These conies are therefore similar and similarly 
situated. Moreover, if we draw the two parabolas which can 
pasd through the four points, their axes must be parallel respect- 
ively to coincident conjugate diameters of any one of the four- 
conies; i.e. to the asymptotes. But the axes of these para- 
l^olas must be parallel to the asymptotes of the conic which is 
t^e locus of centres of all conies through the four points ; since 
when the centre is at infinity the conic becomes a parabola^ 
Hence, finally, if we have four points in a plane, the four conies^ 
each of which l^as its centre at one of the four points, and the 
other three self-conjugate, and the conic which is the locus of 
centres of conies through the four points, are all similar and 
similarly situated. 

Let A, B he any two &x.ed points on a'circle, oo, oo' the two 
impossible circular points at infinity, F any other point on the 
circle; then P{A oo ooJB} is constant. Hence FA^ PB and the 
circular points divide the line at infinity in a constant anhar- . 
monic ratio. Hence, two straight lines including a constant 
angle, may ^e projected into two straight lines, which divide 
the straight line joining two given points (the projections of the 
circular points) in a constant anharmonic ratio. In particular, if 
AFB be a right angle, AB passes through the centre (the pole 
of 'oo 00^, and the ratio becomes harmonic' 

Thus, projecting the property of tl^e director circle of a conic, 
we obtain the following theorem : " The locus of the intersection - 
of tangents to a conic which divide harmonically the straight line 
jpii^ing two given points is a conic passing through the given 
points; and the straight line joining the two points. has; the same 
pole for both conies." 

If .tangents be drawn to any conic through the circular points, 
their four points of intersection are the real and impossiBle foci of 
the conic. If the conic be a parabola, the line joining the cir- 
cular points is a tangent, and one of the real foci is at infinity, 
^hile the two impossible foci are the circular points. . Many- 
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properties of the foci, especiially of the parabola, may thus be 
generalized by projections. Thus, remembering that the directrLf 
is the polar of the focus, we see that if* a conic be inscribed in a 
triangle ABGt and two tangents be drawn dividing BG harmoni- 
cally, their point of intersection lies on the polar oi A. So also, 
since the locus of the intersection of tangents to a parabola, includ- 
ing a constant angle, is a conic having the same focus and directrix, 
it follows that, if a conic be inscribed in a triangle ABCy and two 
tangents be drawn dividing BC in a constant range, the locus of 
their point of intersection is a conic having double contact with 
the former at the points where AB^ AG touch it. 

The circular points at infinity have singular properties in 
relation to many other curves. All epicycloids and hjrpocycloids 
pass through them, the cardioid has cusps at them, and may bo 
projected into a three-cusped hypocjcloid. 

823« If two conies have a common focus Sy and two common 
tangents PQ^ P^Qfi the angles PSQ^ F^SQf will be equal or sup- 
plementary. 

> — 

824. If two conies have a common focus and equal minor 
axes, their common tangents will be paralleL 

825. If two conies have a common focus and equal latera recta, 
one of their common chords will pass through the common focus. 

826. If /S^ be the focus of a conic and A any point, the 
straight line drawn through S at right angles to SA will meet 
the polar of A on the directrix. 

827. If be a fixed point on a conic, J, By G any three 
other points on the conic, and the straight lines through at 
right angles io OAy OBy OG meet BGj GA^ AB respectively in 
A\ S, C", the straight line A' EG will meet the normal at in a 
fixed point. 

828. Given a conic and a point ; prove that there are two 
straight lines, such that the distance between any two points on 
one of them, conjugate to the conic, subtends a right angle at 0. \ 

w. 12 
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829. being a fixed point on a conic, OP, OQ s,nj two 
chords, OR the chord normal at ; prove that there exists a 
straight line passing through the pole of OE, such that the 
tangents at -P, Q intercept on it a length which subtends at an 
angle twice FOQ. 

830. On any straight line can be found two points, conjugate 
to a given conic, such that the distance between them subtends a 
right angle at a given point. 

831. ABG is a triangle, any point, and straight lines 
through at right angles to OA, OB, 00 meet the respectively 
opposite sides in A\ -B', C ; prove that any conic which touches 
the sides of the triangle and the straight line A!B'C' will subtend 
a right angle at 0, 

832. An ellipse is described about an acute-angled triangle 
ABOy and one focus is the centre of perpendiculars of the triangle; 
prove that its latus rectum is 

J, o cos -4 cos J? cos C 

Sin -5- Sin -— Sin ^ 
J ^ J 

833. A parabola and hyperbola have a common focus and 
axis, and the parabola touches the directrix of the hyperbola ; 
pirove that any straight line through the focus is harmonically 
divided by any tangent to the parabola and the two parallel 
tangents to the hyperbola* 

834. A series of conies are described having equal latera 
recta, the focus of a given parabola their common focus, and 
tangents to the parabola their directrices; prove that the com- 
mon tangents of any two intersect on the directrix of the 
parabola. 

835. With a given point as focus four conies can be drawn 
circumscribing a given triangle, and the latus rectum of one of 
.them will be equal to the sum of those of the other three. Also, 
if any conic A be drawn torching the directrices of the four 
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conies, the polar of the given point with respect to it will be 
a tangent to the conic which has the given point for focus and 
touches the sides of the triangle, and the conic A will subtend 
a right angle at the given point. 

836. Prove that with the centre of the circumscribed circle 
as fbcus, three hyperbolas can be described, passing through the 
angular points of the triangle *ABG ; that their eccentricities are 
cosec ^ cosec (7, &e. j their directrices the lines joining the middle 
points of the sides ; and that the fourth point of intersection of 
any two lies on the straight line joining one of the angles to the 
middle point of the opposite side* 

837. From a point F on the circle circumscribing a triangle 
ABC, are drawn PA\ FB, PCT at right angles to PA, PB, PC to 
meet the corresponding sides ; prove that the straight line A' EC 
passes through the centre of the circle. 

838. A triangle is inscribed in an ellipse so that the centre 

of the inscribed circle coincides with one of the foci ; prove that 

ft 

the radius of the inscribed circle is -z jr^ gr : ^o being: the 

1 + ^(1 + 6*) ' ^ 

latus rectum and e the eccentricity. 

839. A triangle is self-conjugate to a hyperbola, and one 

focus is equidistant from the sides of the triangle; prove that each 

/• 
distance is -77-^ — r-, 2c being the latus rectum and e the eo- 

«entricity. 

840. Two conies have a common focus, and are such that 
triangles can be inscribed in one which are self-conjugate to the 
other; prove that 

2Cj' + c^ = e^c^ + e^c^ - "^^^fx^^ cos a ; 

^i> ^s ^eiog their latera recta ; «,, e, their eccentricities ; and a 
the angle between their axes. Prove also that in this case tri- 
angles can be circumscribed to the second, which are self-con- 
jugate to the first» 

12—2 
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841. Three tangents to a hyperbola are eo drawn that thd 
centre of perpendiculars of the triangle formed by them is at one 
of the foci; prove that the radius of the cii'cle to- which the 
triangle is self-conjugate is constant. 

842. If four points lie on a circle, four parabolas, can be 
described having a common focus, and each touching the side 
of a triangle formed by joining three of the points. 

843. BB^ is the minor axis of an ellipse, and B is the centre 
of curvature at -B*; on the circle of curvature at B' is taken any 
point F, and tangents drawn from F to the ellipse meet the 
tangent at B in Q, Q[ \ prove that a conic drawn to touch QB^^ 
QfF, with its focus at B and directrix passing through ^, will 
touch the circle at F, 

844. If three tangents to a parabola form a triangle ABC^ 
and perpendiculars p^^ p^y p^ be let fall on them from the focus S ; 
then will 

pj>^ sin BSC +pj>^ sin CSA +p^Pg sin ASB = 0, 

the angles at S being measured in the same direction. 

845. A triangle ABC circumscribes a parabola, and se, y, z 
are the perpendiculars from the focus on the sides ; prove that 

sin 2A sin 2B sin 2C7 8 sin A sin B am 

I being the semi latus rectum. 

846. A point S is taken within a triangle, suck that the 
sides subtend at it equal angles, and four conies are described 
with S as focus passing through Ay B, G ; prove that one of these 
conies will touch the other three, and that the tangent to this 
conic at A will meet BC in a point A\ such that ASA' is a right 
angle. 

847. With the centre of perpendiculars of a triangle as focus 
are described two conies, one of which touches the sides of the 
triangle^ and the . other passes through the feet of the perpen- 
diculars; prove that these conies will touch each other, and that 
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the point of contact will lie on the conic touching the sides of the 
triangle at the feet of the perpendiculars. 

848. A conic is inscribed in a triangle, and one directrix 
passes through the centre of perpendiculars; proye that the 
corresponding focus lies on the circle to which the triangle is 
self-conjugate. 

849. "With the centre of the circumscribing circle of a tri- 
angle as focus are described two ellipses, one touching the sides of 
the triangle, and the other passing through the middle points; 
prove that these will touch each other. 

850. Five points are taken, no three of which lie in one 
straight line, and with one of the points as focus are described 
four conies, each of which touches the sides of a triangle formed 
by joining three of the other points ; prove that these conies will 
have a common tangent. 

85 1. Through a fixed point are drawn any two straight lines 
meeting a given conic in jP, JP'; Q, Qf y and a given straight line 
iti ^, ^ ; and RR' subtends a right angle at another fixed point. 
Prove that PQy PQff P'Qy PQ[ all touch a certain fixed cotiic. 

852. Given a conic and a point in its plane ; prove that 
there exist two points Z, such that if any straight line through L 
meet the polar of Z in P, and P be the pole of this straight line, 
FP subtends a right angle at 0. 

853. The envelope of a straight line which is divided har- 
monically by two given straight lines and a given come, is a 
conic touching the two fixed straight lines at points on the polar 
of their point of intersection ; unless the given lines are conju- 
gate with respect to the conic, when only one such straight line 
can be drawn. 

854. Two equal circles Ay B^ touch at 8^ a tangent to B 
meets A in P, Q, and is its pole with respect to ul ; prove that 
the directrices of two of the conies described with focus S to 
circumscribe the triangle OFQ will touch the circle A^ 
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855. A conic touches the sides of a triangle ABC in D, £, F^ 
and AD^ BEy CF meet in iS^ ; three conies are described with 8 as 
focus, osculating the former at B^ E^ F \ prove that these three 
and the former will have one common tangent, which also touches 
the conic having S as focus and touching the sides of the triangle 
ABO. 

856. Given four straight lines, prove that two conies can be 
constructed so that an assigned straight line of the four is its 
directrix and the other three form a self-conjugate triangle : and, 
that, whichever straight line be taken for directrix, the corre- 
sponding focus will be one of two fixed points. 

857. Through a fixed point are drawn two chords -PP', 
QQ to a given conic, such that the two lines bisecting the angles 
at are also fixed ; prove that the straight lines FQy F'Q^ FQf^ 
F'Ql all touch a fixed conic ; except when the two fixed straight 
lines are conjugates to the given conic. 

858. OFy OQ; (yPy &Qf are tangents to a conic, and the 
conic which touches the sides of the triangles OFQ^ UF'Q is 
drawn : prove that any tangent to the latter conic will be divided 
harmonically by the former conic and the lines FQ^ F'Qf. 

859. Two conies circumscribe the triangle ABG^ any straight 
line through A meets them again in P, Q ; and the tangents at 
Fy Q meet BG in F^ ; prove that the range {BF'Q^C} is con- 
stant. 

860. The equation of the polar reciprocal of the evolute of 
the ellipse -, + fi = 1 ^i^ respect to the centre is 

«• y_ (a«-y)« 

861. If P, Q be two fixed points, and if on the side BG of a 
triangle ABG be taken a point A\ such that the pencil A'\AFQB\ 
is harmonic ; and S^ G' be similarly taken on the sides CA^ AB; 
the straight lines AA\ Bff^ GC will meet in a point ; and the 
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four suoh points corresponding to the triangles formed bjr four 
given straight lines vill lie on one straight line. 

862. The locus of a pointy such that the tangents drawn 
from it tOr a given conic are harmonically conjugate to the straight 
lines joining it to two given points is a conic passing through 
the two given points, and through the points of contact of the 
tangents drawn from the two points to the given conic. This locus 
reduces to a straight line, if the line joining the two points touches 
the given conic, 

86 3« Two conies touch each otiier at 0, any straight line 
through meets them in jP, Q\ prove that the tangents at P, Q 
intersect in the straight line joining the two other points of 
intersection of the conic. 

864. Four tangents A, £, C, J) are drawn to a conic, the 
line joining the points of contact of A, B meets (7, D respectively 
^ ^i Qi prove that if a conic be described touching the four 
lines, and F be its point of contact with (7, Q will be its point of 
contact with i^. 

865. Two conies S^ /S" intersect m A^ B^ (7, -D, and the pole 
of AB with respect to S is the pole of CD with respect to /S"; 
prove that the pole of CD with respect to /S' is the pole of AB 
with respect to /S", . 

866. A quadrilateral can be projected into a rhombus cm any 
plane parallel to one of its diagonals^ the vertex being any point 
on a circle in a certain parallel plane. 

867. If ABC be a triangle circumscribing a conic, -4' the 
point of contact of BC, D, the point where AA' again meets the 
conic, and TP be any tangent meeting the tangent at j9 in 2^; 
the pencil T{ABCP} will be harmonic. 

868. ABC ia a triangle circumscribing a conic, TPy TQiwo 
tangents^ a conic is described about TPQBC, and O is the pole 
of BC with respect to it ; prove that A {OBCT] is harmonic 
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If T lie on the straight line joining A to the point of contact 
with BC, will coincide with A. 

869. A conic is described touching the sides of a triangle 
ABG^ one of them BC in a fixed point A ] ^, C are two other 
fixed points on BC ', prove that the point of intersection of 
tangents drawn from B^y C to the conic lies on a fixed straight 
line. 

870. The sides of a triangle which is self-conjugate to a 
given rectangular h3rperbola touch a parabola, and a diameter 
of the hyperbola is drawn through the focus of the parabola; 
prove that the conjugate diameter is parallel to the axis of the 
parabola. 

m 

871. TP^ TQ are two tangents to a parabola; a hyperbola 
described through T^ P, Q, and having an asymptote parallel to 
the axis of the parabola meets the parabola again in ^; prove that 
its other asymptote is parallel to the tangent to the parabola 
at i?. ^ . 

872. TP, TQ are two tangeuts to a hyperbola; another 
hyperbola is described through T, P, Q with asymptotes parallel 
to those of the former ; prove that it will pass through the centre 
G of the former, and that CT will be a diameter. 

• 

873. A triangle is self-conjugate to a conic, and from any 
other two points conjugate to the conic tangents ai'e drawn to a 
conic inscribed in the triangle ; prove that the other four points 
of intersection of these tangents will be two pail's of conjugate 
points to the first conic. 

« 

874. If a conic pass through four points, its asymptotes meet 
the conic which is the locus of centres in two points at the 
extremities of a diameter. - 

875. Four points and a straight line being given, four conies 
are described, such that with respect to any one of them three 
of the points are the angular points of a self^conjugate triangle^ 

t 
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and tbe fouf th is the pole of the given straight line ; prove that 
these four conies will meet the given straight line in the same 
two points, and that these points are the points of contact of the 
two conies through the four points touching the line. 

876. Four straight lines and a point being given, four conies 
are described, with respect to each of which three of the four lines 
foi*m a self-conjugate triangle, and the fourth is the polar of the 
given point ; prove that all four will have two common tangents 
through the given point, and these tangents are tangents to the 
l^wo conies through the point touching the four lines. If two 
tangents be .drawn through the point to any conic touching the 
four lines, these will form a harmonic pencil with the two common 
tangents. 

877. Four tangents are drawn to a conic, and from a point T 
on one of the diagonals of the quadrilateral formed by them two 
other tangents are drawn ; prove that the points of contact of 
these tangents lie on the conic passing through T^ and through 
the points of intersection of the four tangents which do not lie on 
the diagonal through T. 

878. CA, CB are two tangents to a conic, any point P in AB 
is joined to the point in which its polar meets a £xed straight 
line ; prove that the envelope of the joining line is a conic touch- 
ing the sides of the triangle ABC and the fixed straight lina 

879. ABC is a triangle whose sides are met by a straight 
line in A\ B\ (7 ; the straight line which joins A to the point 
(BB, CC) meets BC in o; and J, c are similarly determined. 
Four conies are drawn touching the sides of the triangle ABC, and 
meeting A' EC in the same two points; prove that the other 
common chord of any two of these conies passes through either 
a, 5, or c ; that these six common chords intersect by threes in 
four points; and that these four points are the poles of A!B'C 
with respect to the four conies which intersect A'ffff in the 
before-mentioned two points and touch the sides of the tri- 
angle ahc. 
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880. The four oonics wldcb. can pass through three given 
points and touch two given straight lines are di^wn, and their 
other common tangents drawn to every two ; prove that the six 
points of intersection will lie by threes on four straight lines ; and 
that the diagonals of the quadrilateral formed by these four 
straight lines pass each through one of the three given points. 

881. Two conies intersect in A, JB, C, J) ; through JD is 
drawn a Straight line to meet the curves again in two points; 
prove that the locus of the point of intersection of the tangents 
at these points is a curve of the £oar^ degree and third class, 
having cusps at A^ B, (7, and touching both conies. 

882. Prove that the envelope of the straight line joining the 
points of contact of parallel tangents to two given parabolas ijB a 
curve of the third degree and fourth class ; having three points of 
inflexion the tangents at which are the common tangents of the 
parabolas. 
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883. The product of two unequal roots of the equation 

OO^ + ^05* + CJB + C]? = 

ft ^ ft 
is unity ; prove that the third root is -r — ^ . 

884. The roots of the equation a"— jpa? + g' = may be ex- 
pressed in the forms 

"L 1 1 , and;>-? ^ . 

Explain these results when p' < iq, 

885. If the equation a? —pa? + ga? — r = have two equal 
roots, the third root must satisfy either of the equations 

X (x -p)* = 4r, (x —p) {3x +p) + iq = 0^ 

886. The roots of the equation a? -^pof + ^aj — r = are the 
sines of the angles of a triangle ; prove that 

p^ - ^p\ + 8^ + 4/* = 0. 

887. Determine the relation between q and t necessary in 
order that the equation o^ — ^ + r = may be put into the form 

aj* = (fic" + «W5 + vCf ; 

and solve in this manner the equation 

8a?-86aj + 27 = 0, 

888. Find the condition necessary in order that the equation 

aaj' + &c" + caj + cj?=0 
may be put under the form 

aj* = (»"+pa; + g')"j 

and qplve by this method the equation 

af + 3a;* + 4aj + 4 = 0. 
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889. The roots of the equation a"— jwc' + ^a:— r = are in 
hannonical progression ; prove that those of the equation 

are also in harmonical progression. 

890. Beduce the equation as" — j?*" + qx — r = to the fbrm 
y* :fc 3y + 97> = by assuming sb = ay + 5 j and solve this equation 

by assuming y^z^r-. Hence prove that the condition for 

Si 

equal roots is 

891. In solving a cubic by Cardan's rule ; if a, ^, y be the 
roots of the complete cubic, the roots of the auxiliary quad- 
ratic are 

54 

892. Solve the equations 

. (a:» + 4«-2)» + 3 = 4«(3aj» + 4), 

aj*-6a?-8aj-6 = 0. 

893. If a, )3, y, 8 be the roots of the equation 

x* + qa^ +rx-^8=0^ 
the roots of the equation 

will be i8 + y + 8 + ;5-5-, ; 

894. In the equation 

X* --pa? + g'a"— raj + « = 0; 

prove that the sum of two of the roots will be equal to the siim 
of the other two, if 8r — Apq + p" = ; and that the product of 
two will be equal to thB product of the other two, if jp'« = r^. 



THEORY OP EQUATIONS. 189 

895. If a, P^ jy S be the roots of a biquadratic, and the 
equation be solved by putting it in the form 

(a* + ooj + ft)* = c (aj - d )*, 
the values of 2b are 

/3y + a8, ya + )88, a)8 + y8; 
those of 4o are 

08 + y-a-S)S (y + a-j8-8)*, (a + j8-y-S)«; 
and of d are 

ffy-g^  ya~/?8 aff~y8 

/3 + y-a~6' y-fa-^-8* a+^-y-8* 

896. In the method of solving a biquadratic in x by sub- 
stituting x = my + ny and making the resulting equation in y 
reciprocal; prove that the throe values X)f ra are 

/3 + y-a-8' y+a-p-S* a + /5-y~8' 

and those of m* are 

(a,y)(a^8)(ig-y)(/3~8) 

(a + j8-y-8)- '^^-^ 

€Ly fiy y,& being the roots of the biquadratic. 

897. Prove that the equation 

3a?* + 8aJ"- Go"- 24aj + r = 

will have four real roots ifr<-8> — 13; two real roots if 
r > — 8 < 19 ; and no real roots if r > 19. 

898. Prove that the equation 

ai" + rai""' + «=sO 
will have two equal roots if 

899. If /(«)= («-»,) («- a^ ... («-«,) ; and a,, a^ ... a. 
be all unequal; then will 

_ ii+r—l. ^ n+r-l ^ n+r— I 
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he equal to the sum of the homogeneous products of r dimensions 
of the n quantities a^, a^, ... a^. Prove also that 



_i J. fi i\' 

«1 »• 1»1 »«J 



900. The equation 



-^— + — H- + ... + — V = 



» + &, x+ b^ x-\-b 

inll be an identical equation if 

2(a) = 0, 2(a6) = 0, S(a60=^> S(a6"-') = 0. 

901. If n be a prime number, and a an impossible root of 
the equation a;"c=l, then will 

1 a a* a* a""* n 

+ + s + = + ... + 



m + 1 m + a m + a* m + a* " w + a""* 1— (— m)"' 

902. If the system of equations of which the type is 

a,'ajj + ajx^ + . . . + ajx^ = c' 

be true for integral values of r from r=l to r = n+ 1, they will 
be true for any value of r, 

903. Having given 

cosTUL+p^ cos (w — 1) a +^g cos (n - 2) o + ... +p^ = 0, 
sin wa +p^ sin (w — 1) a +^j sin (w — 2) a + ... +p^ = ; 

prove that 

1 +p^ cosa+j9^ cos 2a + ... +^^ cos7ia= 0, 
and 1 +p^ sin a + jPj sin 2a + ... + j9, sin wa = 0. 

904. Find the commensurable roots of the equations 

(1) «» + 5** + 120«»- 524a; -24 = 0, 

(2) 6a*-V-2a»-27«.+ 18 = 0. 
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905. One of the roots of the equation 

(1 +»)* + «*+! = 

is the square of another root ; explain why, on attempting to solve 
the equation from the knowledge of this fact, the method fiiils. 

906. If a, ^, y, S, ... be the roots of the equation 

SB" -J»i«""* +!?,«"■■* - ... = ; 
then win 

2(2a-j8-y)(2)8^y-a)(2y-a-)3) 

= (7i - 1) (n ~ 2)/?,' - 371 (n - 2) ;?,;>,+ 3/1*^3 ; 

and determine what symmetrical function of the differences of 
the roots is equal to 

(7l-l)(7i-2X7i-3) 4 „ , «w «, , 

= -^^ 2 ->/ + 2w(7i-2)(7i-3);?>, 

- in' {7t - 3) ^^/?3 + in^p^. 

907. The equation a;* - 20905 + 56 = has two toots whose 
product is 1 ; determine them. 

908. Prove that all the roots of the equation 

/I Ml /I \i.-i m(m — l)n(n — l) , ,- .„- 

li Lf 

— ... to w + 1 terms = 

are real ; and tliat none lie beyond the limits and 1, n being 
integral and m<n* 

909. Determine the integers between which lie the roots of 
the equation 

/{x) = 12aj» + IQx' - 31a: + 10 := 0, 

having given /j (») = 36a5* + 32a; - 31, 

/,(«) = 343a;- 197, 
f^(x) podtive. 
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910. Detenuine the integers between which lie the real roots 
of the equation 

aj«+ 6aj'- 10a;*- 15»' - 6a;- 6 = 0. 

911. Find the sum of the n^ powers of the roots of the equa^ 
tion 05* — a;* + 1 = ; and form the equation whose roots are the 
squares of the differences of the roots of the given equation. ' 

912. If 8^ denote the sum of the ^ powers of the roots 
of the equation 

»"+^iaj""' +;?,*""» + ...+p^?=0, . . 

and ^^ = «j + «g + ... + 8^ ; prove that, if S^ have a finite limit 
when m is indefinitely increased, that limit is 

1 +i?i +i?s + — +i>, 

1 

913. The integer next less than -75 (^3 -f V^)*""* is divisible 

by 2", n being integral, 

914. The integer next greater than (VS + i/T)*" is divisible 
by 2*', 

915. The roots of the equation 

a;* -PjX^+pjx? —p^af -^P^-p^ = 
exceed those of the equation 

respectively by the same quantity ; prove that 

zp: -. %p,p^ + 2qp, = Zq; - 8yA + 20g,, : 

= Sgr.Vt -7 ^,q! - SOjijr^ + 5q^q^ + 250g,. 
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916. Prove tliat 

1, 1-n, 1, ..,. 1 

1, 1, l—n, 1 



1, 1, 



i-» 



= 0; n being the order of 
the determinant. 



917. Prove that 



a^ 1, 1, 1 

1, «, 1, .».. 1 

1, 1, *. 1 



1, 1, 1, 



X 



= (a;-l)->(a:4.f»»-l); n be- 
ing the eider of the deter- 
minaat. 



918. Proye that 



1, 1, «„ 



1 
1 



1, 1, 1. 



05. 



+ (-ir^(n«l); 



«l>«j» 



0^ being the roots of the equation 
fl^ "Pjix^^^ +i^««^"* -.....• + (- 1)"^. 



=a 



9W. Prove that 



w(«^l) 



x,a?,af, aj-|=(-l) • a«(a^ 

^Y^ ft^ O/^ *1I^ I* 

9^^ Xp Ocff' ••« of 



- 1)-' 



w. 



13 



1&4 
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920. Prove that 

cos 0, cos29y cos 39y ....... ». ooinS 

cos29/co339y cwnOy cosO 

coa3$, costf, cos 2^ 



cosn^^ cos 0, cos 2^, ... cos (n'-l)$ 



_ {cos^-^cos (n-^ 1) 0}'- {1 -cos nO]' 
2(-l) " (1-coswtf) 



921. The product of the roots of the equation 



«~2, 1, 0, 0, 0, 

1> «-2, 1, 0, 0, 

10, 1, «-2, 1, 0, 









0, 0, 
0, 0, 



1, x-2, 1 
0, 1, «-2 



= 



is n + 1 ; and the sum of the roots is 2ny n being the order of the 
determinant. 



922. Proye that 



1- 



1, 1 
0, 



-««)>«i«^« (!-«»)» 

«.)» 



-1, 



1 



— a. 









0, 0, 0, 0, 1 

is equal to 1> the second row being formed by differentiating the 
first with respect to x^, the third bj differentiating the second 
with respect to x^y and so on. 
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923. -Eavijig givQu 

. /ir \ . /2ir \ 
suKssini— + a;)8in ( — +x) 



sin j (w - 1) — + « > = 2~f"'"*> sin mx ; 
prove that' 



cotaj + cotf— + «) +cot ( — + «) + .... 



+ cot I (w — 1) - + fl5 > = f» cot 



_ max 



924. Prove that the limit of (cos a;) , as a; diminishes in 
definitely/ is e"*- 

925. Ify = cot"*«, 

^«= (- 1)' |»^-1 sin ny sin"y. 

926. Prove that, if w be a positive integer, the expression 
(a5-w)c +i =-+, 5-+ s-+... + (w-l);c + w 



will be positive for all x>ositive values of x, 
927. If 



then will 



da? dx ^ '. 

t 

.%d'**y ,„ ,, d'*^y ,. ..d'y . 



» * 



13—2 
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928. HaTing giyen 

proYO tliat 

a*v)p-.(2«+i)«p..K-«.-)g=o. 

929. If 

8m(mtan~^ as) =0^0:4-0^+... + 0^05^+,.. ; 
proye that 

(n + l)(» + 2)a,„ + (2n' + f»*)a.4.(»-l)(n-2)a,_, = ft 

930. K 

{log(l +aj)}'so^ + a^*+... +o^af + ..., 

then will 

931. In the equation 

the limiting value of 6^ when A is indefinitely diminished^ is \ ; 
andy if be constant, /(x)^ A-hBx-hCotf, where A, £, C axe in- 
dependent of 06. 

932. In the equation 

/(aj+A)=/(a;) + A/'(«+ % 

prove that the first two terms of the expansion of in ascending 
powers of A are 

5 ■*■ 24 /"(»)• 
imdi if /(x) s sin fl^ the first three terms of the expansion are 

1 A cot X A' 



TS + 



24 48sin'a;' 
provided that cot » be Aiite. 



1 
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933. In the equation 

ilie limiting value of 0, when h is indefinitely diminished, is 
=- ; and, i£/{x) be a rational algebraical expression of 7» 4- 1 

dimensions in x. the value of is always =- • 

934. In the equation 

F{x + h) - ^(a?) ^^(a; + tfA) ^ 
/{x + h)-/{x) "/'(aj + to)' 

ptove that will be constant if i^(a;)ssina; and y (a;) 5^ cos x. 
Prove also that, in all cases, the limiting value of 0^ when h is 
indefinitely diminished, is ^. 

935. Prove that 

ir €'-! _ 1 1 1  ' 

and that 

936. Prove that 

11 1 ' 

1 + 2 +3 + ••••+ ->1^(1 +**)<! +log»*; 

- sin na sin (n 4- 1) a . 

cosa + cos2a+... 4-cosna<— -: — > ^ i 1 . 

u a 

mm ' 

fM in the last being <^ . 

937. If y = x cos xy, the general term of the expandon of 
sina^y in terms of a; is 



^" ^{(^^'r^i^^^y^^ 



+ ^ 14 ^(»-l) +../ to n + l terms L 
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938. The limiting values of 



VS^; * ^(««>*«^) > ^-\log(l+ir)j ' 

are respectively 0, 0, 1, if n be odd ; and 

{1.3.5... («-!)}•, (- l)^l«, and 1, 
if n be even. 

m 

939. If/(a)=0 and ^(a) = 0, and if the limit, as x ap- 
proacbes a^ of ^^ be finite; the limit of {/(«)}*<'> will be 1. 

940. If /(a) = 1, ^ (a) = 00 , the limiting value of {/(«)}***> 
alB a; approaches o^ is c*^^, m being the limit of {x — a) ^(^). 

941. If 

«=€7;(x+y)^.€V.(a?+y)-^..-+^/.(«^+y); 

then will 

\dx dy /\dx dy J"\dx dy / 

942. If 

 -'•/;©-«'/.(l)---'"^-®= . 

then will 

where p^^z denotes 

\xj da^d%f^ 

943. If «, y be co-ordinates of a point referred to axes in- 
clined at an angle cd, and u any function of the position of 
the point; 

1 (d^'u dSi d%^)^ 1 CcPu dPu f d^u N') 

sin* <i) \cte* dy* ^ dxdy] * sin" co \dix? dy* ^ XdxdyJ J * 

will be independent of the particular axes. 
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944. Haying given a5 + y = X, y==XY; prove that 

d'u d'u du y,d*u y, d*u du 
^d^'^^ds^dy'^di'dX^'^^dXdf^dX' 

945. If 2iK = r(€« + c-«), 2y = r(€«-€-«); 

d'u d'u __ d'u 1 d'u 1 du 
d^'"d^^dP''~?W^r^' 

946.. If « = €*+* + €«-♦, y = €^-€«-*j 

/c?*tt_^^"w\_ ^ffifd'u d'v\ 

947. If ^ = r€<»«^ c^'src'^*; 

948. K «^ be a function of the four independent variables 

«i> «,, «a? «^4> a»<l i^ 

ff 

a;, = r sin sin ^^ x^ = r sin tf cos ^ 

x^ = r cos 9 sin ^9 a;^ = r cos tf cos ^ ; 
then will 

d'u d'u d'u d'u _ d'u 1 cf'w 1 d'u 

'^''^^''^d^''^d^~'W^? W^r^sin'e d^' 

1 d'u Z du 2 ^„.c?w 
:ir+-:7Z +-zi cot 2fl-^,. 



r" cos*d c^i^* r c^ r* c^ 

949. If a?, y, z be three variables connected by one equation; 
prove the formulae for changing the dependent variable from 

Z iO X'y 

dx _^\ dx _^ q d'x ^ r 
dz^p^ d^^''p^ ^~~^* 

d^x __ qr —ps d'x __ p't — 2pqs-h (fr 
dydz" p* ' ^~ p ""' 
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950. The difltanoes of any point from two fixed points are r, r^ 
and a maximum or minimum value of y(r, /) for points lying on 
a given curve is c ; prove that the curve /(r, r^ » c -will touch 
the given curve. 

951. In the straight line bisecting the angle ^ of a tri- 
angle ABC is taken « point JP; prove that the difference of 
the angles AFB^ APG will be a maximum when AF is a mean 
proportional between AB and AG. 

952. Find the maximum and minimum values of a normal 
chord of a given eUipse : proving that if one exist other than the 

axesy the eccentricity must be > —7^ > ^''^^ ^^^^ ^^ length of such 

a chord will be —^ » , where 2a, 26 are the axes. 

. (a* + 6y 

953. Normals are drawn to an ellipse at the extremities of 
two conjugate diameters: prove that a maximum or minimum 

s 

distance of their point of intersection from the -centre is o - /o A 9 
provided the eccdntriciiy is > -—j^ . Examine which of the two it is. 

954. If aj + y + «=3c, /(a) . /(y) . /(«) will be a maximum or 
TOinimnm when a;=y = ^ = c, according as 

955. The minimum area which can be included between two 
parabolas, whose axes are parallel and at a distance c, and 

which cut each other at right i^les in two points, is c' -^ * 

« 

956. is the centre of curvature at a point P of a given 
ellipse, and OP', OQf are normals drawn frt>m 0: prove that, 
if a' < 26', P'^ has its minimum value when the eccentric angle 

of Pis tan (26*3^) • 
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957. ProYe that three parabolas of maximum lattis t'ectum 
can be drawn circumscribing a given triangle ; and that if a, j3, y 
be the angles which the sides make with the axis of any one 
of them^ 

cot a -f cot P + oot y =0. 

958. Eind the plane sections of greatest and least area which 
can be drawn through a given point on the sur&ce of a paraboloid 
of revolution: proving that^ if 0,, 0^ he the angles which the 
planes of maximum and minimum section make with the axis, 

3 

tan 6^ tan ^^ = o • 

959. IfXt^fZhe the distances of any point in a plane from 
three given points, and /(as, y, z) be a maximum or minimum j 

I d/^ I df^ 1 df^ 
sin(y, z) dx sin (a;, a;) dy sin(x,y) dz ' 

(y, z) denoting the angle between the distances y, z* 

960. If A^ByCy D be four points not in one plane, and P 
a point the sum of whose distances from ^, J9, (7^ /> is a mini- 
mum; then will 

PA . PA' PB. Pff FG.FG' PB. PIT , 
AA' ^ BB " GO' '' JDJy ' 

PAy PB, PG, PD meeting the opposite fiu^es of the tetrahedron 
bkA\B^,CyD\ 

961. 1£ A, B^Gy Dhe four points not in one plane^ and P a 
point at which 

l.PA^ + m.Pff + n.PC+r.PD^ 
is a maximum or minimum, then will 

vol PBGD _ vol PGDA vol. PDAB ^ vol PABG 
I m " n r * 
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962. It iif Xff/, z be the distances of saaj point from four 
given points not in one plane^ and /(u, x, tf, z) he a maximum 
or minimumj 





l-a«-ft««c» + 2a6c \duj I - a« - 6'* - c'* + :2a6 V 

^ 1 /^\'_ 1 /dlf\ , 

l^a'--b''-c'-^2a'bc\dy)^l-a:'-b'*-c' + 2ayc\dzJ ' 

Of h, e, of, V, c' denoting the cosines of the angles between the 
distances (y, «), («^ «), {Xy y), («, a?), (m, y), (w^ «) respectively. 

963. P, jP are contiguous points of a curve, -PO, P'O are 

drawn at right angles to the radii vectores SPy SF ; prove that 

df* 
the limiting value of PO, as -P moves up to P, is * -^ . 

964. SyH are two fixed points, P is a point moving so that 
the rectangle SP^ HP is constant : prove that straight lines 
drawn from Sy H at right angles respectively to SPy HP will 
meet the tangent at P to the locus of P in points equidistant 
from P. 

965. In the curve y' = Zaa? — x*y the tangent at P meets 
the curve again in Q ; prove that 

tan ^Oaj + 2 tan POa = 0, 

being the origin. Prove also that, if the tangent at P be a 
noimal at Q, P lies on the curve 

4y(3a-a?) = (2a-.ic) (16a - 5a;).. 

966. In the curve y* = a^Xy the greatest acute angle between 

3 
two tangents which intersect on the curve is tan"^ j . 

967. A tangent to the curve ^ + y^ = €? which makes aa 
angle tan"^ ^ with the axis of a; is also a normal to the 
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eorve. Also if two tangents be drawn to the cnrve from a 
point P lying on the curve (P not being the point Of contact of 
either), the acute angle between these tangents cannot exceed 60^ 

968. The tangent to the evolute of a parabola nt a point 
where it meets the parabola is also a normal to the evolute. 

969. If from a point on the evolute of the ellipse — + fj = 1, 

the two other normals to the ellipse be drawn; the straight line 
joining the points where thej meet the ellipse will be normal to 
the ellipse 

970. Prove that, for any curve of the third degree, there 
exists one point such that the points of contact of the tangents 
drawn from it to the curve lie on a circle. 

971. A tangent to a given ellipse at F meets the axes in two 
points, through which are drawn straight lines at right angles to 
the axes meeting in p : prove that the normal at jp to the locus 
of p and the line joining the centre of the ellipse to the centre of 
curvature at F make equal angles with the axes. 

972. In a curve of the fourth degree, which has four real 
asymptotes, no two of which are parallel, the asymptotes will meet 
the curve again in eight points lying on a conic. Determine this 
conic in the case of the curve 

xy{af-y^ +a{af^ + jf) = a*{{x + yy''a{x + yj+a'}: 

and prove that three of the asymptotes touch the curve in points 
not at infinity. 

973. If the equation of a curve of the w*^ degree be 

and ^(«)=: have two roots ft, and if also <^8(f«',)= 0; the equation 
of the corresponding rectilinear asymptotes will be 



^ I 
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974. Two circles of radii 6, a — 6, respectively roll within ft 
circle of radius a, their points of contact with the fixed circle 
being originally coincident^ and the circles rolling in opposite 
directions in such a manner that the velocities of points on the 
circles with respect to their respective centres are equal : prove 
that they will always intersect in the point which was originally 
the point of contact. 

975. In a hypocycloid the radius of the rolling circle is 

■X =- times the radius of the fixed circle (n integral) ; prove 

that the locus of the point of intersection of perpendicular tan- 
gents is a circle ; and that the line joining the points of contact 
is also a tangent to a hypocycloid having the same fixed circle. 

976. A circle is drawn to touch a cardioid and pass through 
the cusp : prove that the locus of its centre is a circle. If two such 
circles be drawn, and through their second point of intersection 
any stiuight line be drawn, the tangents to the circles at the ends 
of this straight line will intersect on the cardioid. 

977. If Sy Hhe foci of a lemniscate^ FT the tangent at any 
point P, . 

and if 0, ^ be the acute angles which the tangent makes with the 
focal distances^ 

^2sm— 2-^ = cos -^. 

978. Two circles touch the curve I'^^dT cos mO in the points 
Py Q and touch each other in the pole S : prove that the angle 

PSQ is equal to ^j ^.n being a positive or negative integer. 

979. The locus of the centre of a circle touching the curve 
f^ = ar cos m$ and passing through the pole is the curve 

(2r)" « a* cos ntfy {n(l-m) = w}. 
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980. In the curve r = a8ec*tf, prore that, at a point of 
inflexion, the radius vector makes equal angles with the prime 
radius and the tangent; and that the distance of the point of 
inflexion from the pole increases from a to a ^^c, as n increases 
from to 00. If n he negative, there is no real point of 
inflexion. 

981. ST is the perpendicular from the pole S on the tangent 
to a curve at P; prove that -when there is a cusp at jP, the circle 
of curvature at Zto the locus of T will pass through S: also, 
that when there is a point of inflexion at F in the locus of F, the 
chord of curvature at P through S will be equal to 4/SlP, 

982. The general equation of a curve of the fourth degree 
having cusps at A^ B, G Ib 

ABC being the triangle of reference. 

983. The equation 

* — • 

will represait a catenary if 4hc » a*. 

984. If flSy y be rectangular co-ordinates of any point on 
a curve, p the radius of curvature at that pointy <f> the angle 
which the tangent at the point makes with a fixed straight line. 






'^hm-MHt))- 



fd'x 



985. The centre of curvature at a point P of a parabola is 0, 
OQ is drawn at right angles to OF meeting the focal distance of 
JPinQ; prove that the radius of curvature of the evolute at is 
equal to 30Q. 
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986. The reciprocal polar of the evolute of a parabola with 
respect to the focus is a curve whose equation is of the form. 

r cos tf = c sin* $ ; 

and that of the evolute of an ellipse is 

c _ 1 _ 6 sin tf 



r cos ^ ^(1 - e' cos' 6) ' 

the focus being pole and the axis the initial line in each case. 

987. A rectangular hyperbola, whose axes are parallel to the 
co-ordinate axes, has contact of the second order with a given 
curve at a given point (o:^ y) : prove that the coordinates {X, ¥) 
of the centre of the hyperbola are given hy the equations 



= r-y» 



m- 



X — x 

dx daf 

and that the central radius to the point (a?, y) is the tangent at 
(Z, Y) to the locus of the centre of the hyperbola. If the given 
curve be (1) the parabola y'=4aa;, (2) the circle as'+^psa', the 
locus of the centre of the hyperbola is 

(1) 4 (aj + 2a)» = 27a/, (2) «* + y* = (2a)* 

988. A series of rectangular hyperbolas have their axes 
parallel to the axes of the ellipse 

a«^6« ^' 

and have with it contact of the second order : prove that the 
locus of their centres is a curve similar to the evolute of the 
ellipse, and whose dimensions are to those of the evolute as 

a' + V : a*-6". 

989. A curve is such that any two corresponding points of 
its evolute and an involute are at a constant distance : prove that 
the line joining the two points is also constant in direction^ 



DIPF^BENTIAL CALCULUS. .207 

990. Prove that in any epicycloid or hypocycloid, the radius 
of curvature is proportional to the perpendicular on Hie tangent 
from the centre of the fixed circle. 

991. The curvature at any point of a lemniscate varies as 
the difference of the focal distances. 

ft 

992. K the tangent and normal at a curve be taken as the 
axes of X, y, the co-ordinates of a neighbouring point are, ap- 
proximateljy 

i!_ -^ g' /dp\ 

p being the radius of curvature at the origin, and 8 the arc 
measured from the origin. 

993. A loop of a lemniscate rolls in contact with the axis of 
Xy prove that the locus of the node is given by the equation 

and if p, p' be corresponding radii of curvature of this locus and of 
the lemniscate^ 2pp = a\ 

994. If the curve r^ = a"* cos mO roll along a straight line^ 
the radius of curvature of the path of the pole is 




\ W* 



995. A rectangular hyperbola rolls on a straight line : prove 
that the radius of curvature of the path of the centre is half the 
distance from the centre to the point of contact; and that the 
length of any portion of the path of the centre is equal to- the 
corresponding arc of the locus of the feet of the perpendiculars 
let &I1 from the centre on the tangent. 

996. A plane curve rolls along a straight line ; prove that 
the radius of curvature of the path of any point fixed with respect 
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to the curve is : — - , where r is the distance from the fixed 

point to the point of contact^ ^ the angle between this distance 
and the straight line^ and p the radius of curvature at the point 
of oontactw 

997. If the curve 

- n 1 + sec a sin (0 sin a) 

T 

roll on a straight line, the locus of the pole is a circle. 

998. If (a, pf y) be areal co-ordinates of any point on a 
curve, p the radius of curvature at that point, 

{d^(dp_H\ ^(^^^\ ^(^^^Y 

V dt dt dt dt dt dt) 

ckjhyC being the sides, and k the area, of the triangle of refer- 
ence. 

999. If two tangents to an ellipse be drawn intersecting 
a given length on a fixed straight line, the locus of their inter> 
section is a curve of the fourth degree having contact of the 
third order with the ellipse at the points where the tangents 
are parallel to the given line : trace the curve for positions of 
the fixed straight line in which it intersects the ellipse (1) in 
real points, (2) in impossible points, the length intercepted being 
equal to the parallel diameter* 

1000. Find the envdopes of 

(1) xcos'tf + ysin'tfaa, 

being the parameter in each case. 
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1001. A curve is generated hj a point of a circle which rolla 
along a fixed curve : prove that the diameter of the circle through 
the generating point will envelope a curve similarly generated by 
a circle of half the dimensions. 

1002. oris a perpendicular let fall from a fixed point on 
any one of a series of straight lines drawn according to some fixed 
law; prove that when OF is a maximum or minimum, Y is in 
general a point on the envelope : and, if Y be not on the envelope, 
the line to which OY ia the perpendicular is an asymptote to the 
envelope. 

1003. On any radius vector of the curve 



»n 



r = a sec - 
n 



as diameter is described a circle : the envelope of such circles is 
the curve 

e 



r = c sec" ' 



n-l' 

Prove this property geometrically in the cases when n=2, and 
when w = 3. 

1004. Find the envelope of the system of circles represented 
by the equation 

(x - am^y + (y - ^arnf = a" (1 + m*)' 
for different values of m. 

1005. The envelope of the straight line 

X cos <i>-^y sin ^ = a (cos 7i^)*» 
is the cui"ve whose polar equation is 

nJ9 



T^ " = a^""cos 



1-7J- 



1006. Tangents drawn to a series of confocal conies, at points 
where they meet a fixed straight line through one of the foci, 
envelope a parabola, of which the given straight line is directrix 
and the other given focus the focus. 

W, .14 
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1007. If a parabola roll along a straight line, the envelope of 
its directrix is a catenary. 

1008. A parabola is described touching a given circle, and 
having its focus at a given point on the circle : prove that the 
envelope of its directrix is a cardioid. 

1009. A straight line is drawn through each point of the 
curve r^=ar cos mO at right angles to the radius vector : prove 
that the envelope of such lines is the curve 

r'^ssoT cos nO, {n (1 — m) = m}. 

1010. ST is the perpendicular from the pole on a tangent to 
the curve r"* = a"* cos mO ; with S as pole and T as vertex is de- 
scribed a curve similar to r^ = a" cos nO : prove that the envelope 
of such curves is the curve I' — dF cospO, where 

-=!+ — + -. 
p tn n 

1011. If ^ be the vertex, F any point of the parabola 
y* = ^aocy the straight line through F at right angles to AP will 
envelope the curve 27ay' ={x — 4a)*. 

1012. A circle is described on each radius vector of a given 
curve : prove that the envelope is the locus of the foot of the 
perpendicular from the pole on the tangent. 



1 



( 211 ) 



INTEGRAL CALCULUS. 

1013. The area common to two ellipses which have the same 
centre and equal axes inclined at an angle a is 

2ab tan y-j — jjr—. — . 
[a — 6 ) sin a 

1014. The arc of the curve 

y=^(a«-6')(l-oo8|), 

between the origin and the point where the curve again meets the 
axis of os^ is equal to the perimeter of an ellipse of axes 2a, 26. 
Determine the ratio of a : 6 in order that the area included 
between this part of the curve alid the axis of x may be equal to 
the area of the ellipse. 

1015. A series of spheres touch each other at a ^ven point 
and from each is cut off a segment of given curve surface by a 
plane perpendicular to the line of centres : prove that the circular 
sections, made by these planes lie on the same sphere. 

1016. The sum of the products of each element of an elliptic 
lamina multiplied by its distance from the focus is equal to 

Ma Q - , M being the mass of the lamina^ 2a the major axis, 

and e the eccentricity. 

1017. If the areas of the curves 

ay{x-hy = {a'-af){hx'-ar)', a^ + y' = a\ (6>a) 
be Ay A'; prove that^ as h decreases to a, the limiting value of 

A'-^A 



. is Bva. 

b — a 



14—2 
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1018. Perpendiculars are let fall upon the tangents to an 
ellipse from a point within it, whose distance from the centre 
is c : prove that the area of the curve traced out by the feet 
of these perpendiculars is 

1019. Find the whole length of the arc enveloped by the 
directrix of an ellipse rolling along a straight line during a com- 
plete revolution; and prove that the ciirve will have two cusps if 

the eccentricity of the ellipse exceed ^^^—^ — . 

1020. Two catenaries touch each other at the vertex, and the 
linear dimensions of the outer are twice those of the inner; two 
common ordinates MPQ, mpq are drawn from the directrix of the 
outer: prove that the volume generated by the revolution of Pp 
about the directrix is Stt x area MQqm, 

I 

1021. Find the limiting values of 

/i\ T • ''" • ^"^ • ^''^ • / -ivtV-- 

(1) -(sm-sin — ^ sm — ... smm — 1)-> , 

(2) f sin - sin* ?I sin^ — . . . sin'"^ (n-l) -K 

(3) {(Utan^) (l + tanf;)...(l^tan(«-l)£)}". 
when n is indefinitely increased. 

1022. If P„ = / a;V(2 -3x + af)dx; then will 

a(«. + 2)i'„-3(2m+l)i>„..+ 4(m-l)P_. = 0. 

1023. An arithmetical, a geometrical, and a harmonical pro- 
gression have each the same number of terms, and the same first 
BSid last terms a and I ; the sums of their terms are respectively 
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*i> ^a» *sj and the continued products p^, p^, p^ : prove that when 
the number of terms is indefinitely increased 

8^ I -a °\aj' 8^8j^ 4:(d p^ 

1024. If 2aj = r (£«-€"«), 2y = r(£«+ c"*); prove that 

/ 'odxdy- I I vrchrdO'y 

•'a? ./o •'0 

V being a function of a?, y, which becomes v' when their values are 
substituted. 

1025. If Xa^=Yy*=Zs? = ... = xyz ..., then will 

f/T... YdXdYdZ^.^r-'^n-^) ilL,v{xyz.,:)*-''dxdydz „., 

V being a function oi X, T^ Z .., which becomes v when their 
values are substituted, and n being the number of integrations. 

1026. Prove that 

I I j Vdxdydz=i J / Vu'vdudvdw, 

where X'{-y-hz = u, y + z = % z=-uvw, 

1027. Prove that 

Too TOO roo roo I'oo r\ r\ f\ 

j J j I Vdx^dx^dx^dx^= I Ml Y'u^u^vb^da^du^dn^du^ 

where fiCi + », + a^ + ar^ = tt^, aj, + aj, + 054 = WjW^ 

a;, + a?4 = u^u^u^ x^ = Ui^^te^r^^. 

1028. Prove that 



j I ... Vdx^dx^dx^dx^dx^dx^ 

Jo Jo 



v w 



= 1 pp. . . r/sin* tfjcos'^^ sin ^^sin ^3 (^rd^tf ^ . . . d$^, 
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where x^ = r sinO^cosO^ x^ = r cosO^cobO^ 

aj3 = r sintfj sintf^cos^^, x^ = rBm0^ sin tf^ sin tf^, 
«j=rcostfjSintf,co8tf^, ic^ = r cos tf ^ sin tf, sin tf ,. 

1029. Prove that 

jjl,..dx^dx^ ...c&^. 



is equal to 



n/w+1 \w(w+l)j ^/Ti 



the limits beiog given by the equation, 

— <R Oi flf! 4. - 

29» 

1030. Prove that the limit of the sum of the series 



«,Vaj,»+... + «/-a;,«,--a;,JB3- ...-«,_,«, --fl5. + \—=0. 



1 OJ" 1 SB* 

when X is indefinitely increased is ^ . 

1031. Prove that^ if n be a positive integer, 

£(i-.)-'iog©^=i(i+-^4^....-.^), 

and that 

/T(i-yrMogi<fo<^=^(i44+...-.l). 



i*© 

1032. Prove that 



(1) I sin 4a; log cot xdx = ^ , 
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(4) j^ sm-'(csmiB)cfo; = c + gi+g-,+ ... toQO, (c<l), 

IT 

(5) I a; cot a; {£» = ^ log 2, 



•GO 



(8) j log a; log \\ + ^J c?aj=^ ira (loga - 1), 
(11) I tanf J + a!jlogcota5«fo!=-^ , 

(14) f—^— da!=w. 
^ ' y, 1 + sin a; 
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1033. Prove that, c being < 1, 

IT 

I sin"* (c sin a;) c?a5 = ^ I -jtan'W-z j-jj-c&c 

1034. Oil a straight line of length a-hh+c are measured at 
random two distances a + c, h + c; prove that the mean value of 
the part common to the two is 

6 + c-g^, (a>6). 

1035. A point is taken at random on a given finite straight 

line of length a, prove that the mean value of -the sum of the 

2 
squares on the two parts of the line is » <^' j ^^nd that the chance 

of the sum being less than this mean value is -yx- . 

1036. A triangle is inscribed in a given circle whose radius 
is a, prove that, if all positions of the angular points be equally 

12flt 
probable, the mean value of the perimeter is , and the mean 

IT 

value of the radius of the inscribed circle is 

1037. If 2a be the given perimeter of a triangle, and all 
values of the sides for which the triangle is possible be eqtiellj 
probable, the mean value of the radius of the circumscribed circle 
is five times the mean value of the radius of the inscribed circle. 

1038. If 2a the perimeter, and c the side of a triangle, be 
given, find the mean value of its area; and prove that the mean 
value of these mean values, c being equally likely to have any 

value from to a, is -sx-. 

1039. The mean value of the area of all acute angled tri- 

O 8 

angles inscribed in a given circlel of radius a is — . 

IT 
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1040. Of all acute angled triangles inscribed in a given circle 

of radius a, the mean value of the perimeter is 



TT- 



1041. The mean value of the distance from one of the foci of 
all points within a given prolate spheroid is -^-j — ^, 2a being 
the major axis and e the eccentricity. 

1042. If a rod of length a be marked at random in two 
points and divided at those points, the mean value of the sum 

of the squares on the parts is -^ : and if the rod be first divided at 

random into two parts, and the larger part again divided at 
random, the mean value of the sum of the squares on the three 

parts IS ^a. 

1043. If a, )S, y be the areal coordinates of a point, the mean 
value of sfa^ for all points within the triangle of reference 
. 47r 



IS 



105' 



1044. In the equation a? — qx + r=0, it is known that q and 
r both lie between + 1 and — 1 ; assuming all values between 
these limits to be equally probable, prove that the chance of all 

2 

the roots of the equation being real is .^ . 

1045. If a given finite straight line be divided at random in 
two points, the chance that the three parts can be sides of an 
acute angled triangle is 3 log 2 — 2. 

1046. If a rod be divided at random in two points, and it is 
an even chance that n times the sum of the squares on the parts 
is less than the square on the whole line, prove that 

127r 
'*■" 4^ + 3^3- 
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1047. If n points be taken at random on a giyen finite 
straight line, the chance that one of the n + 1 parts into which the 

rod will be divided shall be greater than half the line is . 

1048. If a rod be divided at random into four parts, the 
chance that one of the parts shall be greater than half the rod 

is ^; and the chance that three times the sum of the squares 

on the parts shall be less than the square on the whole line 

IT 

^ 673 • 

1049. If a given finite straight line of length a be divided at 
random in two points, the chance that the product of the three 

parts shall exceed -^t^ is 

lUo 
8ir 



4 fT . 



mi-J{l+2coaS0)d0. 



9 



1050. If a given finite straight line be divided at random in 
(1) four points, (2) n points, the chance that (1) four times, (2) n 
times the sum of the squares on the parts shall be less than the 
square on the whole line is 

^'' 100 V6 ' ^' n/{» + 1) U (» + 1)1 r (- + 1) ' 

1051. Find the singular solution of the equation 

^ ^dx \dxj 2 ' 

and trace the locus of the points whose coordinates satisfy the 
singular solution. 

1052. Find the differential equation of a curve, such that 
the foot of the perpendicular from a fixed point on the tangent 
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lies on a fixed circle; and obtaih the general integral and singular 
solution. 

1053. Along the ]\ornial to a curve at P is measured a con- 
stant length FQ; is a fixed point and the curve is such that 
the circle described about OFQ has a fixed tangent at ; find the 
differential equation of the curve^ the general integral, and sin- 
gular solution. 

1054. K PMy FG be the oidinate and normal from a point P 
of a curve to the axis of Xy find a curve (1) in which FM* varies 

FM* 

as FG; (2) in which the curvature varies as ^^^^ : and prove 

that one species of curve satisfies both conditions. 

1055. Find the orthogonal trajectory of the circles 

X being the parameter. 

1056. Integrate the equations : 

1) aJ^=2y+ar*V-a^y^/y, 



(Py 



dy 



2) :o-<5ot«'£+y8i^"«'=o, 



daf 



dx 



3) ^ + 2a5 + 2y = -5^ + a5 + 3y = cos7^, 



ft 6?*2; -, dz dz 
^y^'^'d^'-^'^d^dy 

5) «,+,-3t*^ + 4w/ = 0. 



e^ dz c. dz , ^ 



1057. 



IS 



The general solution of the equation 
«,(2a! + l-«,J = (B', 
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1058. Find the general solution of the equations 

f{^ + y)^f{x)4^{y)^4^{x)f{y\ 
<l>(^ + y) =/(a?)/(y) -^^i^)^ {y) ; 

and hence prove that 2 cos x, 2 */— 1 sin oj, can be expressed in 
the form A;' + ^"", k'--k~\ 

1059. Prove that 

, e-l _x x' B^ X* B^ ?*:?*. 

^^ X "■2^[2- 2 "]4 4^L6' 6 "*"•••- 
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I. Strcdght Line and Plcme. 

1060. The co-ordinates of four points are a — 6, a-c, a—d', 
h — c, b — d, h — a; c-'d, c — a, c — b; d — a, d — b, d—c; respect- 
ively : prove that the straight line, joining the middle points of 

• 

any two opposite edges of the tetrahedron of which they are the 
angular points, passes through the origin. 

1061. Of the three acute angles which any straight line 
makes with three rectangular axes, any two are together greater 
than the third. 

1062. The straight line joining the points (a, b, c), (of, b\ c,) 
will pass through the origin if 

ad + bV + CG = pp', 

pf p' being the distances of the points from the origin, and the 
axes rectangular. Obtain the corresponding equation when the 
axes are inclined respectively at angles ot, )3, y. 

1063. From any point P are drawn Pif, FN perpendicular 
to the planes of «a;, zy^ is the origin, and a, )S, y, the angles 
which OT makes with the axes (rectangular) and with the plane 
OMN : prove that 

1111 



sin*^ sin* a sin*j8 sin^'y' 

1064. The equations of a straight line being given in the 
form 

a-¥'mz — ny^b-\-nX'-lz_^ c + ly- mx 



0) 



I m n 
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W X "" li. V ' 

obtain them in the form 



L M " N ' 

1065. A straight line moves parallel to a fixed plane and 
intersects two fixed straight lines not in the same plane : prove 
that the locus of a point which divides the part intercepted in 
a constant ratio is a straight line. 

1066. Determine what straight line is represented by the 
equations 

a'\-7nz — ny__h + nx — lz_^c + ly — mx 
m — n "" n — l l — m 

ResuU, The line at oc in the plane 

a; (w — w) + ylri— ^ + »(Z — m) = 0; 
unless Za + m& + 710 = 0, when it is indeterminate. 

1067. The equations • 

^05 + my + 7W = 0, oa;* + Jy* + cai" = 0, 

represent two straight lines, the cosine of the angle between 
which is 

P(6 + c) + m"(c + a) +7i*(a + h) 



Jl^ip — cy + ... + ... + 2mV(a-6)(a — c) + ... + ... 

1068. A straight line moves parallel to the plane y = «, and 
intersects the curves 

y = 0, «' = 7waj; «=0, y* = — Tiwj; 

prove that the locus of its trace on the plane of yz is two straight 
lines at right angles to each other. 
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1069. A straight line always intersects at right angles the 
straight line 

and also intersects the curre 

y = 0, a? = azi 
prove that the equation of its locus is 

1070. The equations 

cLX + cy-^-Vz _^c!xA-hy-\-a'z h'x + ay + cz 
X " y " z 

represent in general three straight lines mutually at right angles; 

but, if 

he y c'a dV 

a 7 = — Tr = c -y 

a h c 

they represent a plane and a straight line perpendicular to that 
plane. 

1071. The two straight lines 

x^a _ ±y __ z 
cos a sin a * 
meet the axis of a; in 0, (/; and P, P' are points on the two such 

that 

(1) OP = WP; 

(2) OP.CF^i?; 

(3) 0P + 0'i^ = 2c; 
prove that the equation, of the locus of PF" is 

(1) (a; + a) (y sin a + « cos a) = A (iS — a) (y sino— « cos a); 

^ ' a* 0*008' a 0*8111*0 ' 

and 

(3) -^-^=^(a:'-a'); 
^ ' cos a sin a a ^ 

the points being taken on the same side of the plane xfy. 
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1072. A triangle is projected orthogQiially on each of three 
planes mutually at right angles : prove that the algebraical sum 
of the tetrahedrons which have these projections for bases and 
a common vertex in the plane of the triangle is equal to the 
tietrahedron which has the triangle for base and the intersection 
of the plane for vertex. 

1073. A plane is drawn through the straight line 

X _ y _z ^ 

prove that the two other straight lines in which it meets the 
surface 

(6 - c) yz (ttiz - ny) + {c-a)zx (nx - h) -{-(a-b)xy {ly - tox) = 
are at right angles to each other. 

1074. If (?j, mp n^y (l^, m^, wj, (^3, m^, n^) be the direction 
cosines of three straight lines which are, two and two, at right 
angles, and if 



a b cab c ^ 
I m n I m n 



then will 



a b c f. 1 ci 

+ _ ^._- = 0j and 



1075. The equations of the straight lines bisecting the angles 
between the two straight lines given by the equations 

Ix + my + 71Z = 0y oaf + 6^ + c^ = 0, 
are 

Ix + my + nz = 0, lyz (6 — c) + mzx (c — a) + nxy (a — 5) = 0. 

1076. The straight lines bisecting the angles between the 
two lines given by the equations 

Ix + my + w« = 0, ax^ + by^ + c^* + 2a^yz + 2b' zx + 2cQcy = 0, 
lie on the cone 

x' {en - b'm) -^ ... -H ... +2/^{c'm-&'/i + (c -6)Z} + ... + ... = 0. 
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1077. If X, y be the lengths of two of the lines joining the 
middle points of opposite edges of a tetrahedron, co the angle 
between these lines, and a, a those edges of the tetrahedron 
which are not met by either of the lines, 



COSQ) = 



««--«'« 



4a3y 



1078. The lengths of the three pairs of opposite edges of a 
tetrahedron are «, a'; 5, 6'; c, c : prove that, if ^ be the acute 
angle between the directions of a and a', 

2aa 

1079. The line joining the centres of the two spheres which 
touch the faces of the tetrahedron A BCD opposite to -4, B respec- 
tively, and the other faces produced, will intersect the edge CD 
in a point P such that CF : FD :: AACB :^ADB; and the 
edge AB (produced) in a point Q such that 

AQ : BQ ;: ^CAD : ACBD. 

1080. On three straight lines, meeting in a point, are taken 
points A, a; B,by C,c respectively : prove that the intersections of 
the planes ABC, ahc; aBC, Ahcj AhC, aBc; and ABc, abC all lie 
on one plane which divides each of the three straight lines har- 
monicallv. 

1081. If through any point be drawn three straight lines 
each meeting two opposite edges of a tetrahedron ABCD ; and if 
a, a; 6, )8; c, y be the points where these straight lines meet the 
edges BCy AD; CA, BD; AB,GD; then will 

Ba.Cy.DI3 = BI3,Ga.Dy, 
Cb.Aa.Dy=Gy.Ab.Da, 
Ac.Bp. Da = Aa..Bc. Dp, 
Ab.Bc.Ca = Ac.Ba.Cb. 
w. 15 



• 
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1082. Any point is joined to the angular points of a tetra- 
hedron ABGBy and the joining lines meet the opposite £9LGes in 
a, b, c, d: prove that 

Oa Ob Oc Od 

Aa'^ Bb^ Ce "^ Dd ' 

regard being had to the signs of the segments. Hence prove that 

the reciprocals of the radii of the eight spheres which can be drawn 

to touch the faces of the tetrahedron are the eight positive values 

of the expression 

1111 

Px P2 Pz P^ 

Pi9 Pa9 Pa9 Pa ^^^^^ *^© perpendiculars from the angular points on 
the opposite faces. 

1083. If J., By C, D be the areas of the faces of a tetra- 
hedron; a, bf c, a, Py y, the cosines of the dihedral angles {BG), 
(CA), {AB)y {DA\ (DB), (DC), respectively; then will 

A^ B' C 

1 _ a»- 6"- c»- 2a6c - 1 -a'-P'''c'^2al3c " l-a'-b'-y'-2aby 

B^ 

-l^a'-'b''-c'^2abc' 

1084. With the same notation as in the last question, prove 
that for all real values of l, m, n, r, 

Z* + m' + w* + r* > 2mna + 2nip + 2lmy + 2lra -I- 2mrb + 2nrc ; 

except when 

I _^7n, n r 

A^B^Vn' 

IO80. Three straight lines are drawn, two and two at right 
angles, through a given point, and two of them lie respectively in 
two fixed planes : the locus of the third is a cone of the second 
degree, whose sections parallel to the fixed planes are circles. 

1086. A point is taken within a tetrahedron A BCD so as 
to be the centre of gravity of the feet of the perpendiculars let 
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fall from on the faces : prove that the distances of £rom the 
several faces are proportional respectively to the faces. 

1087. The equation of the cone of revolution which can be 
drawn touching a system of co-ordinate planes is 

(fo;)* + (my)* + (rizf = 0, 
the ratios I :m in being given by the equations 

m^-hn'-^ 2mn cos a n^ + 1^— 2nl cos P ? + m* — 2lm cos y 

- SS _r ^SZ * 

sin^'a sin*^ sin'y ^ 

where a, )8, y are the angles between the axes. (See question 
301). 

1088. The inscribed sphere of a tetrahedron ABCD touches 
the faces in A\ B, G\ 1/ : prove that AA\ BB, GC\ BU will 
meet in a point, if 

a Q, h B c y 

cos -gz cos - = COS ^ cos ^ = cos ^ cos j: ; 

where a, a; 6, ^; c, y are pairs of dihedral angles at opposite 
edges. 



II. lAnewr Transformations, Gerverdl Equ<dion of the Second 

Degree, 

The following simple method of obtaining the conditions for 
a surface of revolution is worthy of notice. 

When the expression ax^ + 63/' + cz' + 2a'yz + 2Vzx + 2c'a^ is 
transformed into -4X* + jBr^+ C^', we obtain the coefficients 
Ay B, G from the equivalence of the conditions that 

h {x' -{• y* + z^ - aa^ -hy^ - 

aud h (X« + r« + ^^ - AX' - BT'- GZ' 

15—2 



'8 



^ I 
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may separate ioto (real or impossible) linear factors : which is the 
case when h = Ay B^ or C. 

But if two of the three coincide sls B^C; then when A = i? 
the two fisictors become coincident, or either expression is a complete 
square. The conditions that this may be simultaneously the 
case in the former expression give us 

{B^a)a' = -Vc\ &o., 

or . B = a r = h — 77"=^ r if a , 6', c' be all finite. 

a c 

If a' = 0, then 6V must also vanish; suppose then a', 6' = 0, 
therefore jB = c, and we must have 

(c — a) a' + (c — 5) y* — 2c a?y 

a perfect square, whence 

In the case of oblique axes, inclined at angles a, p, y, we 
must have 

A (a* + y'-hz^+ 2y«cos a + 2zx cos p -f 2xj/ cos y)-aa?— ... - 2a yz- . . . 

a complete squara 

It follows that the three equations 

{h - a) {h cos a — a') = {h cos /? - 6') {h cos y - c'), 
(/* — b) {h cos /J — 6') = (A cos y - c') (A cos a — a'), 
{h-c){h cosy-c') = (A cosa-a')!^ cos^-6'), 

must be simultaneously true, and the two necessary conditions 
may be found by eliminating h, 

1089. If there be two systems of rectangular co-ordinates, and 
^i» ^«» ^8 ^® *^® angles made by the axes of x\ y\ z with that of 
«, and <^i, <^j, <^3 the angles made by the planes of ^as', ^y', zs! with 
thatof«a;; then will 

tan'tf I cos {<l>,^<l>;i _^ 

' C08(</>3-<^JC0S{^^-^J ' 

with two similar equations. 
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1090. Bj transformation of co-ordinates, prove that the equa- 
tion 

represents an oblate spheroid whose polar axis is to its equatoreal 
in the ratio 1:2; and the equations of whose polar axis are 

1091. If a cone of the second degree touch one system of 
three planes, which are two and two at right angles, it will touch 
an infinite number of such systems : and if one system be co-ordi- 
nate planes, and (l^, m^, n^), (^,, m^, n^), {l^, m^, n^ be the direc- 
tion cosines of another; the equation of the cone will be 

Qihh^)^ + (m^m/n^)^ + {n^n^njs)^ = 0. 

1092. Prove that the surface whose equation, referred to 
axes inclined each to each at an angle of 60°, is 

y« + «aj + a?y + a* = 0, 
is cut by the plane a5 + y + « = 0ina circle whose radius is a. 

1093. In the expression 

aaj* + 5y* + C2j" + 2a yz + 2b'zx + 2c' xy + 2a x + 2h"y + 2oz + d\ 
prove that 

and a^i^-a'^) +... + ... + 26V(&V- oa^ + ... + ... 

are invariants for all systems of rectangular co-ordinates having 
the same origin. 

1094. Prove also that the coefficients in the following equa- 
tion in h 

h-^a, A cos y + (/, A cos )8 + b\ a" = 0, 
h cos y + c', h-^by h cos a + a , 6" 
h cos P + h'y h cos a + a', & + c, c" 



.// 



a , 6", c", d 



a, Pj y being the angles between the axes, are invariants for all 
systems of co-ordinates having the same origin. 
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1095. Assuming the formulae for transforming from a system 
of co-ordinate axes inclined at angles a, )3, y to another inclined 
at angles a , j8', y' to be 

prove that 

1 = ^i' + ^8* + ^8*+ 2ZA cosa + 2y, cos )8 + 21^1^ cosy; 
with similar equations in m and n; and that 

cos a = m^n^ + m^n^ + w^Wg 

•*" (^a^» "^ ^8^a) ^^^ ^ ■*' (^8^1 + ^i^») cos )8 + (Wj«g + w^n J cos y ; 
with similar equations in 9i, ^; and ly m. 

1096. If aa"+V + <^«' become AT' + ^r'+C^' by any 
transformation of co-ordinates, the positive and negative coefficients 
will be in like number in the two expressions. 

1097. The equation 

aaf+ ... +2a'y«+... + 2a"a3 + ... +d=0 
will in general represent a paraboloid of revolution, if 

a b' </ h c' a c a' V ^ 

-7 + -, + i7 = v> + -7+-7 = -) + r/ + ~7 = 0; 
a c a c c a 

and a cylinder of revolution i^ in addition to these conditions, 

a c ^ 

^ + F + ?=<>- 

1098. The surface whose equation, referred to axes inclined 
at angles o, )3, y, is oas* + 5y' + <»* « 1, will be one of revolution if 

a COS a h cos P c cos y 

cos a — cos j3 cos y cos P — cos y cos a cos y — cos a cos P ' 

1099. The surfsu^e whose equation, referred to axes inclined 
at angles o, ^, y, is ai/z + bzx + aey = 1, will be one of revolu- 
tion if 

a h c 

li^cosa l«bcosj8 ~ latcosy^ 
one, or three, of th^ ambiguities being taken negative. 
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1100. Prove that the equation of the surface 

can be obtained in the form a* + y* — «• = cP in an infinite number 
of ways, proTided that either a" or 6' is greater than c^\ and that 
the new axes of x^ y lie on the cone 

J(6._ c^ + ^(«._ c«) _ ^(a' + 6«) = 0. 

1101. The equation of a given hyperboloid may be obtained 
in the form 

ayz + hzx •¥ cxy = 1 

in an infinite number of ways; and, if <i, jS, y be the angles be- 
tween the axes in any such case, the expression 

dbc 
l-cos*a — cos^)8 — cos*y + 2 cos a cos ^ cos y 

will be constant. 

1102. Prove that the only conoid of the second degree is a 
hyperbolic paraboloid; and that it will be a right conoid, if the 
two principal sections be equal parabolas. 

1103. The equation 

aa? + ... + ... + 2ayz+ ... + ... =0 
will represent a cone of revolution, if 

ftV 6'«-c'» cV c'^-a'" ^ 
a o — c c — a 

1104. The radius r of the central circular sections of the sur- 
face OAfz 4- hzx + cxy = 1 is given by the equation 

ahcr^ -f (a* + 6* + c*) r* = 4 ; 
and the direction-cosines of the sections by the equations 

a b- c 
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1105. If a cone be described having a plane section of a 
given sphere for base, and vertex at a point V on the sphere, the 
subcontrary sections will be parallel to the tangent plane at F. 

1106. If a cone whose vertex is the origin and base a plane 
section of the surface oaf + 6y* + c«* = 1 be a cone of revolution, 
the plane must touch one of the cylinders 

(5_a)y« + (c-a)«»=l, (c-6)«" + (a-6)a^ = l, 
(a-c)ic'+(6-c)y*=l. 

1107. A cone is described whose base is a given conic and 
one of whose axes passes through a fixed point in the plane of 
the conic : prove that the locus of the vertex is a circle. 

1108. If the locus of the feet of the perpendiculars let fiJl 
from a fixed point on the tangent planes to the cone 

aa:" + 6y"-f c«' = 

be a plane curve, it wiU be a circle; and in order that this may 
be the case, the point must lie on one of the systems of straight 
lines (of which only one is possible) 

x = 0, -^+-^ = 0; &C. 

1109. Prove also that, if the point lie on one of these 
straight lines, the plane of the circle will be perpendicular to the 
other : and that a plane section of the cone perpendicular to one 
of the straight lines will have one of its foci on that straight line 

and its eccentricity equal to /J ^ ^-\ 1 1 . 

1110. If a plane cut the cone ay« + 5«aj + cscy = in two 
straight lines at right angles to each other, the normal to the 
plane through the origin will also lie on the cone. 

1111. Prove that, when hV=oa\ and c</=aVf the equation 

aa'+ ... ■h2a'yz + .,, +2a''a5 + ... +/=0 

represents in general a paraboloid whose axis is parallel to the 
straight line 
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1 112. Prove that the locus of tangent lines, drawn from the 
origin to the surface 

u^ttaf+ ... + 2ayz+ ... + 2a'x+ ... +^=0, 

is >-(a'iB + 6'V + c"2?+/)*=0; 

and investigate the condition that the surface may be a cone £rom 
the consideration that this locus will then become two planes. 

1113. The section of the surface yz + zx •¥ xy = a' by the 
plane Ix + my •¥nz = p will be a parabola if 

and that of the surface 

of •¥^ + s?'' 2yz - 2zx — 2xy = a' 

will be a parabola if 

rrni + nl + lm=0, 

1114. The semiaxes of a central section of the surface 

ayz + hzx + cocy + <ibc = 

made by a plane whose direction-cosines are ?, m, n, are given by 
the equation 

r* (2bcmn + . . . - aH* -...) — 4:ahc7^{amn +...) + 4a*6V = 0. 

1115. Prove that the section of the surface 

005*+ ... + 2a'y« + ... + 2a"aj + ... + c^= 
by the plane Ix + my + w« = will be a rectangular hyperbola, if 
Z*(6 + c) + m'{c + a) + n'(a + 6) = 2am/n + 2b'id + 2c Im; 

and a parabola, if 

P(6c-a*)+... + ...+27?m(6V-aa') + ... -f ... =0. 

Explain why this last equation becomes identical if 
b'c'=aay G^a=hb\ and ab' = cc\ 
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1116. The generators drawn through the poin^ (x, y^ z) of 

the snrfiice 

ayz + hzx -f cxy -f ahc = 

will be at right angles, if 

fic" + y" + «*= a" + 6' + c'. 

1117. Normals are drawn to a conicoid at points lying along 
a generator : prove that they will lie on a hyperbolic paraboloid 
whose principal sections are equal parabolas. 

1118. The two conicoids 

(il + y + c")iB*-f (5 + c* + a*)y*+{(7 + a» + 6")«" 

- 2J)cyz - 2cazx - 2a5a^ = €*, 

fx^ y^ z\/a' b' c' A /ax by czV , 

have their axes coincident in direction. 

1119. The two conicoids 

ax' -h ... •\-2a'yz+ ... = 1, 

have one, and in general only one, system of conjugate diameters 
coincident in direction ; but, if 

1 / 6V\ 1 /, cV\ 1 / a'b\ 

there will be an infinite number of such systems^ the direction of 
one of the diametei'S being the same in all. 

1120. Prove that eight conicoids can in general be drawn, 
containing a given conic and touching four given planes. 

1121. A, B is the shortest distance between two generators, 
of the same system, of a conicoid; and any opposite generator 
meets them in P, ^ respectively : prove that the lengths a, y of 
APf BQ are connected by a constant relation of the form 

aacy + 6aj + cy + ci = 0. 
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1122. Ay B ; Py Q are the points where two fixed generators 
are met by two of the opposite system; if -4, ^ be fixed, the 
lengths X, y oi AP, BQ -vi^l be connected by a constant relation 
of the form 

aaay + 6aj + cy = 0. 

1123. A hyperboloid of revolution is drawn containing two 
given straight lines which do not intersect : prove that the locus 
of its axis is a hyperbolic paraboloid, and that its centre lies on 
one of the generating lines through the vertex of this paraboloid. 



III. Conicoids re/erred to their axes. 

1124. The curve traced out on the surface ^ + - = aj by the 

be ^ 

extremities of the latera recta of sections made by planes through 
the axis of x lies on the cone 

1125. The locus of the middle points of all straight lines 
passing through a fixed point and terminated by two fixed planes 
is a hyperbolic cylinder. 

1126. An ellipsoid and hyperboloid are concentric and con- 
focal : prove that a tangent plane to the asymptotic cone of the 
hyperboloid will cut the ellipsoid in a plane of constant area. 

1127. The locus of the centres of all plane sections of a given 
conicoid drawn through a given point is a similar and similarly 
situated conicoid, on which the given point and the centre of the 
given surface are extremities of a diameter. 

1128. An ellipse and a circle have a common diameter, and 
on any chord of the ellipse parallel to this diameter is described a 
circle in a plane parallel to that of the given circle : prove that 
the locus of these circles is an ellipsoid^ 
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1 1 29. An ellipsoid is generated by the motion of a point fixed 
in a certain straight line, which moves so that three other fixed 
points on it lie in the co-ordinate planes : prove that there are four 
such systems of points; and that if the corresponding straight 
lines be drawn through any point on the ellipsoid, the angle 
between any two is equal to that between the other two. 

1130. Of two equal circles, one is fixed and the other moves 
parallel to a given plane and intersects the former in two points : 
prove that the locus of the moving circle is two elliptic cylin- 
ders. 

1131. At each point of a generating line of a conicoid is 
drawn a straight line touching the conicoid and at right angles 
to the generating line : prove that the locus of such straight lines 
is a hyperbolic paraboloid whose principal sections are equal 
parabolas. 

1132. The locus of the axes of sections of the surface 

which contain the line 

X _y ^z 

is the cone 
(h — c) yz (mz—ny) •\-{c — a)zx (nx — lz) + (a— 6) xy {ly - mx) = 0, 

1133. The three acute angles made by any system of equal 
conjugate diameters of an ellipsoid will be together equal to two 
right angles, if 

2(2a'-6«-c")(26'-c'-a")(2c»-a»-6») = 27a"6V; 
2a, 2h, 2c being the axes. 

1134. From different points of the straight line 

X y z 



a b i) 



f 
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asymptotic straight lines are drawn to the hyperboloid 

or c 
prove that they will lie on the two planes 

1 135. The asymptotes of sections of the conicoid 

aa? + 6y* + caj" = 1, 

made by planes parallel to 

Ix + my + w« =s 
lie on the two planes 

(phc + m^ca + n^aib) {aa? + hy* + cz^) = ahc (Ix + my + nzf. 

1136. The locus of points, from which rectilinear asymptotes 
can be drawn to the conicoid 

005* + hj^ + C2f* = 1 

at right angles to each other, is the cone 

a' (5 + c) 05* + 5' (c + a) y" + c* (a + 5) «" = 0. 

1137. A sphere is described, having for a great circle a plane 
section of a given conicoid : prove that the plane of the circle in 
which it again meets the conicoid intersects the plane of the 
former circle in a straight line which lies in one of two fixed 
planes. 

1138. In the hyperboloid — + ^-j^ — =1, (a > 6), the spheres, 

Of 

of which one series of circular sections of the hyperboloid are great 
circles, will have a common radical plane. 

1139. The plane containing two parallel generators of a 
conicoid will pass through the centre. Two generators of the 
paraboloid 

V = 4« 

a 
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are drawn through the point (X, 0, Z) : prove that tie angle 
between them is 



COS' 






1140. The perpendiculars let fall from the vertex of a hyper- 
bolic paraboloid on the generators will lie on two cones of the 
second degree, whose circular sections are parallel to the princi- 
pal parabolic sections of the paraboloid. ^ 

1141. If -4, A' be one of the real axes of a hyperboloid of one 
sheet, and jP, P^ the points where any generator meets the genera- 
tors of the opposite system through -4, A' respectively ; the rect- 
angle AP, A^P' will be constant. 

1142. In a hyperboloid of revolution of one sheet, the 
shortest distance between two generators of the same system is 
not greater than the diameter of the principal circular section. 

1143. The equation of the cone generated by straight lines, 
drawn through the origin parallel to normals to the ellipsoid 

x' f z' , 
a c 

at points where it is met by the confocal surface 

x' 

aV by cV _^ 

1144. The points on a conicoid, the normals at which inter- 
sect the normal at a given point, all lie on a cone of the second 
degree having its vertex at the given point. 

1145. Straight lines are drawn in a given direction, and the 
tangent planes drawn through each straight line to a given coni- 
coid are at right angles to each other : prove that the locus of such 
straight lines is a cylinder of revolution, or a plane. 



1 
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» 

1146. A cone is described baving for base the section of the 

conicoid 

aa? + 6y* + eg* = 1 

made by the plane 

Ix + nvy + 7i« = 0, 
and intersects the conicoid in a second plane perpendicular to the 
given plane : prove that the vertex must lie on the surface 
(^ + wi* + w*) {aa? + Jy" + c^* — 1) = 2 {lx-\-my + nz) (alx + hmy + cnz) . 

1147. The six normals drawn to the ellipsoid 

aj" y' «' 

— + ~ H =1 

a* 6« «« 
from the point (x^, y^ z^ all lie on the cone 

^ ^x-x^ 'y-y^ 'z-z^ 

1148. The six normals drawn to the conicoid 

005* + 6y* + c«^ = 1 

from any point on one of the lines 

a (6 — c) 05 = ± 6 (c - a) y = ± c (a — 6) « 
will lie on a cone of revolution. 

1149. A section of the conicoid oo* + 6y^ + car* = 1 is made by 
a plane parallel to the axis of z^ and the trace of the plane on xy 
is normal to the ellipse 



(a - cf {b - cy (c« - aby ' 

prove that the normals to the ellipsoid at points in this plane will 
all intersect the same straight line. 

1150. If the normals to the ellipsoid 



at points on the plane 



9 8 8 

or y «* - 

— 4- - - H =1 

a T^ la ^ ^« 
a C 



7^ y ^ -i 

I- ■¥m-i+n--\ 
a c 
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all intersect the same straight line, the normals at points on 
the plane 

— , + /- +— + 1 = 
at om en 

will also intersect that line. Prove also that the condition 
for this is 
(mV-?)(6'-c7 + (w''^-m'»)(c«-a')« + (^W-w')(a'-67 = 0. 

If ? = m=w=l, the straight line which the normals inter- 
sect is 

axih^-c") = hy{(?-a^) = cz{a^ - ¥). 

1151. The normals to the paraboloid 

I- + - = 2a; 
6 c 

at points on the plane px ■\- qy -^^ rz = \ will all meet one straight 
line if 

1152. PQ is a chord of a conicoid, normal at P ) any plane 
conjugate to PQ meets the conicoid in a curve A : prove that one 
axis of the cone whose vertex is P, and base the curve Ay is the 
normal at P^ and that the other axes are parallel to the axes of 
any section parallel to the tangent plane at P, 

1153. Straight lines are drawn through the point {x^ y^, «J, 
such that their conjugates with respect, to the paraboloid 

^ + X = 2a; 
a 

are perpendicular to them respectively : prove that these straight 
lines must lie on the cone 

y, -0 ^^Z_*=0; 



y-Vo «-«o ^-^0 

and that their conjugates will envelope the parabola 
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1154. If a straight line be perpendicular to its conjugate with 
respect to any conicoid, it will be perpendicular to its conjugate 
with respect to any conicoid confocal with the former. 

1155. Any generator of the sur£BU)6 y* +«* — «* = »» will be 
perpendicular to its conjugate with respect to the surface 

OiB*+ ... + 2a'y;&+... = 1, 

if hG — a^=^ca-'V* = ab-'C^l and aa'=^Vo\ 

1156. In the two conicoids 

««» + 6y* + c«*= 1, Ax^^By* + Os* = I, 

eight generators of the first will be perpendicular respectively 
to their conjugates with respect to the second. 

1157. is a fixed point, F a point such that the polar planes 
of 0, P with respect to a given conicoid are perpendicular to each 
other ; prove that the locus of P is the plane bisecting chords 
perpendicular to the po]ar plane of 0. 

1158. A hyperbolic paraboloid, whose principal sections are 
equal, is drawn through two given non-intersecting straight lines; 
prove that the locus of its vertex is a straight line. 

1159. If two conicoids have two common generators of the 
same system, they will also have two common generators of the 
opposite system. 

1160. If two given straight lines be generators of the same 
system of a conicoid, the polaj: plane of any given point, with 
respect to the conicoid, will pass through a fixed* point. 

1161. If two conicoids touch each other in three points, 
they will touch each other in an infinite number ; or will have 
four common generators, . . 

w. 16 
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IV. Tetrahedral Coordinaies. 

1162. When the opposite edges of the tetrahedron ABCD are, 
two and two^ at right angles, the three shortest distances between 
the opposite edges meet in the point _ ^ 

k b.ing the sum of the squares on any pair of opposite edges. 

1163. Determine the condition that the straight line 

- = ^ = ^ 

may touch the conicoid 

iPy + mya + na^ + Z'aS + m'j88 + n y8 = ; ' 

and thence prove that the equation of the tangent plane, at the 
point a = j8 = y = 0, is 

Va + mp + ny = 0. 

1164. Any conicoid which touches seven of the planes 

tkla^k rap at ny ± rS = 
will touch the eighth ; and its centre will lie on the plane 

ra + m»j8 + 7i*y + r»8 = 0. 

Prove that this plane bisects the part of eacK edge of the fun- 
damental tetrahedron which is intercepted by the given planes. 

1165. If a hyperbolic paraboloid be drawn containing the 
sides A By BC, CD, DA of a quadrilateral which is not plane^ 
and F be any point on this surface, 

vol. PBCD X vol . FDA B = vol. FDA C x vol. FA BC. 

Also, if any tangent plane meet AB, CD in F, Q respectively, 

AF : BP :: DQ ; CQ. 
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1166. The locus of the centres of all conicoids which have 
four common generators, two of each system, is a straight line. 

1167. Perpendiculars are let fall from the point (a, /3, y, 8) 
on the faces of the fundamental tetrahedron, and the feet of these 
perpendiculars lie in one plane; prove that 

11' 1 1 ^ 



p,'a p//J p^'y p^'6 
Piy Pa* Pa* Pa ^6i°g ^^ perpendiculars of the tetrahedron* 

1168. If a tetrahedron be self-conjugate to a given sphere, 
any two opposite edges will be at right angles to each other, jand 
all the plane angles at one of the solid angles will be obtuse. 

1169. If the opposite edges of a tetrahedron be, two and two, 
at right angles to each other; the circumscribed sphere, the 
sphere bisecting the edges, and the sphere to which the tetra- 
hedron is self-conjugate will have a common radical plane. 

1170. A tetrahedron is such that a sphere can be described 
touching its six edges ; prove that any two of the four tangent 
cones drawn to this sphere from the angular points will have a 
common tangent plane and a common plane section; and the 
planes of these common sections will all six meet in a point. 

1171. A tetrahedron is such that the straight lines joining 
its angular points to the points of contact of the inscribed sphere 
with the respectively opposite faces meet in a point; prove that, 
at any point of contact, the sides of the face on which the point 
lies subtend equal angles. 

1172. If a conicoid circumscribe a tetrahedron A BCD, and 
the tangent planes at -4, By C, D form a tetrahedron il'iJ'O'i/; 
then \iAA\ BB intersect, GG\ BD' will also intersect 

1173. Four points are taken on a conicoid ; prove that, if the 
straight line joining one of the points to the pole of the plane 

16—2 



244 



BOOK OP MATHEMATICAL PEOBLEMS* 



througli the other three pass through the centre, the tangent 
plane at that point is parallel to the plane through the three 
points. 

1174. The equation of a conicoid is 

7miPy + nlya-\-lmaP + lrah+ ... + ,..=0; 

prove that it can never be a ruled surface, and that it will be a 
paraboloid if 

1175. The surface 

iPy-k-mya+naP + ^08 + m')8S + wyS = 

•will be a cylinder, if 

Zr (w + w — Q + mm' (w + Z— m) + nn{L + m — w) = 2lm7iy 
and 

W {m' + 7*' — Z) + mm' (n-^-l— m') + nn {l+m'—7i) = 2lm'n\ 

1176. If Z, m, 71, r be respectively the rectangles of segments 
of chords drawn from four points A, B, C, D (not in one plane) to 
meet a certain sphere, and p be the radius of the sphere ; then, 
will 

= 0. 



0, 


1, 


1, 


1. 


1, 


1 


1. 


0, 


AI?, 


AC\ 


AD\ 


l+p' 


1, 


3A*, 


0, 


BC, 


BD\ 


m+p' 


1, 


CA% 


C^, 


0, 


cjy. 


n + f^ 


1, 


DA*, 


DB", 


DG*, 


0, 


r + p* 



1, Z + p', m + p', n-^p', ^ + p!> 







1177. The perpendiculars u, x, y, z let fall from the angular 
points of a given finite tetrahedron on a plane are connected 
by the equation 

pa* + goj" + ry* + «»* + 2lxy + 2myu + 2nux 

+ 2Vvz + 2m'xz+2nyz^0 ; 
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prove that the envelope is a coniooid^ which degenerates into 
a plane curve if 



my I, Ty n' 
Vy m\ n\ 8 I 



= 0. 



are 



V. Focal Curves, Eedprocal Fola^s. 

1178. The equations of the focal lines of the cone 

ayz + bzx + coc^ = 0, 

(cy + hzY (az+cxY (bx + ay)* 
y«+;&* " s^-ha^ ~ iB« + y* ' 



1179. A parallelogram of minimum area is circumscribed 
about the focal ellipse of a given ellipsoid, and from its, angular 
points taken in order are let &J1 perpendiculars p^y p^ p^ p^ on 
any tangent plane to the ellipsoid; prove that 

2c being the length of that axis which is perpendicular to the 
plane of the focal ellipse. 

1180. If -BTi, -cTji 'BTg, 'UT^ he the perpendiculars on any tan- 
gent plane from the extremities of two conjugate diameters of 
the focal ellipse, and p the perpendicular from the centre 

1181. With any two points of the focal ellipse as foci, can be 
described a prolate spheroid touching an ellipsoid along a plane 
curve; provided the tangents to the focal at the two points 
intersect without the ellipse. 

1182. The four straight lines drawn in a given direction, 
and intersecting both focal curves of an ellipsoid, lie upon a cyliu- 



246 BOOK OP 3iATHEMATICAL PROBLEMS. 

der of revolution whose radius is ,J{a^—p^); a being the semi 
major axis, and p the perpendicular from the centre on the tan- 
gent plane normal to the given direction. 

1183. If with a given point as vertex, a cone of revolution 
be described whose base is a plane section of a given conicoid ; 
this base will touch a fixed cone whose vertex lies on one of the 
axes of the enveloping cone drawn from the given point. 

1184. The straight line joining the points of contact of a 
common tangent plane to the two conicoids 

Eubtends a right angle at the centre. 

1185. Throtigh a given point can in general be drawn two 
straight lines, either of which is a focal line of any cone, en- 
veloping a given conicoid, and having its vertex on the straight 
line. If two enveloping cones be drawn with their vertices one 
on each of these straight lines, a prolate conicoid of revolution 
can be inscribed in them, having its focus at the given point. 

1186. If any point be taken on the umbilical focal conic 
of a conicoid, there exist two fixed points Z, such that if any 
plane A be drawn through L and a be its pole, Oa is at right 
angles to the plane through and the line of intersection of A 
with the polar of X. 

1187. With a given point as vertex there can in general be 
drawn one tetrahedron self-conjugate to a given conicoid, and 
such that the edges meeting in the point are two and two at 
right angles; but if the given point lie on a focal curve, an 
infinite number, # 
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YI. General Functional amd Differenlial Eqtuitions^ 

1188. A surface is generated by a straight line which always 
intersects two fixed straight lines 

prove tha)i the equation of the surface generated is of the form. 

mcx — yz _ ^ (max — cy^ 

IT 



t-yz _ ^/ mzx-'Cy \ 



4.189. The general functional equation of surfaces generated 
by a straight line, intersecting the axis of z^ and meeting the 
plane oixym the circle ic* + y' = a*, is 



«'+y={«+m)j'; 



^fmd the general differential equation is 

{af+'y^(jpx+qy-'Zy = a*{px + qy)\ 

1190. The general functional equation of all surfaces, gene- 
rated by a straight line which always intersects the'axis of z, is 

and the differential equation is 

K ros* + 2«cy + <y* = 0. 

1191. The differential equation of a family of sur&ces^ such 
that the perpendicular from the origin on the normal always lies 
in the plane of i^, is 

4 

1192. The differential equation of a family of sur&cee, gene- 
rated by a straight line which is always parallel to the plane 
of xy and whose intercept beti^een the planes oizx^yz vik constant 
and equal to c, is 
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1193. The geneitJ differential equations of surfaces, generated 
by a straight line (1) always parallel to the plane lx + my+'bBZ = 0; 
(2) always intersecting the straight line '^ 

are respectirely, 

(1) (m + nqyr-2{m -\- 7iq){l -^np)s + {l -^npyt = ; 

(2) {It/ - mxy{q''r - 2pq8 +p't) 

+ 2(1^ — mx) {nx — Iz) {qr —ps) 
+ 2 (^y — mx) {ny — mz) (qs —pi) 
+ {nx-lzyr+ 2{nx-'h) {ny -7riz)8'¥ {nt/ - nizyt= 0. 



VIL Envelopes, 

1194. The envelope of the plane Ix -h Tny -¥ tvs = a ; lyV^^n, 
being parameters connected by the relations 

is the eylinder 

1195. Find the envelope of the planes 

(1) ~cos(tf-hi^) + |6ofl(fl-^) + ?8in(tf+^) = sin(tf-^), 

(2) - co8(fl - ^) + |(co8fl + cos^) + -(sin* + sin^) = l, 
both when 0^ ij> are parameters^ and when only is a parameter. 

1 196* The envelope of the plane 



sintfcos^ 8in0sin<^ cosd 
is the surface 

X +y -f « =<* . 
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1197. The envelope of all paraboloids, to which a given 
tetrahedron is self-conjiigate, is the planes each of which bisects 
three edges of the tetrahedron. 

1198. A prolate spheroid can be described having two oppo- 
site umbilici of an ellipsoid as foci and touching the ellipsoid along 
a plane curve : and this spheroid will be the envelope of a series 
of spheres, having one system of circular sections of the ellipsoid 
as great oircles. 

1199. Spheres are described on a series of parallel chords of 
an ellipsoid as diameters : prove that they will have double con- 
tact with another ellipsoid ; and that the focal ellipse of the latter 
will be the diametral section of the former conjugate to the 
chords. Also, if o^ 5, c be the axes of the former, and a, j8, y of 
the latter, 

a* + 6» + c« = a* + i8'-y', 

y being that axis which is perpendicular to the plane bisecting 
the chords. 

1200. The envelope of a sphere, intersecting a given conicoid 
in two planes and passing through* the centre, is a surface of the 
fourth degree, touching the conicoid along a spherical conic. 



'VIII. Guroaturt. 

1201. If from any point of a curve equal small lengths 8* be 
measured in the same direction along the cArve, and along the 
circle of absolute curvature, respectively ; the distance between 
the extremities of these lengths is ultimately 

p, cr being the radii of curvature and torsion respectively at the 
point. 
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1202. Two surfaces have complete contact of the r^^ order at a 
point : prove that there are n + 1 directions of normal sections for 
which the curves of section will have contact of the w + 1*** order : 
and hence prove that two conicoids which havQ double contact 
with each other will intersect in plane curves. 

1203. Prove that it is in general possible to determine a 
paraboloid whose principal sections shall be equal parabolas, and 
which shall have a complete contact of the second order with 
a given surface at a given point, 

» 

1204. Prove that a paraboloid can in general be drawn 
liaving a complete Qontact of the second order with a given sur&ce 
at a given point, and such that all normal sections through the 
point have contact of the third order. 

' ' * 1 

1205. A skew surface is capable of generation in two ways by 
•straight lines ;. at any point of it the absolute magnitudes of the 
principal radii of curvature are a, h : pi*ove that the angle be- 
,tween the generators which intersect in the point is 

-1 « *- ft 



cos 



a + 6 * 



1206. The points on the surface 

o^y* =i^ a (y« + «ae + ay ), 

at which the principal radii of curvature are equal and oppgaitey 
lie on the cone 

and on the surface 

all such points lie on the cone 

«'(y + «) + y*(« + aj)-f«*(aj + y) = 0. 
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1207. A surface is generated by a straight line intersecting 
the two straight lines 

y = a;tana,| y=: — a;tana^) 



etana,| 



Z = C^ ) «as — C, / 



and \ fi are the distances of the points where the generator meets 
these straight lines from the points where the axis of z meets 
them : prove that the principal radii of curvature at a point on 
the first straight line are given bj the equation 

cVsin*2a-2cpsin2a-7-(X— /to6B2a)(4c*+ft*siii*2a) . 

= (^)V + /Bin'2a)'. 

1208. A surface is genei*ated by the motion of a variable 
circle, which always intersects the axis of x and is parallel to the 
plane of ^ If, at a point on the axis of a;, r be the radius of the 
circle and 6 the angle which the diameter through the point 
makes with the axis of z, the principal radii of curvature at the 
point are given by the equation 

''''•+ ©'^-*->=®- 

1209, A surface is generated by a straight line which always 
intersects a given circle and the straight line through the centre 
perpendicular to the plane of the circle ; is the angle which the 
generator makes with the fixed straight line, and ^ the angle 
which the projection of the generator on the plane of the circle 
makes with a fixed radius : prove that the principal radii of cur- 
vature at the point where the generator meets the fixed straight 
line are 

de 

a — 



and that at the point where it meets the circle they are given by 
the equation 

a beiDg the radius of the circle. 
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1210. If I, m, n he the direction cosines of the normal at 

. . a* y* «* 
any point of the conicoid — + y + — = 1, and ^ the angle between 

the geodesic lines through that point and through the umbilici ; 



then will 



^ *"ZV(6-c)»+... + ...-2wiV6c(a-6)(a-c) -...-...' 
the axis of y being parallel to the circular sections. 
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I. Composition and BesoltUion of Forces, 

1211. If be the centre of the circle circumscribing a tri- 
angle ABC, and 2>, E, F the middle points of the sides, the 
system of forces OAy OB, OG will be equivalent to the system 

on, OF, OF 

1212. Forces F, Q, R act along the sides of a triangle ABC 
and their resultant passes through the centres of the inscribed 
and circumscribed circles ; prove that 

P g ^ i? 

cos B — cos C cos C — cos A cos A — cos B ' 

1213. ABCD is a quadrilateral inscribed in a circle, and 
forces inversely proportional to ^^, BC, AD, DC act along the 
sides in the directions indicated by the order of the letters; prove 
that their resultant acts along the line joining the intersection of 
AC, BD to the intersection of the tangents at B, Z>. 

1214. In a triangular lamina JiBCy AD, BF, CF are the per- 
pendiculars, and forces BD, CD, CF, AF, AF, BF are applied to 
the lamina ; prove that their residtant passes through the centre 
of the circumscribed circle. 

1215. Three equal forces P act at the angles of a triangle 
ABC perpendicular respectively to the opposite sides ; prove that 
their resultant is equal to 



^^(l-Ssin^sm^am^). 



1216. If be the centre of the circumscribed circle, and L 
the centre of perpendiculars of a triangle ABC, three forces repre- 



254 BOOR OF MATHEMATICAL PROBLEMS. 

sented by LA^ LB^ I/J will have a resultant along LO and equal 
to twice LO, 

1217. Three parallel forces act at the angular points of a 
triangle ABG^ and are to each other as 6 + c : c-^a : a + 6; 
prove that their resultant passes through the centre of the in- 
scribed circle of the triangle whose angular points, bisect the 
sides of the former. 

1218. The position of a point P such that forces acting along 
"PAy PBy PC, and equal to IP A, mPBy nPC respectively, are in 
equilibrium, is given by the equations 

areal coordinates being used. 

1219. Forces act along the sides of a triangle ABC and are 
proportional to the sides ; AA\ BB\ CQ* are the bisectors of the 
angles ; prove that if the forces be turned in the same direction 
about A\ B^y C respectively, through an angle 

tan M — cot — ^ — ^* — o — ^^ — 5 — j » 
there will be equilibrium. 

1220. A system of forces whose components are (Xj, ?,), 
(Xg, T^ ... act at the points (a?,, y,), («,, y,) ... and are equiva- 
lent to a single couple ; prove that if each force be turned about • 
its point of application through an angle there will be equili- 
brium, if 

S (Xx + Yy) 

1221. If L,M, N he the sums of the moments of a given 
system of forces about three rectangular axes, and X, F, Z the 
sums of the components along these axeS| then will 

LX^MY^NZ 

be independent of the particular system of axes. 



I 
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1222. The neoessary and sufficient conditions of equilibrinm 
of a system of forces acting on a rigid body are that the sum of 
the moments of all the forces about each of the edges of any finite 
tetrahedron shall be severally equal to zero. 

1223. Forces acting on a rigid body are represented by the 
edges of a tetrahedron, three acting from one angular point and 
the other three along the sides taken in order of the opposite 
face ; prove that, whichever angular point be taken, the product 
of the resultant force and minimum couple will be the same. 

1224. Three forces act along three non-intersecting straight 
lines, any other straight line is drawn meeting the three ; prove 
that the shortest distance of this straight line from the central 
axis of the forces is proportional to the cotangent of the angle its 
direction makes with the central axisL 

1225. A portion of a curve surface of continuous curvature 
is cut off by a plane, and at a point in each element of the portion 
a force propoi'tional to the element is applied in direction of the 
normal ; prove that, if all the forces act inwards, or all outwards^ 
they will in the limit have a single resultant. 

1226. If a system of forces acting on a rigid body be reducible 
to a couple, it is always possible by rotation about any proposed 
point to bring the body into such a position that' the forces, 
acting at the same points of the body in the same directions in 
space, shall produce equilibrium. 

1 227. A system of forces are reduced to a force acting through 
an assumed point and a couple ; prove that, if the assumed point 
be taken on a fixed straight line, and through it the axis of the 
couple be drawn^ the extremity of the axis will lie on another 
fixed straight line. 

1228. Prove that the central axis of two forces /*, Q in- 
tersects the shortest distance e between their lines of action^ 
and divides it in the ratio 

Q{Q + Pcos0) : P(P + Ocos^), 
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6 being the angle between their directions. Prove that the 
moment of the principal couple is 

cPQ sin e 

1229. If a system of forces be reduced to two, one of which 
F acts along a fixed straight line; then will 

1 _ cos c sin 

6 being the angle which the given straight line makes with the 
central axis, c the shortest distance between them, E the result- 
ant force, and G the principal couple. 

1230. If a system of forces be reduced to two at right angles 
to each other> the shortest distance between their lines of action 

cannot be less than -r— . 

E 

1231. If a system of forces be reduced to two P, $, and the 
shortest distances of their lines of action from the central axis be 
a?, y respectively ; then will 

1232. Two forces act along the straight lines 

aj = a, f/ = zi6XLa; «=■—», y = — «tana; 

prove that their central axis lies on the sur&ce 

^ ^ 8m2a 
the coordinates being rectangular. 

1233. Two forces given in magnitude act along two given 
non-intersecting straight lines, a third force given in magnitude 
acts through a given point, and the three have a single resultant; 
prove that the line of action of the third force must lie on a 
certain cone of revolution. 
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IL CenJtre of OravUy. 

1234. A rectangular board of weight W is supported in a 
horizontal position by vertical strings at three of its angular 
points ; a weight 5 W being placed on the board, the tensions of 
the strings become Wy2Wy 3W; prove that the weight must be at 
one of the angular points of a hexagon whose opposite sides are equal 
and parallel, and whose area is to that of the board as 3 : 2^, 

1235. If particles be placed at the angular points of a tetra- 
hedron, proportional respectively to the areas of the opposite 
faces, their centre of gravity will be the centre of the sphere 
inscribed in the tetrahedron. 

1236. A uniform wire is bent into the form of three sides of 
a polygon AB^ £C, CD, and AB^CD^a, £C=b; prove that, 
if the centre of gravity of the wire be at thia intersection of AC, 
£D, each of the angles £, C is equal to 



•^"(-^J- 



1237. A thin uniform wire is bent into the form of a triangle 
ABC, and particles of weights P, Q, R are placed at the angular 
points; prove that, if the centre of gravity of the particles coin- 
cide with that of the wire, 

P : © ; jK :: 6 + c : c + a : a + 6. 

1238. A polygon is such that d,, a^, a,... being the angles 
made by its sides with any fixed straight line, 

S(co8 2a) = 0, S(8in2a)=0; 

prove that there exists a point which is the centre of gravity of 
n equal particles placed at the feet of the perpendiculars from 
on the sides; and that the centre of gravity of n equal particles, at^^ 
the feet of the perpendicxQars fix)m any other point F, bisects OP^ 

w. 17 



258 BOOK OF MATHEMATICAL PBOBLEMS. 

1239. The limiting position of the centre of gravity of the 
area included between the area of a quadrant of an ellix>se bounded 
by the axes and the corresponding quadrant of the auxiliaiy circle, 
as the ellipse approaches the cii*cle as its limit, will be a point 
who8e distance from the major axis is twice its distance from the 
minor axis. 

1240. A curve is divided symmetrically by the axis of x, and 
is such that the centre of gravity of the area included between 
the ordinates a? = 0, x^h is at a distance mA from the origin ; 
prove that the equation of the curve is 



1241. The circle is the only curve in which the centre of 
gravity of the area included between any two radii vectores and 
the curve lies on the sia:aight line bisecting the angle between the 
radii. 

1242. Determine the differential equation of a curve such 
that the centre of gravity of any arc measured from a fixed point 
lies on the straight line bisecting the angle between the radii of 
the extremities. Prove that the curve is a lemniscate, the node 
being pole. 

1243. Two rods AB, BG rigidly united at B and suspend- 
ed freely fi*om Af rest inclined at angles a, j3 to the vertical; 
prove that 

Jiij vA sina/- 

1 244. ABy BG are two uniform rods freely jointed at B and 
moveable about A which is fixed ; find at what point in BG a 
prop must be placed so that the rods may be at rest in a hori- 
zontal straight line. 

1245. Three equal uniform rods, jointed together at their 
extremities, rest in one horizontal line on three pegs, each rod in 
qontact with one peg; find the positions of equilibrium. 
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The length of each rod being a, and the pegs at equal dist- 
ances 6; prove that there wiLl be three positions of equilibrium if 

306<36a>5(4 + ^7)a. 

1246. A rectangular board is supported with its plane verti- 
cal by two smooth pegs, and rests with one diagonal parallel to 
the line joining the pegs ; prove that the other diagonal will be 
vertical 

1247. A rectangular board whose sides are o^ &, is supported 
with its plane vertical on two smooth pegs in the same horizontal 
line at a distance c; prove that the angle 6 made hj the side a 
with the vertical when in equilibrium is given bj the equation 

2c cos 20 = 6 cos — a sin A 

1248. A portion of a parabola^ cut off by a focal chord in- 
clined at an angle a to the axis, rests with its chord horizontal on 
two smooth p^ in the same horizontal line at a distance c; prove 
that the latus rectum of the parabola is 0^/5 sin' a. 

1249. A uniform rod AB of length 2a is freely moveable 

about A ; a smooth ring of weight F slides on the rod and has 

attached to it a fine string, which, passing over a pulley at a 

height h vertically above -4, supports a weight Q hanging freely : 

find the position of equilibrium of the system ; and prove that, if 

in this position the rod and string be equally inclined to the 

vertical, 

2Q{g>--Way = JP'Wab. 

1250. A uniform rod, of length c, rests with one end on a 

smooth elli|)tic arc, whose major axis is horizontal, and with the 

other on a smooth vertical plane at a distance h from the centre 

of the ellipse; prove that, if be the angle made by the rod 

with the horizon, 

ct 
tan = '7rr tan ^, where a cos <h + h=^c cos 0. 
Jo 

Explain the result when As 26=3 c, &=0. 

17—2 
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IIL Smooth Bodies tmder forces in one plane^ 

1251. A small smooth heavy ring is capable of sliding on a 
fine elliptic wire whose major axis is vertical ; two strings at>^ 
tached to the ring pass through small smooth rings at the foci 
and sustain given weights ; prove that, if there.be equilibrium in 
any position in which the whole string is not vertical, there will 
be equilibrium in every position. 

Prove also that the pressure on the curve will be a maximum 
or minimum when the sliding riug is at either extremity of the 
major axis, and when its focal distances have between them the 
same ratio as the two sustained weights. 

1252. Two spheres of densities p, o- and radii a, 6, rest in a. 
paraboloid whose axis is vertical, and touch each other at the 
focus; prove that pW = aV. Also if TT, F' be their weights, 
and E, R the pressures on the paraboloid at the points of 
contact^ 






1253. Four uniform rods freely jointed at their extremities 
form a parallelogram, and at the middle points of the rods are 
small smooth rings joined by rigid rods without weight. The 
parallelogram is suspended -freely from one of its angular points; 
find the tensions of the rods and the reactions of the rings, and 
prove that (1) if the parallelogram be a rectangle the tensions 
are equal, (2) if a rhombus the reactions are equal. 

1254. An elliptie lamina of axes 2a, 25, rests with its plane 
vertical on two smooth pegs in the same horizontal line at a 
distance c; prove that, i£j:<bJ2 or > apj2j the only positions 
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of equilibrium are when one axis is vertical ; and tliat, it 
c >• hJ2 < a^2, the positions in which an axis is vertical -are 
stable, and there are unstable positions of equilibrium in which 
the pegs are at the extremities of coDJugat'O diameters. 



IV. Friction. 

1255. Find the least coefficient of friction between a given 
elliptic cylinder and a particle, in order that, for all positions 
of the cylinder in which the axis is horizontal, the particle may 
be capable of resting vertically above the axis. 

1256. Two given weights of different material are laid on a 
given inclined plane, and connected by a string in a state of 
tension inclined at a given angle to the intersection of the plane 
with the horizon, and the lower weight is on the point of motion; 
determine the coefficient of friction of the lower weight, and the 
magnitude and direction of the force of friction on the upper 
weight. 

1257. A weight to rests on a rough inclined plane (/a<1) 
supported by a string, which, passing over a smooth pulley at the 
highest point of the plane, sustains a weight > fiw < w hanging 
vertically; prove that the angle between the two positions of the 
plane in which u; is in a state bordering on motion is , 



2 tan"* 



H- 



1258. Two weights of similar material connected by a fine 
string rest on a rough vertical circular arc on which the string 
lies ; prove that the angle subtended at the centre by the distance 
between the limiting positions of either weight is 2 tan"* /x. 

1259. A uniform rod rests with one extremity against a 
rough vertical wall, the other being supported by a string of equal - 
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length fastened to a point in the wall ; prove that the least angle 

which the string can make with the wall is tan"' f - j . 

1260. A uniform rod of weight W rests with one end against 
a rough vertical plane and with the other end attached to a string 
which passes over a smooth pulley vertically above the former end 
and supports a weight F. Find the limiting positions of equili- 
brium, and prove that equilibrium will be impossible unless P be 
greater than TToos c, tan e being the coefficient of friction. 

1261. A heavy uniform rod of weight W rests inclined at an 
angle to the vertical in contact with a rough cylinder of revo- 
lutioUy whose axis is horizontal and whose diameter is equal in 
length to the rod. The rod is maintained in its position by a fine 
string in a state of tension, which passes from one end of the rod 
to the other round the cylinder; prove that the tension of the 
string must be not less than 



TT/costf . A 



1262. Two weights support each other on a rough double 
inclined plane, by means of a fine string passing over the vertex, 
and both weights are on the point of motion; prove that if the 
plane be tilted till both weights are again on the point of motion, 
the angle through which the planes must be turned is 

2 tan^* fi. 

1263. A square lamina has a string of length equal to that 
of a side attached at one of the angular points; the string is also 
attached to a point in a rough vertical wall, and the lamina rests 
with its plane vertical and perpendicular to the wall; prove that, 
if the coefficient of friction be 1, the angle which the string makes 

with the wall lies between - and ^ tan"* -^ • 

4 2 2 

1264. Two weights P, Q of similar material resting on a 
rough double inclined plane are connected by a fine string passing 
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over tlie common vertex, and Q is on tlie point of motion down 
the plane; prove that the weight which may be added to P 
without producing motion is 

jP8in2€8in(a + j8) 
sin (a — e) sin (^ — c) * 

q, )8 being the angles of inclination to the horizon, and tan c the 
coefficient of Motion. 

1265. A uniform rod rests with one extremity against a rough 

vertical wall f f- = q)> the other extremity being supported by a 

string three times the length of the rod attached to a point in the 
wall ; prove that the angle which the string makes with the wall 
in the limiting position of equilibrium is 

tan ' 2^ or tan '^. 

1266. A weight W is supported on a rough inclined plane of 
inclination a by a force P, whose direction makes an angle i with 
the plane, and whose component in the plane makes an angle 6 
with the line of greatest inclination in the plane ; prove that, for 
equilibrium to be possible, 

- 2 sin* a sin* 6 cos* i 

^ 1 + cos 2a cos 2i — sin 2a sin 2i cos * 

1267. A given weight, resting upon a rough inclined plane, 
is connected with a weight F by means of a string passing over a 
rough peg, P hanging freely. The coefficients of friction for the 
peg and plane are tan X, tan X^, (X > X'). Prove that the inclina- 
tion of the string to the plane in limiting equilibrium, when P is 
a maximum or minimum, is X — X'. 
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V. Eldaiio Strings, 

1268. A string whose elasticity varies as the distance from 
one extremity is stretched by any force; prove that its extension 
is equal to that of a string of the same length, of uniform elas- 
ticity equal to that at the middle point of the former, stretched by 
the same force. 

1269. An elastic string rests on a rough inclined plane, with 
its upper extremity fixed; prove that its extension will lie 
between the limits 

1^ sin (a ± c) ^ 
2X cos"i ' 

a being the inclination of the plane, tan c the coefficient of fiiction, 
and Z, \ natural lengths of the string and of a portion of it whose 
weight is equal to the coefficient of elasticity. 

1270. Two weights P, Q are connected by an elastic string 
without weighty which passes over two small rough pegs A^ B m. 
the same horizontal line at a distance a, Q is just sustained by P, 
and-4-P = 6, BQ = c; P, Q are then interchanged, and AQ = h\ 
BP = c' : obtain equations for determining the natural length of 
the string, its elasticity, and the coefficients of friction at A 
and B, 

1271. A weight P just supports another weight Q by means 
of a fine elastic string passing over a rough circular cylinder whose 
axis is horizontal, W is the coefficient of elasticity, and a the 
radius of the cylinder; prove that the extension of the part of the 
string in contact with the cylinder is 






1272. An elastic string is laid on a cycloidal arc whose plane 
is vertical and vertex upwards, and when stretched by its own 
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weight is in contact with the whole of the cycloid, the natural 
length of the string being equal to the circumference of the gener- 
ating circle ; prove that the coefficient of elasticity is the weight 
of a portion of the string whose natural length is twice the dia^ 
meter of the generating cii*cle. 

1273. A heavy elastic string, whose natural length is 2?, is 
placed symmetrically on the arc of a smooth vertical cycloid, and 
when in equilibrium a portion of string, whose natural length is 
aj, hangs vertically at each cusp ; prove that 

• 2^(«X) = (X+«)tan-±^; 

2a being the length of the axis of the cycloid, and X the natural 
length of a portion of the string whose weight is the coefficient of 
elasticity. 

1274 A heavy elastic string hangs symmetrically over a 
smooth circular arc, whose plane is vertical, a portion whose natu- 
ral length is 2a, and stretched length 3a, hanging vertically 
on each side; prove that the natural length of the part in 
contact is 

4a V2 log (1 + ^2), 

4a being the radius. 

1275. A heavy cone resting symmetrically on a rough sphere 

may be displaced through an angle of ^ without upsetting, if the 

height of the cone be not greater than half a great ckcle of 
the sphere. 
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VI. CatenmrieB, 

1276. An endless heavy chain, of length 2if, is passed over 
a smooth circular cylinder, whose axis is horizontal; c is the 
length of a portion of the chain, whose weight is equal to tHe 
tension at the lowest point, and 2^ the angle between the radii 
drawn to the points where the chain leaves the cylinder; prove that 



*^*-'Sl^^*^(i-'l) = ^ 



sin^ 

1277. ABGD are four smooth pegs forming a square, AB^ CD 
being horizontal, and an endless uniform ineztensible string passes 
round the four, hanging in two festoons ; prove that 



cot a cot)3 I ck 

— — + A = -6, 



log cot g log cot ^ 

a, )9 being the angles which the tangents at B^ C make with the 
vertical, I the length of the string, and a the length of a side of 
the square. 

1278. A heavy uniform chain rests on a rough circular aro 
whose plane is vertical, the length of the chain being equal to a 
quadrant of the circle, and one extremity being at the highest 
poidt when the chain is on the point of motion; prove that 

1279. A heavy uniform chain rests in limiting equilibrium 
on a rough cycloidal arc, whose axis is vertical and vertex up- 
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one extremitj being at the vertex and the other at the 
prove that 

^ 3 
e = 



14./I.** 



80. A heavy uniform chain fastened at two points rests in 
>rin of a parabola under the action of two forces, one {A) 
el to the. axis and constant, and the other (F) tending from 
•cus ; prove that 

F-ZA + mooa<l>^ 

Qg the angle which the tangent at any point makes with the 
nt at the vertex, and m a constant. 

281. Find the law of repulsive force tending from a focus 
r which an endless uniform chain can be kept in equilibrium 
e form of an ellipse ; and, if there be two such forces, one in 
focus and equal at equal distances, prove that the tension at 
point varies inversely as the conjugate diameter. 

282. A imiform chain rests in the form of a cycloid whose 
is vertical under the action of gravity and a certain normal 
), and the tension at the vertex vanishes; prove that the 
Lon at any point is proportional to the vertical height above 
vertex, and that the normal force at any point is 

2 cos ^ ^ ' 

re is the angle which the normal makes with the vertical. 

1283. A heavy chain of variable density, suspended from two 
its, hangs in the form of a curve whose intrinsic equation is 
f(<it))y the lowest point being origin ; prove that the density 
my point will vary inversely as cos"^y'(<^). 

1284. A string is kept in equilibrium in the form of a closed 
ve by the action of a repulsive force tending from a fixed 
Qt, and the density at each point is proportional to the tension; 



. I 
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prove that the repulsiye force at any point is inversely propdr* 
tional to the chord of curvature through the centre of force. 

1285. The coordinates' of a points of a rigid body, referred 
to a system of fixed rectangular axes, are x, y, z; prove that, if 
the body receive any small displacement, the displacements of P 
parallel to the axes may be represented by 

o, Pt y, O^y 0^ 0^ being independent of {x, y, z). Hence proTe 
that the sum of the virtual moments of any forces acting on a 
rigid body is of the form 

« 

Xy Tf Z being the sums of the resolved parts of the forces along 
the axes, and £, Jf, N the sums of the moments about the axes. 
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I. SectUinear motion^ Impulses. 

ISG, A ball A impinges obliquely on another ball JB, and 
impact the directions .^ motion of A and B make equal 
s 6 with A^a previous direction, find 6; and prove that when 
?, d = tan~*^e, e being the mutual elasticity. 

287. A smooth inelastic ball^ mass m, is lying on a horizon-, 
able in contact with a vertical wall, and is struck by another 
mass mf, moving in a direction perpendicular to the wall and 
ned at an angle: a to the common normal at the point of 
ict ; prove that the angle 6, through which the direction of 
.on of the striking ball is turned, is given by the equation 

cot tf cota= 1 + — , 

m 

1288. Equal particles A^, A^, ... A^ are fastened at equal 
»rvab a on a fine string, of length (n — 1) a, and are then 
[ on a horizontal table at n consecutive angular pointfi of a 
alar polygon of p sides (p>w) each equal to a; a blow F is 
lied to w4j in direction A^A^; prove that the impulsive ten- 
1 of the string A^A^^^ is 

Poos'. <I±^5<lz(ki«?^^' . 

(1 + Sin a) - (1 - sin a)" 

lenoting — . 

P . 

1289. APy FB are chords of a circle whose diameter AB is 
rtical; particles felling down -4P, FB respectively, start fi:oiii 
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Ay P simultaneously ; prove that the least distance between them 
during the motion is equal to the distance of JP from AB. 

1290. A number of heavy particles start at once from the 
vertex of an oblique circular cone whose base i|i hori:Qontal, and 
fall down generating lines of the cone ; prove that at any sub- 
sequent moment they will lie in a subcontraiy section. 

1291. The locus of a point P, such that the times of &11- 
ing down PA, PB to two given points A^ B may be equal, is a 
rectangular hyperbola. 

1292. The locus of a point P, such that ^ the time of fidling' 
down PA to a given point A is equal to the. time of fedling verti- 
cally from P to a given straight line, is one branch of a hyperbola 
of which one asymptote is vertical, and the other perpendicular 
to the given straight line. 

1293. A parabola is placed with its axis vertical and vertex 
downwards; prove that the time of falling down any chord 
to the vertex is equal to the time of fisJling vertically through 
a space equal to the parallel focal chord. 

1294. An ellipse is placed with its major axis vertical; 
prove that the time of descent down any chord to the lower 
vertex, or from the higher vertex, is proportional to the length of 
the parallel diameter. 

1296. Two weights TT, nW move on two inclined planes and 
are connected by a fine string passing over the common vertex, 
the whole motion being in one plane ; prove that the centre of 
gravity of the weights describes a straight line with unifona 
acceleration 

n sin B — sin cifr«A / /«v^i 

^ (n + l)' V{»+2«c<»(«+^+l}; 

a, j3 being the angles of indinAtion of the planes. 
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[296. In the system of puUies in which each hangs by a 
rate string, P just supports W; prove that, if P be replaced 
nother weight Q, the centre of gravity ofQ and W will descend 
uniform acceleration 

ereights of the pullies being neglected, 

[297. The radii of two circles whose centres are in the same 
Eontal line are a, &, and the distance between their centres 
a + h); prove that the shortest time of descent from one to 
>ther down a straight line is 



//2 c'-(a4-5A 



L298. A parabola is placed with its axis horizontal j prove 
the time of shortest descent down a straight line from the 



e 



to the focus is / — ^l being the latus rectum. 



[299. An ellipse is placed with its major axis vertical; prove 
the straight line of quickest descent from the curve to the 
ir focus is equal in length to the latus rectum, provided the 
atricity be > ^. 

[300. A imiform string of length 2a is in equilibrium, passing 
a small smooth pulley ; if it be just displaced, the velocity 
le string when the whole has just passed the pulley is ^Jag* 



II. ParahoUo Motion. 

L301. A heavy particle is projected in a given direction, 
rmine its velocity in order that it may pass through a fixed 
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1302. If a particle moying under the action of gravity pass 
through two given points, the locus of the focus of its parabolic 
path will be a hyperbola. 

1303. A heavy imperfectly elastic particle is projected from 
a point in a horizontal plane in such a manner that at its highest 
point it impinges directly on a vertical plane, &om which it r^ 
bounds, and, after another rebound &om the horizontal plane, 
returns to the point of projection; prove that the coefficient of 
elasticity is J. 

1304. If rj, r^, r^ be three distances of a projectile fipom 
the point of projection, and a^, a^, a^ the anguliar elevations of 
these points above the point of projection, 

T-j cos' ttj sin (a^ - a^ + r^ cos' a^ sin (a^ - a^) 

+ r^ cos* ttg sin (a^ — a^) = 0« 

1305. The axis of a parabola is vertical and the vertex 
downwards, and a circle has its centre at a poiat P on the para- 
bola, and passes through the focus S; a perfectly elastic particle 
slidiDg down PS is reflected at the circle and then moves freely 
under the action of gravity ; find where it next meets the circle, 
and, if it be at the lowest point, prove that SP is equal to two 
thirds of the latus rectum. 

1306. A particle is projected up an inclined plane of given 
inclination so as after leaving the plane to describe a parabola • 
prove that, for different lengths of the plane, the loci of the focus 
and vertex of the parabolic path are both straight lines. 

1307. A perfectly elastic particle is projected from the middle 
point of the base of a vertical square towards one of the angles, 
and after being reflected at the sides containing that angle, &lls 
to the opposite angle ; prove that the space due to the velocity of 
projection is to a side of the square :: 45 : 32. . 
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08. A perfectly elastic particle is projected with a given 
by from' a given point in one of two planes, equally inclined 
horizon and intersecting in a horizontal straight line; deter- 
the anglo of projection in order that the particle may after 
don return to the point of projection and be again reflected 
) same path. Prove that the inclination of each plane must 



1 



o 



30 9. An imperfectly elr.stic particle let fall on a fixed inclined 

) bounds on to' another fixed inclined plane, the line of inter- 

>n being horizonta], and the time lietween the two planes is 

I ; prove that the locus of the point from which the particle 

t fall is in general a parabolic cylinder; but that it is a 

s if 

tan a tan (a + )3) = «, 

being the inclinations of the planes, and e the elasticity. 

L310. A particle is projected from a given point, and its 
Ived velocity parallel to a given straight line is given ; prove 
'> the locus of the focus of the pai*abolic path is a parabola of 
ch the given point is the focus, and whose axis makes with the 
lical an angle double that made by the givm straight line. 

1311. A particle, projected from a point in an inclined 
ae, after the r^ impact begins to move at right angles to the 
Qe, and at the n^^ impact is at the point of projection ; prove 
t 

e"-2e' + l = 0, 
teing the elasticity. 

1312. A particle is projected from a given point in a hori- 
ital plane at an angle a to the horizon, and, after one rebound 
a vertical plane, returns to the point of projection ; prove that 
3 point of impact must lie on the straight line 

y (1 +e) = a;tana, 

y being measured horizontally and vertically from the point of 
ejection. If the velocity of projection and not the direction be 
ven, the locus of the point of impact is an ellipse. 

W. 18 
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1313. An imperfectly elastic particle is projected from a 
given point with given velocity, so as, after one rebound at an 
inclined plane passing through the point, to return to the point of 
projection ; prove that the locus of the point where the particle 
strikes the inclined plane is the ellipse 

a5* + (l +e)'2/*=4«%, 

X, y being horizontal and vertical through the given point, e the 
elasticity, and h the space due to the given velocity. 

1314. A particle is projected from a given point so as just 
to pass over a vertical wall whose height is 6, and distance from 
the point of projection a ; prove that when the area of the para- 
bolic path described, before meeting the horizontal plane through 

the point of projection, is greatest, the range is -^ , and. the height 

of the vertex is -rp . 

o 

1315. A heavy particle is projected fi-om a poiut in a plane 
whose inclination to the horizon is 30" with given velocity, in a 
vertical plane perpendicular to the inclined plane ; prove that, if 
all directions of projection in that vertical plane are equally pix>- 
bable, the chance of the range on the inclined plane being at lea»t 
one third of the greatest possible range is \. 



III. Motion on a Smooth Gv/rve under the action of Gravity, 

1316. A heavy particle is projected from the vertex of a 
smooth parabolic arc, whose axis is vertical and vertex downwards, 
with a velocity due to a height h, and after passing the extremity 
of the arc proceeds to describe an equal parabola freely; prove 
that, if c be the vertical height of the extremity of the arc, the latus 
rectum is 4 (A — 2c). 



• 
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17. A particle is projected so as to move on a parabolic 
lose axis is vertical and vertex upwards; prove that the 
re on the curve in any position is proportional to the ciir- 



(18. Two. heavy particles, connected by a fine string passing 
gh a small fixed ring, describe horizontal circles in equal 
; prove that the circles must lie in the same horizontal 

 

)19. A particle P is attached by two strings to fixed points 
in the same horizontal line, and is projected so as just to 
Lbe a vertical circle ; PB is cut when the particle is in its 
it position, and P proceeds to describe a horizontal circle ; 

) that 

2 
cos 2PAB = ^ , 

that, if the tension- of PA be unaltered, the angle APB is a 
) angle. 

320. Two given weights are attached at given points of a 
string, which is attached to a fixed point, and the system 
Ives with uniform angular velocity about the vei*tical through 
ixed point in a state of relative equilibrium ; determine the 
nations of the two parts of the string to the vertical 

L321. A parabola is placed with its axis horizontal and plane 
ical, and a heavy smooth particle is projected upwards from 
vertex so as to move on the concave side of the curve ; prove 
the vertical space described before leaving the curve is two 
ds of the greatest height attained. If 26 be the angle described 
it the focus before leaving the curve 

;t = a(tan»fl + 3tantf), 

eing the space due to the velocity of projection and 4a the 
iS rectum ; also the latus rectum of the subsequent path is 

ia tan' 0. 

18—2 
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1322. A heavj particle is projected so as to move on a circu- 
lar arc whose plane is vertical, and afterwards describe a parabola 
freely ; prove that the locus of the focus of the parabolic path is 

an epicycloid formed by a circle of radius ^ rolling on a circle of 
radius ^; a being the radius of the given circle. 

1323. A cycloidal arc is placed with its axis vertical and 

vertex upwards, and a heavy particle is projected from the cusp up 

the concave side of the curve with velocity due to a height h ; 

prove that the latus rectum of the parabola described after leaving 

. h' .  . 

the curve is jr-, where a is the length of the axis of the cycloid. 

1324. If a cycloidal arc be placed with its axis vertical and 
vertex upwards, and a heavy particle be projected from the cusp 
up the concave side of the curve; the focus of the parabola 
described by the particle aller leaving the curve will lie on a 
fixed cycloid of half the dimensions. 

1325. In a certain curve the vertical ordinate of any point 
l>ears to the vertical chord of curvature at that point the constant 
ratio 1 : m, and a particle is projected, from the point where the 
tangent is vertical, along the curve with any velocity; prove that 
the height ascended before leaving the curve : height due to 
velocity of projection :: i : 4 + w. 

1326. A smooth heavy particle is projected from the lowest 
point of a vertical circular arc with a velocity due to a space 
equal in length to the diameter 2a : the length of the arc is 
such that the range of the particle on the horizontal plane through 
the point of projection is the greatest possible ; prove that this 
range is equal to a ^(9 + 6 ^3). 
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1327. Two triangles CAB, cAhy have a common angle ^ and 
sum of the sides containing that angle the same in each ; BG, 
itersect in 2> ; prove that ultimately, when h moves up to -5, 

CD : DB :: AB : AC. 

1328. Two equal parabolas have the same axis, and the 
s of the outer is the vei'tex of the inner one, MPpy NQq are 
mon ordinates ; prove that the area of the surface generated 
he revolution of the arc PQ about the axis beara to the area 
\N a constant ratio. 

1329. Common ordinates from the major axis are drawn to 
ellipses, which have a common minor axis, and the outer of 

ch touches the directrices of the inner ; prove that the area of 
surface generated by the intercepted arc of the inner ellipse 
»lving about the major axis will bear a constant ratio to the 
rcepted area of the outer. 

1330. AB \aB, diameter of a circle, P a point on the circle 
: -4, and the tangent at P meets BA produced in T y prove 
; idtimately the difference of BA^ BP bears to AT the ratio 
2. 

1331. If PQ be an arc of continued curvature, and R the 
it between P and Q at which the tangent is parallel to PQ ; 
L the ultimate ratio PR : RQ, when PQ is indefinitely dimin- 
d, is one of equality. 

1332. It A he 2k point on a curve, and P, Q two neighbour- 
points, the ultimate ratio of the triangle formed by the tan- 
\& at these points ta that formed by the normals is 



 ©■• 
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when Pj Q move up to coincidence with A; p being the radius 
of curvature at Ay and 8 the arc to A measured fi*om a fixed 
point. 

1333. A parabola is described about a force in the focus, and 
along the focal distance SP is measured SQ equal to a constant 
length ; QR is drawn perpendicular to the tangent at P to meet 
the axis in J?; prove that 

QR : 2SQ :: velocity at P : velocity at the vertex. 

1334. Prove that the equation 2V* = F ,PV\a true when a 
body moves in a resisting medium, F being the extraneous force, 
and P V the chord of curvature in direction of F. 

1335. Two points P, Q move in the following manner; P 
describes an ellipse under acceleration tending to the centre, and 
Q describes relatively to P an ellipse of which P is the centre 
under acceleration tending to P, and the periodic times of these 
ellipses are the same; prove that the absolute path of Q is an 
ellipse concentric with the path of P. 

1336. A particle describes a hyperbola under a force tending 
to one focus ; prove that the rate at which areas are described by 
the central radius vector^is inversely proportional to the distance 
of the particle from the centre of force. 

1337. A rectangular hyperbola is described by a point under 
acceleration parallel to one of the asymptotes ; prove that at a 
point P the accelemtion is 

PM being drawn in direction of the acceleration to meet the other 
asymptote, C the centre, and U the component velocity perpendi- 
cular to the acceleration. 

1 338. A point describes a cycloid under acceleration tending 
to the centre of the generating circle ; prove that the velocity at 
any point varies as the radius of curvature. 

1339. A particle constrained to move on an equiangular 
spiral is attracted to the pole by a force proportional to the 
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iBce; prove that, ia whatever position the particle be placed 
^rting, the time of describing a given angle about the centre 
»rce will be the same. 

L340. An endless string, on which runs a small smooth bead, 
>ses a fixed elliptic lamina whose perimeter is less than the 
,th of the string; the bead is projected so as to keep the string 
sk state of tension; prove that it will move with constant 
citj, and that the tension of the string will vary inversely a> 
rectangle under the focal distances. 

1341. A parabola is described witb constant velocity under 
action of two equal forces, one of which tends to the focus ; 
re that either force varies inversely as the focal distance. 

1342. A particle is describing an ellipse about a centre of 
e fir~'y at a certain point fi receives a small increment 3fi, 

the eccentricity is unaltered ; prove that the point is one 
remity of the minor axis, and that the major axis 2a is dimin- 

1343. A particle is describing an ellipse about a centre of 
je fir~*y and at a certain point /a is suddenly increased by 8/* ; 
ve the following equations for determining the corresponding 
orations in the major axis 2a, the eccentricity e, and the longi- 
.e of the apse ^gf, 

r&a cSe r _ e8«r &fi 

a (2a — r) 1 - e* a - r sin (^- -»•) " /a ' 
9 being polar co-ordinates of the point at which the change 
:es place. , 

1344. In an elliptic orbit about the focus, when the particle 
kt a distance r from the centre of force, the direction of motion 
suddenly tamed through a small angle SP; prove that the 
Lsequent alteration in the longitude of the apse is 

being the length of the major axis, and e the eccentricity. 
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1345. At any point in an elliptic orbit about the focus, the 
Telocity v receives a small increment Bv; prove that the alterations 
in the eccentricity 6, and the longitude of the apse 'or, will be 
given by the equations 

Be eSw 2vBv 



b' {a - r) ah J{aV - (r - a)'} fiae (2a - r) * 

1346. An ellipse is described by a pai*ticle under the action 
of two forces tending to the foci, each varying inversely as the 
square of the distance ; prove that 

2a^_ (/xo)' + /A V ) (o) + 0)7 

a, h being the axes, and (o, o' the angular velocities at any point 
about the foci. 

1347. Two fixed points of a lamina slide along two straight 
lines fixed in space, so that the angular velocity of the line 
joining the points is constant ; prove that (1) every fixed point of 
the lamina describes an ellipse under acceleration tending to the 
iuteisection of the two fixed straight lines and proportional to the 
distance : (2) every fixed straight line of the lamina envelopes 
during its motion an involute of a four-cusped hypocycloid : 

(3) the motion of the lamina may be completely represented by 
supposing a circle fixed in the lamina to roll uniformly with 
internal contact on a circle of twice its radius fixed in space : 

(4) for a series of points of the lamina lying in a straight line, tbe 
foci of the ellipses described lie on a rectangular hyperbola. 

1348. If a lamina move in its plane so that two fixed points 
in it describe straight lines with acceleration yj y ; the accelera- 
tion of the centre of instantaneous rotation is 

%>/(/*+/'*-2#'co8<?); 



Sin 
6 being the angle between the lines. 
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349. A lamina moves in its own plane, so that two points, 
in tlie lamina, describe straight lines with equal aocelera- 

; prove that the acceleration of the centre of instantaneous 
ion is constant in direction, and that the acceleration of any 
i fixed in the lamina is constant in direction* 

350. Two points fixed in a lamina move along two straight 
fixed in space, and the velocity of one of the points is uni- 

; prove that every point in the lamina moves so that its 
Leration is constant in direction and varies inversely as the 
i of the distance of the point from a fixed straight lina 

1351. Two ellipses are described about a common attractive 
e in their centre; the axes of the two ai*e coincident in direc- 
i, and the sum of the axes of one is equal to the difference of 
axes of the other ; prove that if the describing particles be at 
responding, extremities of the major axes at the same moment 
I be moving in opposite directions, the line joining them will be 
constant length during the motion and will revolve with uni- 
m angular velocity. 

1352. A lamina moves in such a manner that two straight 
es fixed in the lamina pass through two points fixed in space; 
>ve that the motion of the lamina may be completely repre- 
ited by supposing a circle fixed in the lamina to roll with 
:emal contact on a circle of half its radius fixed in space. 

1353. A triangular lamina ABC moves so that the point A 
is on a straight line be fixed in space, and the side £C passes 
rough a point a fixed in space, and the triangles ABC, abc are 
[ual and similar ; prove that the motion of the lamina may be 
unpletely represented by supposing a parabola fixed in the lamina 
> roll on an equal parabola fixed in space. 

1354. Two particles describe curves under the action of 
entral attractive forces, and the radius vector of either is always 
arallel and proportional to the velocity of the other ; prove that 
he curves will be similar ellipses described about their centres. 
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I. BectUinear Motion, Kinematics. 

1355. A heavy particle is attached hj an elastic string to a 
fixed point, from which the particle is allowed to fiillfreelj; when 
the particle is in its lowest position the length of the string is 
twice its natural length ; prove that the coefficient of elasticity is 
four times the weight of the particle, and find the time during 
which the string is extended beyond its natural length. 

1356. A partible at B is attadied by an elastic string at its 
natural length to a point A, and attracted by a force varying as 
the distance to a point C in BA produced, BG being equal to ^BA, 
and the particle just reaches the centre of force; prove that the 
velocity of the particle will be greatest at a point which divides 
CA in the ratio 8 : 7. 

1357. A particle is attracted to a fixed point by a force 
= ft (dist.)"', and repelled from the point by a constant force fi 
the particle is placed at a distance a from the centre, at which 
point the attractive force is four times as great as the repulsive, 
and projected directly from the centre with velocity v; prove 
that, (1) the particle will move to infinity or not according as 

V >< J{2af) ; 

(2) if aj, 05 + c be the distances from the centre of force of two 
positions of the particle, the time of describing the given dis- 
tance e between them will be greatest when a; (a? + c) = 4a'. If 
V = Mj(2a/) or 3 />/(2a/), determine the time of describing any 
distance. 
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1358. The accelerations of a point describing a curve are 
resolved into two, along the radius vector and parallel to the 
piime radius respectively ; prove that these accelerations are 



cot $ d 
T di 



r,de\ d'r /d0\' , Id f.d6\ 

Vdt)^-dt^'''\de)^'^^''7^0dt\f'dV' 



1359. The motion of a point is referred to two axes x, y, of 
which the axis of x is fixed and the axis of y revolves about 
the origin ; prove that the accelerations in these directions 
are 

d'x I d/ ^de\ ^ (£y .cot^J/,cW\ (^ - 
~de y^\Tiedt^ dtj' de"" y dtV dt) ^^dtJ ' 

being the angle between the axes at a time t. 

1360. If PQ be a tangent to a curve at ^, a fixed point on 
the curve, QF = r, arc OQ — 8, and ^ the angle through which the 
tangent has revolved from to Q; the accelerations of P in the 
direction QF, and at right angles to this direction, are respect- 
ively 



d^ d^^ (d4\^ ,\d /.d4\ d4) ds 



1361. A point describes a curve of double curvature, and 
its polar co-ordinates at time t are (r, 0, <^); prove that its acceler- 
ations, (1) along the radius vector, (2) perpendicular to the radius 
vector in the plane of 6, and (3) perpendicular to the plane of 6, 
are respectively 



« S-'(S)-'"--»(t)" 
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1362. A point describes a parabola in such a manner that 
its velocity^ at a distance r from the focus^ is 



yi^c---)}. 



y, c being constant ; prove that its acceleration is compounded of 
/parallel to the axis, and*^ from the focus. 

1363. A point describes a semi ellipse bounded by the minor 
axis, and its velocity at a distance r from the focus is 



lr(2a-r)i ' 



where 2a is the length of the major axis, and/ a constant accelera- 
tion ; prove that the acceleration of the point is compounded of 
two, each varying universely as the square of the dicitance, one 
tending to the nearer focus and the other from the farther focus. 

1364. A point is describing a circle, and its velocity at an 
angular distance 6 fi*om a fixed point on the circle vaiies as 

k/(1+cos'^) , 
sin-tf ' 

prove that its acceleration is compounded of two tending to fixed 
points at the extremities of a diameter, each varying inversely as 
the fifbh power of the distance and equal at equal distances. 

1365. A point describes a circle, under acceleration constant 
and not tending to the centre ; ])rove that the point oscillates 
through a quadrant, and that the direction of the acceleration 
always touches a certain hypocycloid. 

1366. A parabola is described with accelerations F, Ay 
tending to the focus and parallel to the axis respectively ; prove 
that 

r being the focal distance. 
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1 367. A point describes an ellipse with accelerations /(r^), 
^ (O teiiding to the foci ; prove that 

r,, r^ being the focal distances. 

1368. The parabola y'=4aa; is described by a point under 
accelerations X, F parallel to the axes; prove that 

„ dT dX ^^ ^ 
2a; -^ — y-j— + 37=0. 
ax ax 

1369. A point describes a parabola under acceleration which 
makes a constant angle a with the normal, is the angle described 
from the vertex about the focus in a time t ; prove that 

-Y « COS -r € , 

dt '2 

Find also the law of acceleration. 

1370. A point describes a circle of radius 4a with uniform 
angular velocity w about the centre, and another point Q describes 
a circle of radius a with angular velocity 2a) about P ; prove that 
the acceleration of Q varies as the distance of F from a certain 
iixed point. 

1371. An equiangular spiral is described by a point with 
constant acceleration in a direction ^making an angle ^ with the 
normal; prove that • 

sin <^ -,^ = 2 sin ^ + cot a cos ^ ; 

a being the constant angle of the spiral, and the angle through 
which the tangent has turned from a given position. 

1372. The only curve which can be described under a con- 
stant acceleration in a direction making a constant angle with the 
normal is an equiangular spiral. 
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1373. A parabola, y" = 2ca5, is desoribed by a point under 
acceleration making a constant angle a with the axis, and the 
velocity when the acceleration is normal in v ; prove that the 
acceleration at any point {x, y) is 

9 9 



(c cos a — y sin a)' ' 

If the point, when the acceleration is normal, be moving towards 
the vertex, the time in which the direction of motion will tiirn 
through a right angle is 

2c 
V (sin 3a + sin a) * 

1374. The intrinsic equation of a curve being s=/{<l>\ the 
curve is described by a point with accelerations T, Y, parallel to 
the tangent and normal at the point for which ^ = ; prove that 



cos 



K^-'^)-""^^^''^) ^?I^^^""*-^""*^=*'- 



1375. The cui've «=y*(<^) is described by a point with con- 
stant acceleration, which at the origin is in direction of the nor- 
mal ; prove that its inclination 6 to this direction at any other 
point is given by the equation 

1376. A catenary is described by a point under acceleration, 
whose vertical component is constant (/) ; prove that the hori- 
zontal component at a point where the tangent makes an angle ^ 
with the hoidzon is 

^ cos <^ .- . , ,. 

J -r-j-7 (1 + m cos A + cos' fb). 
•^ sm* ^ ^ ^ ^^ 

1377. A curve is described under constant acceleration paral- 
lel t'> a straight line revolving uniformly ; prove that the curve is 
a prolate, common, or curtate cycloid ; or a circle. 
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1378. A point describes a oertain curve, and initially the 
acceleration ib normal : when the direction of motion has turned 
through an angle ^, that of acceleration has turned through 

2<^inthe same sense; prove that the accelei-ation occos^—-, 

as 

the velocity « cos ^, and the angular velocity of the tangent oc the 

acceleration. 

1379, A point describes an ellipse under accelerations to the 
foci which are one to another, at any point, inversely as the focal 
distances of the point: find the law of either force; prove that 
the velocity of the point varies as the conjugate diameter, and 
that the periodic time 13 

h 



IT /a b\ 



(I) being the angular velocity about the centre at the end of either 
axis. 

1380. A parabola is described under constant acceleration; 
prove that, if ^, ^ be the angles which the tangent and the direc- 
tion of the acceleration at any point make with the directrix, 



3 tan ff> cos^ = / cos' $ dO. 



1381. A point moves with constant acceleration, which is 
initially normal; and when the direction of motion has turned 
through an angle ^, that of acceleration has turned through m^ in 
the same sense; prove that the intrinsic equation of the curve 
described is 

ds ?=^ 

VT = c {cos (m - 1) ^}"»"^ 

Determine the curve when w = 1, 2, or 3. 

1382. A point describes a curve, which lies on a cone of re- 
volution and crosses all the generating lines at a constant angle, 
under accelei*ation whose direction always intersects the axis; 
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prove thr.t the acceleration makes a constant angle witli the axis 
and varies inversely as the cube of the distance from the vertex. 

ft 

1383. A cycloid is described under constant acceleration, 
and Oy <f> are the angles which the directions of motion and of 
acceleration at any point make with the tangent at the vertex ; 
prove that 

^^^^^^-2^^ + log{ntan (|-^-^)} = 0; 



TT 



or that ^-2tf= . 

1384. F describes a circle under acceleration tending to S 
and varying as the distance, S being a point which moves on a 
fixed diameter initially passing through F- prove that, if be the 
angle described about the centre in a time t, 



'^^''^/(ci^)^'^''*' 



and the distance of S from the centre is s-r I ct, beinff tie 

m cos" h ' ® 

radius, and m a constant, 

1385. A point describes an arc of a circle, so that its acce- 
leration is always proportional to the v^ power of its velocity; 
prove that the direction of the acceleration touches a certain 

> 

epicycloid, generated by a circle of radius z — -zr- rolling on one 

2- w 
of radius a - — ; a being the radius of the circle described. 
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II. GerUral Forces. 

1386. Prove that the parabola y's4aa; can be described 
tinder a constant force parallel to the axis of y, and a force 
proportional to y parallel to the axis of x. Also under two 
forces 4/A (c + a;), /ly, parallel to the axes of x and y, 

1387. A cardioid is described with constant angular velocity 
about the cusp under a constant force to the cusp and another 
constant force; prove that the magnitude of the latter is twice 
that of the former, and that its direction always touches an epi- 
cycloid generated by a circle of radius a rolling on one of radius 
2a 'y 8a being the length of the axis. 

1388. The force to the pole, under which the hyperbola 

r cos 2tf = a cos tf 

can be described, will vary as s-^r . 

' ^ cos* d 

1389. ST is the perpendicular from the pole S of & lem* 
niscate upon the taogent at F, ai]d the locus of Fis described by 
a- particle under a force to S : prove that this force cg SF' 



)-ia 



1390. The force to the pole under which the pedal of a 
given curve r=/(p) can be described will vary as 

2r* r dr 
If the given curve be 

8 8 3 

a^ = r^ sin^^, 
the force will be constant. 

1391. A parabola is described about a centre of force in C, 
the centre of curvature at the vertex ; prove that the force at any 

w. 19 
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GP 
point P of the parabola varies as r-j-^ — Wp^> ^ being the vertex 

and S the focus. 

1392. The force tending to the pole under which the e volute 
of the curve t^/(j)) can be described will vary as 

1 y-{'*(fj}-^-* 



dp 



(r» -p')' TdrV dS 



\^p) ^''d^' 



1393. An orbit described under a constant force tending to 
a fixed point will be the pedal of one of the curves represented bj 
the equation 

T'^Ap' + Bp\ 

1394. A particle is projected from a point A at right angles 
to a straight line SA, and attracted to ^ by a force varying as 
cosec PSA ; prove that the rate of describing areas about A will 
be uniformly accelerated. 

1395. A particle is projected at a distance a with velocity 
equal to that in a circle at the same distance and at an angle 45^ 
with the distance^ and attracted to a fixed point by a force which 

at a distance r is equal to /i (-y + —&) : determine the orbit de- 
scribed, and prove that the time to the centre of force is 



^(^-I)- 



1396. A particle is attracted to a fixed point by a force 
which at a distance r is equal to 

fir-'(3a«+3aV*-r'), 

and is project d from a point at a distance a from the centre with 
velocity equal to that in a circle at the same distance and in 
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a direction making an angle cot~^2 witli the distance; deter- 
mine the orbit, and prove that the time to the centre of force 

^ log 2. 



^Jf- 



1397. A pai*ticle is describing a circle under the action of a 
constant force in the centre, and the force is suddenly increased 
to ten times its former magnitude; prove that the next apsidal 
distance will be equal to one fourth the radius of the circle. 

1398. A particle is describing a central orbit in such a 
manner that the, velocity at any point is to the velocity in a 
circle at that distance as 1 : Jn ; prove' that /? « r^, jt> being the 
perpendicular from the centre of force on the tangent at a point 
whose distance is r. Prove also that the force varies inversely 
as r****. 

139,9. A particle acted on by a central force ^ {-, — j 
is projected at a distance a, at an angle 45°, and with velocity 

- — ^; determine the orbit and prove that the time from projec- 



tion to an apse is ^[^ " l) • 



1400. In an orbit described under a central force, the velo- 
city of F, the foot of the perpendicular from the centre of force, 
on the tangent, is constant; prove that the chord of curvature 
of the orbit through the centre of force is constant* 

1401. A particle describing a parabola about a force in the 
focus comes to an apse, at which point the law of force changes, 
and the force varies inversely as the distance till tbe particle next 
comes to aiji apse, when the former law is restored. No instanta- 
neous changes being supposed, prove that the major axis of the 

19—2 
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m'a 



new orbit will be r, 4a being the latus rectum of the 

m — 1 

parabola, and m the root of the equation 

^ = l-logaj, 
which lies between 1 and c. 

1402. In an orbit described under a central force a straight 
line is drawn from a fixed point perpendicular to the tangent and 
proportional to the force, and this straight line describes equal 
areas in equal times; prove that the equation of the orbit is 
of the form 

Prove that the rectangular hyperbola is a particular case. 

1403. A chain of uniform material rests under normal and 
tangential forces — ^ ^; prove that the curve in which it rests 
could be described hj a particle, whose mass is equal to. that of 
a unit of ^ length of the chain, under the action of normal and 
tangential forces 272, t, 

1404. A centre offeree varying inversely as the rfi^ power of 
the distance moves in the circumference of a circle, and a particle 
describes an arc of the same circle under the action of the force; 
prove that the velocity of the centre of force : velocity of the 
particle :: 5 — w : 1 — w. If w=3, the time of describing a 

semicircle is 4a* /-. 

V /* 

1405. A particle P is repelled from a fixed point Shja, force 
varying as (dist.)"', and attracts another particle Q with a force 
varying as (dist.)"' ; initially P and Q are equidistant from S in 
opposite directions, P is at rest, and the accelerations of the two 
forces are equal ; prove that if Q be projected at right angles to 
SQ with proper velocity, it will describe a parabola of which S is 
the focus. 
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IIL Constrained Motion on Curves or Surfaces: 
Particles joined by Strings. 

1406. A particle is constrained to move on a curve under the 
action of forces^ such that if projected from a certain point of the 
curve with velocity v, it would describe the curve freely. Prove 
that, when projected from that point with velocity V, the pressure 

on the curve is always m , p being the radius of curvature 

P 
at any point, and m the mass of the particle. 

1407. A particle is acted on by two forces, one parallel to a 
fixed straight line and constant, and the other tending from a 
fixed point and varying as (dist.)"', and the particle is initially at 
rest at a point where these forces are equal ; prove that it will 
proceed to describe a parabola whose focus is the fixed point and 
axis parallel to the fixed line. 

1408. Two particles A, B are together in a smooth circular 
tube; A attracts B with a force whose acceleration is /i . distance, 
and moves along the tube with uniform angular velocity 2^/a; 
J9 is initially at rest; prove that the angle <f> subtended at the 
centre hj AB after a time t is given by the equation 

, fL c*>^'*-l 
tanY = -i-^ . 

4 c'^^'^ + i 

1409. A particle is placed in a smooth parabolic groove which 
revolves in its own plane about the focus with uniform angular 
velocity <o, and the particle describes in space an equal confocal 
parabola, under an attractive force in the focus ; prove that this 
force at any point is measured by 

r being the focal distance and 2c the latus rectum. 
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1410. A particle is acted on by a repulsive force tending from 
a fixed point, and by another force in a fixed direction ; when at 
a distance r from the fixed point, the accelerations of these 
forces are 



$('-:)• H?*'^ 



respectively; prove that the particle, abandoned motionless to 
these forces at any point where they are equal, will proceed 
to describe a parabola, of which the fixed point is focus. 

1411. A bead moves on a smooth elliptic wire, and is at- 
tached to the foci by two similar elastic strings, the natural 
lengths of which are equal, and which remain stretched through- 
cut the motion ; prove that, if projected with proper velocity, the 
velocity will always vary as the conjugate diameter. 

1412. A force /resides in the centre of a rough circular arc 
and from a point of the circle a particle is projected with a 
velocity vh^Jaf) along the interior of the circle; prove that 
the normal pressure on the curve will be diminished one half after 
a time 

a being the radius and fi the coefficient of friction. 

1413. A heavy particle is projected inside a smooth parabo- 
loid of revolution, whose vertex is its lowest point, and its great- 
est and least vertical heights above the vertex are h, h' ; prove 
that, if V, V be the velocities at these points, 

and that the pressures on the paraboloid at the corresponding 
points are inversely as the curvatures of the generating parabolaa 
at these points. 

1414. . A particle is projected horizontally so as to move on 
the interior of a smooth hollow sphere of radius a, and the velo- 
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city of projection is 2 Jga\ prove tliat when it again moves liori- 
zontally, its vertical depth below the highest point of the sphere 
is a mean proportional between the radius and its initial distance 
from the lowest point. 

1415. A particle in motion on a smooth surface z = <f>{oi^ y) 
under the action of gravity describes a curve in a horizontal plane : 
if u be its velocity, prove that 

u'Cd'z/dz\' ^ d'z dzdz d^(dz\'\ f/^Y f^V^'-O- 
g\daf\dyj dxdydxdy dy'\dixi) j \\dx^ ^dyJ j ~ ' 

the axis of z being vertical. 

1416. In a smooth surface of revolution whose axis is verti- 
cal, a heavy particle is projected so as to move on the surface and 
describe nearly a horizontal circle; prove that the time of a 
vertical oscillation is 



IT 



ye ^ sin a 'i 

\g {k + 3r cos a sin' a}) ' 



k being the distance from the axis, r the radius of curvature of 
the generating curve, and a the inclination of the tangcht to the 
vertical, in the mean position of the particle. 

1417. A particle slides in a vertical plane down a rough 
cycloidal arc whose axis is vertical, starting from the cusp and 
coming to rest at the vertex; prove that the coefficient of friction 
is given by the equation 

1418. Three equal and similar particles repelling each other 
with forces varying as the distance are connected by equal inex- 
tensible strings and are at rest : if one of the strings be cut, the 
subsequent angular velocity of either of the other strings will 

vary as / ( ^ ^ J , being the angle between thenu 



y 
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1419. A heayj particle is attached to a fixed point by a fine 
string of length a, and when the string is horizontal and at its 
full length, the particle is projected horizontally at right angles to 
the string with a velocity due to a height 2a cot a; prove that the 

greatest depth to which it will fall is a tan ^ . 

1420. Two heavy particles are placed on a smooth cydoidal 
arc whose axis is vertical^ and are connected by a fine string 
passing along the arc : c is the distance of either particle mea- 
sured along the arc from its position of equilibrium ; prove that 
the time of arriving at a distance 8 from the position of equi- 
librium is 

4a- 8 + J(t^-€^ 

a being the radius of the generating circle. 

1421. An elliptic wire is placed with its minor axis vertical, 
and on it slides a smooth ring to which are attached strings, 
passing through fixed rings at the foci and sustaining each a 
particle of weight equal to that of the ring : determine the velo- 
city which the particle must have at the highest point that the 
velocity at the lowest point may be equal to that at the extremity 
of the major axis. 

1422. Two particles of masses p, q are connected by a fine 
string passing through a small fixed ring ; p hangs vertically, and 
q is held so that the adjacent part of the string is horizontal: if 

q be let go, the initial tension of the string is , and the 

initial radius of curvature of ^'s path is 

a being the initial distance of q from the ring. 

1423. Two particles of masses 9n, m lying on a smooth hori- 
zontal table are connected by an inext-ensible string at its full 
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length, and passing through a small fixed ring in the table ; the 
particles are at distances a, ol from the ring, and are projected 
with velocities % v' at right angles to the string, so that the parts 
of the string revolve in the same sense ; prove that, if 

either particle will describe a circle uniformly; and that, if 

their second apsidal distances will be d^ a respectively. 

1424. Two particles 97», iti connected bj a string which 
passes through a small fixed ring are held so that the string is 
horizontal, their distances from the ring being a, a, and are 
simultaneously let go; prove that 

m _^w! 1 1__1 1. 
p p p p a a 

p, p^ being the initial radii of ciirvature of their paths. 

1425. Two particles A and B are connected by a fine stnng; 
A rests on a rough horizontal table, and £ hangs vertically at a 
distance a below the edge of the table. A being on the point of 
motion, B is projected horizontally with a velocity u in the plane 
perpendicular to the edge of the table; prove that A will begin to 

move with acceleration — ^ — , and that the initial radius of 

fi+ 1 a 

curvature of B'e path will be (ji +•!) a, p. being the coefficient 
of friction. 

1426. A smooth wire in the form of a circle is made to re- 
volve uniformly in a horizontal plane about a point A in its 
circumference, with angular velocity <d. A small ring P slides on 
the wire and is initially at rest at its greatest distance c from A^ 

prove that its distance from ii at a time t is —^ — ^ , and that 

the tangent to P*s path in space bisects the angle between PA 
and the radius to P. 
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1427. Two equal pai-ticles are connected by an inextensible 
string; one lies on a smooth horizontal table, and the string passes 
through a small fixed riug in the edge of the table to the other 
which is vertically below the ring : the former particle is pro- 
jected on the table in a direction at right angles to the string 

with a velocity j^ T~i\ * ^ ^©ioK ^^ distance from the ring; 

prove that its next apsidal distance will be - , and that its ve- 
locity will then be to its initial velocity as n : 1. 

Prove also that the radius of curvature of the projected parti- 

4c 

cle's initial path is — -. re — s • 

^ ' 7i (w + 1) + 2 

1428. Two particles, whose masses are p, q, are connected by 
a fine string passing through a small fixed ring ; p hangs verti- 
cally, and q is projected so as to describe a path which is nearly a 
horizontal circle; prove that the distance of p at any time from 
its mean position will be 

A sia{mt'^B) +^'8in {rU + B^; 

m, n being the positive roots of the equation 

/a;«_^ (l.cosa)| («'-^^ (1 + 3 cos*a)| = ^ cos a (1 - cos a); 
where c is the mean distance of q from the ring, and p = q cos a. 

1429. A particle is placed in a rough tube (fjL= j) which 

revolves uniformly in one plane about one extremity, and no 
forces but the pressures of the tube are in operation ; prove that 
the equation of the particle's path is 

9 

1430. A rectilinear tube inclined at an angle a to the verti- 
cal revolves with uniform angular velocity . cd about a vertical 



y; 
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axis wliich intersects it, and a pai-tiole is projected from the 

Q COS Ct 

stationary point of the tube with a velocity — jp — r ; find its 

position at any time before it attains relative equilibrium; and 
prove that the equilibrium is unstable, 

1431. A smooth parabolic tube of latus rectum I is made to 
revolve about its a-xis, which is vertical, with angular velocity 

y-, and a particle is projected from the vertex up the tube; 

prove that the velocity of the particle is constant, and that the 
greatest height to which the particle rises in the tube is twice 
that due to the velocity of projection. 

1432. A smooth parabolic tube revolves with uniform angular 
velocity about its axis, which is vertical, and a particle is placed 
within the tube very near to the lowest point : find the least 
angular velocity which the tube can have in order that the 
particle may ascend; and, if it ascend, prove that its velocity will 
be proportional to its distance from the axis. Prove also, that if 
any position of the particle in the tube be one of relative eqiiili- 
brium, every position will be such. 

1433. A curved tube is revolving uniformly about a vertical 
axis in its plane, and is symmetrical with respect to that axis; 

the angular velocity is . /-> » being the radius of c^rvature at 

the vertex; prove that the equilibrium of a particle placed at the 
vertex will be stable or unstable according as the qonic of closest 
contact at the vertex is an ellipse or hyperbola. 

1434. A circular tube of radius a revolves uniformly about a 

vertical diameter with angular velocity n /-, and a particle is 

projected from its lowest point with such velocity as just to reach 
the highest point; prove that the time of describing the first 
quadrant is 



^ I 
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1435. A circular tube containing a smooth particle revolves 
about a vertical diameter with uniform angular velocity co, find 
the position of relative equilibrium of the particle; and prove that 

it will oscillate about this position in a time — ; , a being 

0) Bm a 

the angle which the normal at the point makes with the verticaL 

1436. A heavy particle is placed in a tube in the form of a 
plane curve, which revolves with uniform angular velocity <ii^ 
about a vertical axis in its plane, and the particle oscillates about 
its position of relative equilibrium; prove that the time of oscil- 
lation is 

2ir // p sin a \ 
0) \ \^ — p sin a cos" a/ ' 

k being the distance from the axis of revolution, a the angle made 
by the normal with the vertical, and p the radius of curvature 
of the curve, at the point of equilibrium. 

1437. A straight tube, inclined to the vertical at an angle a, 
revolves with uniform angular velocity w about a vertical axis 
whose shortest distance from the tube is a, and contains a smooth 
particle placed initially at its shortest distance from the axis; 
prove that 

(tf*flin*a^ ' * '* 

8 being the space described along the tube in a time t, 

1438. A heavy particle is attached to two points in the same 
horizontal line, at a distance a, by two elastic strings, each of 
natural length a, and is set free when the strings are at their 
natural length ; prove that the initial radius of curvature of its 

path is -^ — ; the coefficients of elasticity being respectively m 

and n times the weight of the particle. 



1439. A unifoim heavy chain is placed on the arc of a smooth 
vertical circle, its length being equal to a quadrant, and one ex- 
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tremity being at the highest point of the circle; prove that, m the 
beginning of the motion, the resultant vertical pressure on. the 
circle : the resultant horizontal pressure :: ir' — 4 : 4. 



IV. Motion of umform strings, 

1440. A heavy uniform string PQ of which P is the lower 
extremity, is in motion on a smooth circular arc in a vertical 
plane, being the centre and OA the horizontal radius ; prove 
that the tension at any point R of the string is 

-m- y fsinv , ^ sin a , ^) 
Tr^{-j^cos(y + <?) _cos(a + fl)j, 

where 6, 2a, 2y are the angles AOPy POQy POR respectively, and 
W is the weight of the string. 

1441. A portion of a heavy uniform string is placed on the 
arc of a four-cusped hypocycloid, occupying the space between two 
adjacent cusps, and runs off the curve at the lower cusp, the 
tangent at which is vertical; prove that the velocity which the 
string will have when the whole of it has just left the curve, will 
be the velocity due to nine-tenths of the length of the string. 

1442. A uniform string is placed on. the arc of a smooth 
curve in a vertical plane, and moves under the action pf gravity ; 
prove that 

I being the length of the string, b the arc described by any point 
of it at a time ^, and y^ y^ the depths of its ends below a fixed 
horizontal straight line. 

1443. A uniform heavy string is placed on the arc of a 
smooth cycloid, whose axis is vertical and vertex upwards; deter- 
mine the motion, and prove that, so long as the string is wholly in. 
contact with the cycloid, the tension at any given point of the 
string is constant throughout the motion^ and is a maximum at 
the middle point. 
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1444. A tmiform heavy chain of length ^ is in motion on the 
arc of a smooth curve in a vertical plane, and the tangent at the 
point of greatest tension makes an angle ^ with the vertical; 
prove that the diiference between the depths of the extremities 
is ^ cos ^. 

1445. A uniform ineztensible string is at rest in a smooth 
groove which it just fits, and a tangential impulse P is applied at 

one extremity; prove that the normal impulse, referred to a unit of 

Pg 

length of the string, at a dbtiEuice 8 from the other extremity is — , 

ap 

a being the whole length of the string, and p the radius of 
curvature at the point under consideration. 

1446. A straight tube of uniform bore is revolving uniformly 
in a horizontal plane about a point at a distance c from the tube, 
and within the tube is a smooth uniform chain of length 2a, which 
i» initially at rest with its middle point at the distance c from the 
axis of revolution; prove that the chain in 'i^ time t will describe 
a space 

along the tube,' and that the tension at any point of the chain is 

where x is the distance of the point from the middle point, m the 
mass of the chain, and o> the angular velocity. 

1447. A circular tube, of radius a, revolving with uniform 
angular velocity w about a vertical diameter contains a heavy 
uniform chain, which subtends an angle 2a at the centre ; prove 
that the chain will remain in relative equilibrium if the radius 
through its middle point makes with the vertical an angle 



cos 



\a<i>* cos a/ ' 
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and that the tension will be a maximum either at the lowest 
point of the tube, or at a point whose projection on the axis 
bisects the distance between the projections of the extremities. 



Y". Resisting Medium^ Hodograph, 

1448. A heavy particle is projected vertically upwards, and 

resistance of the air is m ^^—^ ; x, y are the respective heights 

c 

of two points in the ascent and descent at which the particle 

has the same velocity ; prove that 



a — - -8 ' 



c 



c 



+ € * =2. 



1449. A heavy particle moves in a medium in which the re- 
sistance varies as the square of the velocity ; v, v are its velocities 
at the two points where its direction of motion makes an angle a 
with the horizon, and u the velocity at the highest point; prove 
that 

1 1 2 cos' g 

1450. A particle is moving under the action of gravity in a 
medium whose resistance varies as the square of the velocity; 
p, p are the radii of curvature of its path at two points at each of 
which the direction of motion makes an angle a with the horizon, 
and r the radius of curvature at the highest point; prove that 

112 cos" a 

^ + -^ = — ;r-- 

p p r 

1451. A small smooth bead slides on a fine wire whose plane 

is vertical, and the height of any point of which is a sin — , s 

c 

being the arc measured from the lowest point, in a medium whose 
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resistance is m- — ^, and starts fix)m the point -where «=-q ; 

c o 

prove that the velocity acquired in falling to the lowest point 
is Jag. 

1452. A heavy particle slides on a smooth curve^ whose plane 
is vertical, in a i^edium whose resistance varies as the square of the 
velocity, and in any time describes a space which is to the space 
described in the same time by a particle falling freely in vacuo as 
1 :2n; prove that the curve is a cycloid, the vertex being the 
highest pointy and that the starting point of the particle divides 
the arc between two cusps in the ratio 2n — 1 : 2n + 1. 

1453. A point describes a straight line under acceleration 
tending to a fixed point and varying as the distance ; prove that 
the corresponding point of the hodograph will move under the 
same law of acceleration. 

1454. The curves 

r^ = a"* cos mtf, r*= o" cos nO 

will be each similar to the hodograph of the other when described 
about a centre of force i:^ the pole, provided that 

i + -4.1 = 0. 
m n 

Prove this property geometrically for both curves when m= 1. 

1455. A point describes a curve in such a manner that its 
hodograph is described as if imder the action of a central force, 
and T, iVare the tangential and normal accelerations of the point; 
prove that 



dp V P 



p being the radius of cuiTature, 8 the arc mo&sured from a fixed 
pointy and c a constant. 
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1456. A point describes half the arc of a cardioid, oscillating 
symmetricallj about the yei*tex, in such a way that the hodograph 
is a cirtde, the origin being in the circumference ; prove that the 
acceleration of the point describing the cardloid will Irarj as 
2r — 3a ; r being the distance from the cusp, and 2a the length of 
the axis. 

1457.^ A point P describes a catenary in such a manner that 
a straight line drawn from a fixed point parallel and proportional 
to the velocity of P sweeps out equal areas in equal times ; prove 
that the direction of P*s acceleration makes with the normal at P 
an angle 



tan' 



(ftan^). 



•^ being the angle which the normal makes with the axis^ 

1458. If a circle be described under a constant acceleration 
not tending to the centre, the hodograph is a lemniscate. 

14:59. A curve is described under constant acceleration, and 
its hodograph is a parabola in which the radii vectores are drawn 
from the focus; prove that the intrinsic equation of the curve is 

1460. A point describes a curve whose hodograph is a circle 
described with uniform velocity about a point in the circumfer- 
ence; prove that the curve is a cycloid described with constant 
acceleration. 

1461. A point describes a certain curve, its acceleration being 
initially normal; and when its direction of motion has turned 
through an angle <^, that of acceleration has turned through an 
angle 2<^ in the same sense; prove that the hodograph of the 
path is a circle described about a point in the circumference. 

1462. A particle is constrained to move in an elliptic tube 
under two forces to the foci, each varying inversely as the square 
of the distance and equal at equal distances, and is just displaced 
from the position of unstable equilibrium; prove that the hodo* 
graph is a circle. 

w. 20 
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I. Momenta of Inertic^ Principal Aoces, 

1463. If mhe the mass of an ellipsoid, of wHcIi the density 
at any point is proportional to the product of thp distances of the 
point from the principal planes, the moment of inertia about one 

of the axes is — ^-j ; 26, 2c being the axes of the correspond- 
ing principal section, 

# 

1464» If a straight line be at every point of its course a 
principal axis of a given rigid body, it must pass through the 
centre of gravity, 

1465. If Ay B, C be the principal moments of inertia at the 
centre of gravity of a rigid body, a' + 6' + c* + r' a principal 
moment at a point whose co-ordinates referred to the principal 
axes through the centre of gravity are a, by c; the eqiiation 
determinins: r is 






a» h' c 



A-T^ jB-7^ G-r' 
the mass being unity. 



=1, 



1466. The locus of the points at which two of the principal 
moments of inertia of a given rigid body are equal is the focal 
curves of the ellipsoid of gyration for the centre of gravity. 

1467. The locus of the points at which one of the principal 
axes of a given rigid body passes through a fixed point, in one of 
the principal planes through the centre of gravity, is a circle. 

1468. The locus of Ihe points at which one of the principal 
axes of a given rigid bcdy is parallel to a given straight line is a 
rectangular hyperbola. 
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1469. In a triangular lamina any one of the sides is a 
principal axis at the point bisecting the distance between its 
middle point and the foot of the perpendicular on it from the 
opposite angle, 

1470. If straight lines be drawn in the plane of a given 
lamina through a given point, the locus of the points at which 
they are respectively principal axes is a curve of the third degree. 

1471. The locus of the straight lines drawn through a given 
point, each of which is at some point of its course a principal axis 
of a given rigid body, is the cone 

a{B^G)yz + h{G--A)zx-¥c{A-B)xy^Q, 

A, B, G being the principal moments of inertia at the given point, 
a, b, c the co-ordinates of the centre of gravity ; and the principal 
axes at the given point the axes of reference. 

Prove that the locus of the points at which these straight lines 
are principal axes is the curve 

cy — bz az — cx 

1472. If the principal axes at any point be parallel to the 
principal axes through the centre of gravity, the point must lie on 
one of the principal axes at the centre of gravity, 

II. Motion about a Fioced Axis, 

1473. A circular disc rolls in one plane on a fixed plane, its 
centre describing a straight line with uniform acceleration y*: find 
the magnitude and position of the resultant of the impressed 
forces. 

1474. A piece of wire of given length is bent into the form 
of an isosceles triangle, and revolves about an axis through its 
vertex perpendicular to its plane; prove that the centre of oscillar 
tion will be at the least possible distance from the axis oi revolur 
tion when the triangle is right-angled. 

1475. A heavy sphere of radius c, and a heavy rod of radius 
2a swing, the one about a horizontal tangent, and the other abou(i 

20—2 
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a horizoutal axis through one extremitj, through 90®- to their 
lowest positions, and the pressures on the axes in those positions 
.are eqiial; prove that their weights are as 35 : 34. 

1476. The centre of percussion of a triangular lamina, one of 
whose sides is a fixed axis, bisects the straight line joining the 
opposite angle with the middle point of the side. 

1477. A lamina ABCD is moyeable about AB which is 
parallel to CD) prove that its centre of percussion will be at the 
intersection of AG, BD, if AB^ = ZCD\ 

1478. In the motion of a ngid body about a horizontal axis 
under the action of gravity, prove that the pressure of the axis 
,can only be reduced to a single force, throughout the motion, 
when the axis of revolution is a principal axis at the point M 
which is nearest to the centre of gravity. If the axis be a princi- 
pal axis, but at another point Ny and the pressures on the axis be 
reduced to two, at M and N respectively, the former will be equal 
and opposite to the weight of the body. 

1479. A rough uniform rod, length 2a, is placed with a 
length c(> a) projecting over the edge of a horizontal table, the rod 
beiug perpendicular to the edge; prove that the rod will begin tp 
slide over the edge when it has turned through an angle 



tan' 



-1 M* 



a'+9(c-a/* 



1480. A uniform beam capable of motion about one extre- 
liaity is in equilibrium ; find at what point a blow must be applied, 
perpendicular to the rod, in order that the impulse on the fixed 
extremity may be equal to one-eighth of the blow, 

1481. A uniform beam, moveable about its middle point, is 
in equilibrium in a horizontal position ; a perfectly elastic particle 
"whose mass is one fourth that of the beam is dropt upon one 
extremity, and is afterwards" grazed by the other extremity; prove 
that the height from which the particle falls is to the length of 
the beam :: 49 (2n +1) tt : 48, n being integral. 
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. 1482. A uniform i*od is revolving about its middle point, 
which is fixed, on a smooth horizontal table, when it strikes a, 
smooth inelastic particle at rest, whose mass is to its own as 1 : 6, 
and its angular velocity is immediately diminished one. ninth ; find 
the point of impact, and prove that when the particle leaves the 
rod the direction of motion of the ball will make with the rod an, 
angle of 45". 

• 

1483. A smooth uniform rod is moving uniformly on a hori- 
zontal table about one extremity, and impinges upon a particle of 
mass equal to its own, the distance of the point of impact from the 
fixed extremity being to the length of the rod :: 1 : m; prove 
that the final velocity of the particle will be to its initial ve- 
locity as 

V{(5m*-l)(m«4.3)} : 4w. 

1484. A uniform rod is moving on a horizontal table about 
one extremity, and driving before it a particle of mass equal to its 
own, which istarts from rest close to the fixed extremity; prove 
that when the particle has described a distance r along the rod, it^ 
direction of motion will make with the rod an angle 

k being the radius of gyration of the rod about the axis of re- 
volution. 

1485. A uniform circular disc of mass m is capable of motion 
about its centre in a vertical plane, and a rough particle of mass p 
is placed on it close to the highest point ; prove that the angle $, 
through which the disc will turn before the particle begins to slide, 
is given by the equation 

m sin tf + ifip = ii{m + 6p) cos 6, 

1486. A uniform rod, capable of motion in a vertical plane 
about its middle point, has attached to its extremities by strings 
two equal particles which hang freely ; when the beam is in equj- 
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librium inclined at an angle a to the yertical, one of the strings is 
cut; prove that the initial tension of the other string is 

wn-3psin*a' 
and that the radius of curvature of the initial path of the particle 

is 9; ?- * tffi p being the masses of the rod and of either 

m cos a 

particle, and I the length of the string. • 

1487. A uniform rod, moveable about one extremity, is held 
in a horizontal position, and to a point of the i*od is attached a 
heavy particle by means of a string; prove that the initial tension 
of the string when the rod is let go is 

mpga (4a — 3c) 
4wa' + 3jt?c* ' 

m, p being the masses of the rod and particle, 2a the length of the 
rod, and c the distance of the string from the fixed extremity. 

Prove that the initial path of the particle is the curve whose 
equation, referred to horizontal and vertical axes, is 

ma (4a - 3c) y" + 9 Oc* ^ {ma + ^c) a? = ; 

I being the length of the string. 

1488. A uniform rod, moveable about one extremity, has 
attached to the other extremity a heavy particle by means of ^ 
string, the rod and string are initially in one horizontal straight 
line and without motion; prove that the radius of curvature of 

the initial path of the particle is ^ , a, h being the lengths of 

the rod and string. 

1489. A uniform rod, of length 2a and mass m^ capable of 
motion about one extremity, is held in a horizontal position, and 
on it slides a small smooth ring of mass p : if the rod be let go, 
the radius of curvature of the path of the ring is initially 

4a — 3c \ ma) 
e being the initial distance of the ring from the fixed extremity. 
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1490. A uniform rod, capable of motion about one extre- 
xniiy, has attached to it at the other extremity a particle by 
means of a string, and the system is abandoned freely to the 
action of gravity, when the rod makes an angle a with the ver- 
tical ; prove that the radius of curvatiu-e of the particle's initial 

path is 

^jm + 2p 'sin* a 

m cos a (2 — 3 sin* a) * 

m, p being the masses of the rod and particle, and I the length of 
the string. 

1491. A uniform rod is moveable about one extremity on a 
smooth horizontal table, and to the other extremity is fastened a 
particle by means of a string. Initially, the rod and string are ini 
one straight line, the particle is at rest, ^d the rod has an angu-^ 
lar velocity o; prove that when the rod and string are next in a 
straight line, the angular velocity of the rod is to that of the 
string as 6 : oi, or as 

h{Zp{a-'hy-ma'} : a{3;?(a-6)' + wa(a-26)}; 

m, p being the masses of the rod and particle, and a, b the lengths 
of the rod and string. 



III. Motion in Two Dimensions, 

1492. Two equal uniform rods ABy BGy freely jointed at B 
and moveable about J, start from rest in a horizontal position, 
BG passing over a smooth peg whose distance from A is 

4a sinaf>— j; 

prove that when BG leaves the ^gy the angular velocity of -4j5 is 

• I fZg cos a \ 
V \4a 1 + cos* 2a/ ' 

2a beiog the length of either rod. 
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1493. A laminft, tiaring its centre of grayity fixed, is at rest 
and is struck by a blow at the point {a, b) perpendicular to its 
plane; prove that the equation of the instantaneous axis is 
Aax-^Bby=0, the axes of co-ordinates being principal axes at 
the centre of gravity, and -4, JS the principal moments of inertia. 
If {oy b) lie on a certain straight line^ there will be no impulse on 
the fixed point. ] 

1494. A uniform beam revolves tmiformly about one ex- 
tremity in such a manner as to describe uniformly a cone of 
revolution about a vertical axis; determine the pressure on the 
fixed extremity and the relation between the angle of the cone 
and the time of revolution. J£ 0, ^ be the angles which the 
vertical makes with the rod and with the direction of pressure 
respectively, then will 

4tan<^ = 3tan0. 

1495. A fine string, of length 25, is attached to two points in 
the same horizontal lice, at a distance 2a, and carries a jyarticle j9 
at its middle point ; a imiform rod, of length 2c and mass m, has 
a ring at each end through which the string passes, and is let fall 
from a symmetrical position in the same straight line as the two 
points; prove that in order that the rod may reach the particle 

(a + 6 - 2c) {m' + 2mp) > 2 (2c - a) p'. 

I 

1496. A circular disc rolls on a rough cydoidal arc whose 
axis is vertical and vertex downwards, the length of the arc being 
such that the curvature at either extremity is equal to that of 
the circle; prove that, if the contact be initially at one extremity, 
the point on the auxiliary circle of the cycloid corre^nding to 
the point of contact will move with uniform velocity; and that 

ft "■ 

this velocity will be independent of the radius of the disc. 

1497. A sphere rolls from rest down a given length / of a 
rough inclined plane, and then traverses a smooth portion of the 
plane of length ml; find the impulse which the sphere sustains 
when perfect rolling again commences, and prove that the subse- 
quent velocity is less than if the whole plane had been rough. 
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If m=120y tbe subsequent initial yelocitj is less tlian if tlie 
whole plane had been rough, in the ratio 67 : 77. 

1498. A straight tube AB, of small bore, containing a smooth 
rod of the same length, is closed at the end By and is in motion 
about the fixed end A with angular velocity <o; B being opened, 
prove that the initial tension of the rod at any point F is equal 

to ifci)' ^ ' ; M being the mass. 
2AB 

1499. The ends of a uniform heavy rod are fixed by smooth 
rings to the arc of a circle, which is made to revolve uniformly 
about a fixed vertical diameter ; find the positions of relative equi-^ 
librium, and prove that any such position in which the rod is not 
horizontal is stable. 

1500. A smooth semicircular disc rests with its plane vertical 
and vertex upwards on a smooth horizontal table, and on it rest 
two equal uniform rods, each of which passes through two fixed 
rings in a vertical line. The disc is slightly displaced, and in the 
ensuing motion one rod leaves the disc when the other is at the 
vertex ; prove that 

m _ 2 (2 sin a — 1 — sin )8) — sin )8 cos* ff 

m, p being the masses of the disc and of either rod, a the angle 
which the radius to either point of contact initially makes with 
the horizon, and P = cos"' (2 cos a). 

1601. A uniform rod moves with one extremity on a 
smooth horizontal plane, and the other attached to a string, 
which is fixed to a point above the plane; when the rod 
and string are in one straight line the rod is let go; prove that 

when the string is vertical its angular velocity is j^ ^ j- , 

and the ansmlar acceleration of the rod is r~- , ,— , Z, a being 

^ Ih — l a + c 

the lengths of the string and rod, and A the height of the fixed 
^int above the plane. 
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1502. A sphere is resting on a rough liori2X)ntal plane, half 
its weight being supported by an elastic string attached to the 
highest point, the natural length of the string being the radius a, 
and the stretched length the diameter of the sphere ; prove that 
the time of small oscillations of the sphere parallel to a vertical 



plane is ,r J}^^. 



1503. A heavy tiniform rod, resting in stable equilibrium 
within a smooth prolate spheroid whose axis is vertical, is slightly 
displaced in a vertical plane; prove that the length of the simple 

isochronous pendulum is afe + s-); 2a being the length of the 

rod, and e the eccentricity of the generating ellipse. 

1504. A uniform beam rests with one end on a smooth hori- 
zontal table, and has the other attached ix> a fixed point by means 
of a string of length l; prove that the time of a small oscillation 

in a vertical plane is ir ^^J , a being the mean inclination 

of the rod to the vertical 

1505. Two equal uniform rods AB^ BG^ freely jointed at 
B^ are placed on a smooth horizontal table, at right angles to each 
other, and a blow is applied at A at right angles to AB^ prove 
that the initial velocities of -4, G are in the ratio 8 : 1. 

1506. Two equal uniform rods AB^ BGy freely jointed at B^ 
are laid on a smooth horizontal table so as to include an angle a, 
and a blow is applied at A at right angles to AB-^ determine the 
initial velocity of (7. 

1507. Five equal uniform rods, freely jointed at their ex- 
tremities, are laid in one straight line on a horizontal table, and a 
blow applied at the middle point at right angles to the line; prove 

that 

V ta —11 

V being the initial velocity of the central rod) n^ O the initial an- 
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galar velocities of the other pairs of rods, and 2a the length of 
each rod. 

1508. Four eqnal uniform rods AB, £G, CD, BE, freely 
jointed at JS, Gy JD, are Ifdd on a horizontal table in the form of a 
square, and a blow is applied at A at right angles to AB from the 
inside of the square; prove that the initial velocity of ^ is 79 
times that of ^. 

1509. Two equal uniform ro3s AB, BG, freely jointed at B 

and moveable about A, are lying on a smooth horizontal table 

inclined to each other at an angle a; a blow is applied at G at 

right angles to BG in a direction tending to decrease the angle 

ABG ; prove that the initial angular velocities of ABy BG are in 

the ratio 

cos a : 8 — 3 cos* a ; 

that 0, the least value of the angle ABG during the motion, is 
given by the equation 

8 (5 - 3 cos tf) (2-cos*a) = (1 -cosa)' (16 - 9 cos* a) ; 

and, when a = ^, that the angular velocities of the rods when in a 

straight line are in the ratio 

-1:3, or 3 : - 5. 

1510. A uniform rod of length 2a rests in a horizontal posi- 
tion with its extremities on a smooth curve, which is symmetrical 
about a vertical axis; prove that the time of a small oscillation is 



/(ctp cos a (1 + 2 cos* a)^ 
\ \dg (a — p sin*a cos a) J ' 



p being the radius of curvature and a the angle which the tan- 
gent makes with the horizon at either extremity of the rod in the 
position of equilibrium. 
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lY. Miscdkmeatis. 



1511. A square is moving freely about a diagonal with angu- 
lar velocity m, when one of the angular points not in that diagonal 
becomes fixed; determine the impulsive pressure on the fixed 

point, and prove that the instantaneous angular velocity is ^. ' 

1512. A uniform rod, of length a, freely moveable about one 
extremity, is initially projected in a horizontal plane with angular 
velocity w; prove that the equations of motion are 

cU \dtj a 

0, <f} being respectively the angles which the rod makes with the 
vertical, and which its projection on a horizontal plane makes 

with the initial position. If the least value of be ^ , the resolved 

IT 

vertical pressure on the fixed point when fl e= - is to the weight of 
the rod as 31 : 16. 



1513. A centre of force = fi . distance is at a point 0, and 
from another point ^^ at a distance a, are projected simultaneously 
an infinite number of equal particles in a direction at right angles 

to OAy with velocities in arithmetical progression from — ^^ to 

— —^ ; prove that, if after any lapse of time they become sud- 
denly rigidly connected, the system will revolve with angular 
velocity - ..^^  . 
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1514. A uniform rod, moveable about one extremity, moves 
in such a manner as to make always nearly the same angle a with 
the vertical; prove t,hat the time of its small oscillations is 

//2a cosa \ 
'^ V W 1 + 3 cos* a/ ' 

a being the length of the rod. 

1515. A uniform rod is suspended hf two strings of equal 
lengths, attached to its extremities and to two fixed points in the 
same horizontal line whose distance is equal to the length of the 
rod; an angular velocity is communicated to the rod, about a 
vertical axis through its centre, such that it just lises to the hori- 
zontal plane in which are the fixed points; find the impulsive 
pouple, and prove that the tension of either string is instanta- 
neously increased in the ratio 7:1. 

1516. If two equal uniform rods AB, JSC, freely jointed at -5, 
rotate uniformly about a vertical axis through A, which is fixed, 
with angulai' velocity oi, the equations to determine the angles 
a, p, which the rods make with the vertical are 

(8 si n g -f 3 sin )8) cos a _ (3 sin a + 2 sin fi) cos )8 _ 3)7 
3 sin a "" sin /3 ~ 2a(a^ ' 

2a being the length of either rod. 

1517. A perfectly rough horizoi^tal plane is made to rotate 
with constant angular velocity about a vertical axis which meets 
the plane in 0; a sphere is projected on it at a point P, so that 
its centre is initially in the same state of motion as if the sphere 
had been placed freely on the plane at a point Q; prove that the 
centre will describe uniformly a circle of radius OQ, and whose 
centre B is such that OB is parallel and equal to QP. , 

1518. A rough plane, inclined at an angle a to the horizon, 
is made to revolve with uniform angular velocity o about a nor- 
mal, and a sphere without motion is placed upon it; prove that 
the path of the centre will be a prolate^ a common^ or a curtate 
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cycloid, according as the initial point of contact is withont, npon 
or within the circle 

2<iD* (as* + y*) = $5gx sin a, 

the axis of y beiog horizontal, and the axis of x the line of 
greatest slope. If the initial point of contact be the centre of 
this circle, the path will be a horizontal straight line. 

1519. A rough lyllow circular cylinder, whose axis is ver- 
tical, is made to rotate with nniform angular velocity co about 
a fixed generator, and a heavy uniform sphere is rolling on the 
concave surface; prove that the equation of motion is 



/d4>V ^ 10 a + 6 , 



where <^ is the angle which the common normal to the sphere and 
cylinder makes with the«plane containing the axis of revolution 
and the axis of the cylinder at a time t, and a, a + & are the radii 
of the sphere and cylinder. 

1520. A rough plane is made to revolve uniformly with 
angular velocity oi about a horizontal line in itself, and a sphere is 
projected so as to move upon it; determine the motion, and 
prove that, if when the plane is horizontal the centre of the sphere 
is vertically above the axis of revolution and moving parallel to it, 
the contact will cease when the plane has revolved through an 
angle 6 given by the equation 

~6 g +Vl2 g)^' ^* '' 

a being the radius of the sphere. 

1521. A uniform rod is free to move about one extremity in 
a vertical plane, that plane being constrained to revolve uniformly 
about a vertical axis through the fixed extremity with angular 
velocity cd, and the greatest and least angles which the rod makes 
with the vertical are a, p; prove that 

2a<o' (cos a + cos P)'^Sg= 0, 
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2a being the length of the rod^ If 4a<i>* cos a = 3^, prove that the 
time of a small oscillation is 



IT 



/ / 4a cos a \ 

V \3^sin'ay* 



1522. A number of concentric spherical shells of equal inde* 
finitely small thickness revolve with uniform angular velocities 
about a common axis through the centre, each with an angular 
velocity proportional to the n*^ power of its radius; the shells 
being suddenly rigidly united, prove that the subsequent angular 
velocity is to the previous angular velocity of the outer shell as 
5 : w + 5. 

1523. An infinite number of concentric spherical shells of 
equal small thickness are rotating about diameters all in one 
plane with equal angular velocities, the axis of any one whose 

radius is r being inclined at an angle cos~* - to the axis of the 

outer shell; if they become suddenly united into a solid sphere, the 

new axis of rotation will make an angle tan"* ^^ with the 

10 

former axis of the outer shell, 

1524. Any possible state of motion of a rigid rod may be 
represented by a single rotation abotit any one of an infinite 
number of axes lying in a certain plane. 

1525. A free rigid body is in motion about its centre of 
gravity, when another point of the rigid body is suddenly fixed, and 
the body assumes a state of permanent rotation about an axis 
through that point ; prove that the point must lie on a certain 
rectangular hyperbola. 

1526. A rigid body is in motion under the action of no 
forces, and its centre of gravity is at rest; when the instanta- 
neous axis is in a given position in the body, a point rigidly con- 
nected with the body is suddenly fixed, and the new instantaneous 
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axis is parallel to one of tlie principal axes at the centre of gravity; 
prove that the fixed point must lie on a certain hyperbola^ one 
asymptote of which is the given principal axis. 

1527. A free rigid body is at a certain moment in a state of 
-rotation about an axis through its centre of gravity, when another 
point of the body suddenly becomes fixed; determine the new 
instantaneous axis, and prove that there are three directions of 
the former instantaneous axis for which the new axis will be in 
the same direction, and that these three directions are along con- 
j agate diameters of the central ellipsoid at the centre of gravity. 

1528. A rigid body is in motion under the action of no 
forces, its centre of gravity being at rest, and the instantaneous 
axis describes a plane in the body ; prove that if a point in that 
diameter of the central ellipsoid which is conjugate to this plane 
he suddenly fixed^ the new instantaneous axis will be parallel to 
the former. 

1529. Two equal uniform rods ABy JSCy freely jointed at JB 
and in one straight line, are moving uniformly in a direction at 
right angles to their length on a sniooth horizontal table, when A is 
suddenly fixed; prove that the initial angular velocities of the 
rods are in the ratio 3 : — 1, that the least subsequent angle 
between them is 



cos~* 



(-1). 



and that when next in a straight line their angular velocities are 
as 1 : 9. 

1530. Three equal uniform rods AJSy fiC, CBy freely jointed 
at B and (7, are lying in one straight line on a smooth table, when 
a blow is applied at the middle point at right angles to the rods; 
prove that 

^"■^(l+sin'^)' 
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6 being the angle throngh whicli the two outer rods have turned 
in a time t, and q> their initial ang'olar velocity. Prove also that 
the velocity of BG is 

2(ua f cos y 

"3"l ^/(l + 8in»^)/' 

and that the direction of the strain at j9 or (7 makes with BG an 
angle 

tan~* (-n tan 0\ . 

1531. Two equal uniform rods AB, BGy freely jointed at B^ 
are in motion on a smooth horizontal table; when B is the angle 
included between them, their angular velocities are «, O ; prove 
that 

(5-3co«tf)(c«> + 0) = c,, 
5a)* - 6a)0 cos tf + 50' = c, ; 
c,, c^ being constants depending on the initial circumstances. 

1532. Three equal uniform inelastic rods, freely jointed at 
their extremities, are laid in a straight line on a smooth horizontal 
table, and the outer are set in motion about the ends of the middle 
one, with equal angular velocities, (1) in the same direction, 
(2) in opposite directions. Prove that in (1), when the outer rods 
make the greatest angle with the direction of the middle one 
produced on each side, the common angular velocity of the three 

is -=- : and in (2) that after the impact of the two outer rods the 

triangle formed by the three will move with uniform velocity 

-^, a being the length of each rod. 

1533. A uniform rod of length 2a has attached to one end a 
particle by a string of length h ; the rod^and string are placed in a 
straight line on a smooth horizontal table, and the particle pro- 

W. 21 



S22 BOQK OF MATHEMATICAL PROBLEMS. 

J6cted at right angles to the string; prove that the greatest angle 
which the string can make with the rod produced is 



where m, p are the masses of the rod and particle. 

Prove that if, after any time t, the rod and string make 
angles 0, ^ with their initial positions, 

{A;« + a5cos(^-tf)}^ + {6« + a5cos(<^-tf)}^=(a + 6)v, 

where i*= a* -^^-5 , and v is the initial velocity of the particle. 

1534. A circular disc capable of motion abont a vertical axis 
through its centre, normal to its plane, is set in motion with 
angular velocity O, and at a given point is placed freely a rough 
uniform sphere ; prove the equations of motion 

2 at 

«• (r* + Jfc') (6* + A0 = **"*. 
d^r /dOy 2 dO . 

-W-\di)'-'i'"'dt=^' 

r, being the polar co-ordinates of the point of contact measured 
from the centre of the disc, co the angular velocity of the disc, 

h the initial value of r, and h^ = -^— , where m, p are the masses of 

4»i ^ ' 

the sphere and disc, and c the radius of the disc. 

1535. A circular disc lies flat on a smooth horizontal table 
on which it can move freely, and has wound round it a fine string 
carrying a particle, which is projected with a velocity v 'from a 
point of the disc in a direction normal to the disc : prove that 

e = *sec~*(^+lV e + <^ = A?tan|; 
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where 0, ^ are the angles through which the string and the disc 
have turned at a time ^^ a is the radius, and f^= i^-^ —f ^ P 
being the masses of the disc and particla 

1536. Two equal circular discs lying flat on a smooth hori- 
zontal table, are connected by a fine string cpiled round each 
which is wound up till the discs are in contact with each other, 
and are on the same side of the tangent string. One of the discs 
has its centre fixed and can move freely about it, the other disc is 
projected with a velocity u at right angles to the tangent string; 
prove that the ungle thi*ough which either disc will have turned 

after a time t is ^ 1 + v-j - 1, and that the angle through which 

the string will have turned is -^tan"' — jz', a being the radius 
of either disc.* 

1537. A smooth tube, mass m, lying on a horizontal tabl^ 
contains a particle, mass^, which just fits it; the system is set in 
motion by a blow at right angles to the tube : prove that 



(sy(*^+^>=<*^-'^<'^-'^>' 



r being the distance of the particle from the centre of the tube, 
when the tube has turned through an angle 0, c the initial value 

of r, ^ s-s- —J where w, p, are the masses of the tube and 

particle, and 2a the length of the tube. 

1538. A circular disc of mass m and diameter d^ can move on 
a smooth horizontal plane about a fixed point il in its circumfe- 
rence, and a fine string is wound round it carrying a particle of 
mass JE>, which is initially projected from the disc, at the other end 
of the diameter through A^ with a velocity u normal to the disc, 
the disc being then at rest. Prove that the angular velocity of 

21—2 
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the stnng will vanish when the length of the string unwound is 
that which initially subtended at ^ an angle 6j such that 

8p(tftane+l)co8"tf + 3w = 0; 

and that the angular velocity of the disc is then 

1539. A rough sphere, radius a, moves on the concave surface 
of a vertical circular cylinder, radius a + &, and the centre of the 
sphere initially moves horizontally with a velocity v : prove that 
the depth of the centre below its initial position after a time t is 



2v' 



(l-cos7i^); {n^=Yh*) 



Prove that, in, order that perfect rolling may be maintainedi 
the coefficient of friction must be not less than > s • 

1540. A light circular cylinder is fixed with its axis hori- 
zontal and a rough sphere is projected 6o as to move in contact 
with the cylinder, being initially at the lowest point and its 
centre moving in a direction making an angle a with the axis of 
the cylinder : prove that, in order that the sphere may reach the 
highest point, its initial velocity must be not less than 

v/vT "^r ^» ^ ■*■ ^ being the radii of the sphere and cylinder 
respectively. 

Prove the equations of motion 

fd<t\* t^«sin*a 10a „ ,, 

dz 



act) 
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z being the distance described by the centre parallel i>o tbe axis, 
<f> the angle through which the common normal has turned, and a> 
the angular velocity of the sphere about that normal, at the end 
of a time t, 

1541. A sphere^ radius a, is in motion on the surface of a 
right circular cylinder, radius a + &, whose axis makes an angle 
a with the vertical; and is initially in contact with the lowest 
generator, its centre moving in a direction perpendicular to the 
axis with such a velocity that the sphere just makes complete 
revolutions : prove the equations of motion 



dm dz d<l> 
^~dt ^didt* 



+ ^ a or = -^ ^« cos a; 



z being the distance described by the centre parallel to the axis, 
<f> the angle through which the common normal has turned, and ca 
the angular velocity about that normal, at the end of a time t, 

1542. A rough sphere, radius a, rolls in a spheiical bowl of 
radius a + 6 ; the centre of the sphere is initially of the same height 
as the centre of the bowl and is moving horizontally with velocity 
u : prove that if 6 be the angle which the common normal makes 
with the vertical, and ^ the angle through vrhich the vertical 
plane containing this normal has turned at the end of a time t, 

Also \£ B, Fy S be the reactions at the point of contact along 
the common normal, along the tangent which lies in the same 
vertical plane with the common normal, and at right angles to 
both these directions, 

S=m(^+'^^co,0\ F^^mie, 8=0; 
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and if q> , «>,, w^ be the angnlar yelocities of the i 



these directions^ 



©1 = 0, OiOj, sin = Uf (ua^ = — 6 — , 



1543. A rough sphere, radius a, rolls in a spherical bowl of 
radius a + 5 in a state of steady motion, the noimal making an 
angle a with the vertical : prove that the time of small oscillations 
about this position is 



/r 75 cos g y 
Y W(l+3co8'a)J' 



( 827 ) 



HYDEOSTATICS. 



In these questions a fluid is supposed to be uniform, heavy, 
and incompressible, unless otherwise stated; and all cones, cylin- 
ders, paraboloids, are supposed to be surfaces of revolution, and 
their bases circles. 



1544. A cylinder is filled with equal volumes of n different 
fluids which do not mix ; the density of the uppermost is /?, of the 
next 2p, and so on, that of the lowest being np ; prove that the 
whole pressures on the corresponding portions of the curve surfiEuse 
are in the ratios 

1* : 2* : 3* : ... : n\ 

1545. A hollow cylinder containing a weight W of fluid is 
held so that its axis makes an angle a with the horizon: prove 
that the resultant pressure on the curve surflEU^e is fTcosa, and 
that its direction makes an angle a with the vertical. 

1546. Equal volumes of three fluids are mixed and the mix- 
ture separated into three parts; to each of these parts is then 
added its own volume of one of the original fluids and the densi- 
ties of the mixtures so formed are in the ratios 3 : 4 : 5, prove 
that the densities of the fluids are as 1 : 2 : 3; 

1547. A thin tube in the form of an equilateral triangle is 
filled with equal volumes of three fluids which do not mix, and 
when held with one side vertical the three points of junction of 
the fluids bisect the sides : prove that the densities of the fluids 
are in arithmetical progression^ 
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1548. A circular tube of uniform bore whose plane is vertical 
is half filled with equal volumes of four fluids which do not mix 
and whose densities ai'e as 1 : 4 : 8 : 7; prove that the diameter 
joining the free surfaces will make an angle tan~* 2 with the 
vertical. 

1549. A triangular lamina ABG right-angled at (7 is attached 
to a string at Ay and rests with the side AG vertical and half its 
length immersed in fluid : prove that the density of the fluid is to 
that of the lamina :: 8 : 7. 

1550. A lamina in the form of an equilateral triangle sus- 
pended freely from an angular point rests with one side vertical 
and another side bisected by the surface of a heavy uniform fluid : 
prove that the density of the lamina is to that of the fluid as 
15 : 16. 

1551. A hollow cone filled with fluid is suspended freely 
from a point in the rim of the base : prove that the total pres- 
sures on the curve surface and on the base in the position of rest 
are in the ratio 

1 + 11 sin' a : 12 sin' a, 

2a being the angle of the cone. 

1552. A tube of small bore in the form of an ellipse is half 
filled with equal volumes of two given fluids which do not mix ; 
find the inclination of its axes to the vertical in order that the 
free surfaces of the fluids may be at the ends of the minor axis. 

1553. A hemisphere is filled with fluid and the surface is 
divided by horizontal planes into n portions on each of which the 
whole pressure is the same; prove that the depth of the 9^ of 
these planes is to the radius of the hemisphere as Jr : Jn. 

1554. A hemisphere is just filled with a uniform heavy fluid 
and the surface is divided by horizontal planes into n portions the 
whole pressures on which are in a geometrical progression of ratio 
h : prove that the depth of the r^ plane is to the radius as 
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1555. An isosceles triangle is immersed with its axis vertical 
and its base in the surface of a uniform heavy fluid ; prove that 
the resultant pressure on the area intercepted between any two 
horizontal planes acts through the centre of gravity of that portion 
of the volume of a sphere, described on the axis as diameter, which 
is intercepted between the planes. 

1556. A conical shell is placed with its vertex upwards on a 
horizontal table and fluid is poured in through a small hole in the 
vertex ; the cone begins to rise when the -weight of the fluid 
poured in is equal to its own weight : prove that this weight is to 
the weight of fluid which would fill the cone as 9 — 3 ^^3 : 4. 

1557. A parabolic lamina bounded by a double ordinate per-* 
pendicular to the axis floats in a heavy uniform fluid with its focus 
in the surface of the fluid and its axis inclined at an angle 
tan~^ 2 to the vertical ; prove that the density of the fluid is to 
that of the lamina as 8 : 1 ; and that the length of the axis 
is to the latus rectum as 15 : 4. 

1558. A lamina in the form of an isosceles triangle floats in 
a heavy uniform fluid with its plane vertical and (l)its base out 
of the fluid, (2) its base totally immersed in the fluid, its axis in 
these positions making angles 6, ^ with the vertical ; prove that 

± »A ± a . 2 cos* a - 1 

tan*tf + tan*6=-.r-a «-> 

sin a cos a 

and that both positions will not be possible unless 2a the vertical 
augle < cos~^ (^2 — 1), 

1559. A right circular cone with its axis vertical and vertex 
downwards is filled with two fluids which do not mix, and their 
common surfsuse cuts off one-fourth of the axis from the vertex ; 
prove that, if the whole pressures of the fluids on the curve sur- 
face be equals their densities are as 45 : 1. 

1560. A barometer stands at 29*88 inches and the thermo- 
meter is at the dew-ppint ; a barometer and a cup of water are. 
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placed under a receiver from which the air is removed and the 
barometer then stands at *36 of an inch ; find the space which 
would be occupied by a given volume of the atmosphere if it were 
deprived of its vapour without changing its pressure or tempe- 
rature. 

1561. In BJAwksbee's air-pump, when the rfi^ stroke is half 
completed the machine is kept at rest > find the difference of the 
tensions of the two piston rods. 

1562. In Smeaton's air-pump, find the position of the pistoii 
at that moment of the r!^ stroke when the upper valve b^ns to 
open. 

1563. If Ay B be the volumes of the receiver and barrel of an 
air-pump, p, o* the densities of atmospheric air and of the air iu 
the receiver respectively, and 11 the pressure of the atmosphere ; 
the work done in slowly raising the piston through one stroke is 

gravity being neglected. 

1564. A portion of u right circular cone cut off by a plane 
through the axis, and two planes perpendicular to the axis is 
immersed in a uniform heavy fluid in such a manner that the 
vertex of the cone is in the surface and the axis vertical : prove 
that the resultant horizontal pressure on the curve surface passes 
through the centre of gravity of the body immersed. 

1565. If it be assumed that the temperature of the atmo- 
sphere in ascending from the Earth's surface decreases slowly by 
an amount proportional to the height ascended, prove that the 
equation connecting the pressure p and the density p at any height 
will be of the form ^ = Ajp*** m being very small. 

1566. A right circular cylinder floats in a uniform heavy 

2 
fluid with its axis inclined at an angle tan"^ ■= to the vertical, ita 
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upper circular boundary just out of the fluid, and the lower one 
completely immersed : proye that the length of the axis : radius 
•• 7 • 4 

1567. If a circular lamina be in a vertical position with its 
centre at a depth c below the surface of a heavy uniform fluid, 
the depth of the centre of pressure below the centre of figure is 

J- , a being the radius and c> a. 

1568. A cone of density p floats with a generator vertical in 
a fluid of density a, the base being out of the fluid; prove that, 
2a being the vertical angle, 

f = (0082a)t; 

and that the length of the vertical side immersed is to the length 
of the axis as cos 2a : cos a. 

1569. A right cone is moveable about its vertex which is 
fixed at a given distance c below the surface of a heavy fltdd, and 
rests with its axis h inclined at an angle to the vertical, its base 
being completely oiit of the fluid : prove that 

cos cos' a o-h^ 



(cos«d-sin*a)* P«*' 

2a being the vertical angle, p, o- the densities of the fluid and cone 
respectively. Prove that this position is stable; but cannot exist 
unless irh* cos'a > pc\ 

1570. An elliptic tube half full of heavy incompressible fluid 
revolves about a fixed vertical axis in its plane with angular velo- 
city ia: prove that the angle which the straight line* joining the 
free surfivces of the fluid makes with the vertical will be 



tan' 



'W' 



p being the distance of the axis from the eentre of the ellipse. 
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1571. A hollow cone very nearly fiUed with fluid rotates 
uniformly about a generating line which is vertical: prove that 
the pressure on the base is 

STFtana r«<u' 



8 



< — (1 + 5 cos*a) + 8 sin a > ; 



W being the weight of the fluid, 2ar^<|j the vertical angle, a 
the radius of the base, and o) the angular velocity, 

1572. A. right circular cone, the length of whose axis is h 

and the radius of its base a, floats in a heavy uniform fluid with. 

27 

=-=^ of its volume below the surface : prove that, when the fluid 
175 

revolves about the axis of the cone with angular velocity 



/525 gh 

V 592 a? ' 



the cone will float with a length A or -j of its axis immersed. 
Investigate which of the two positions is stable. 

1573. A sphere, radius a, floats in a mass of fluid, which is 
revolving uniformly about a vertical axis, with its centre at the 
vertex of the free surface of the fluid : prove that 

4 (^' + 4a') (a —pq) = (i{p + ^aq)'; 

2(7 

where p = -K. and 1 + 0^ : 2 is the i-atio of'the densities of the 
sphere and fluid. 

1574. A hollow cone, very nearly filled with uniform heavy 
fluid, rotates uniformly about a horizontal generating line : prove 
that the whole pressure on the base in its lowest position is 



flrpa*<i)* 
~8~ 



(3 + -^cos a + 5 cos'a ) . 
ao) / 
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1575. A hollow paraboloid, Laving a base perpendicular to 
the axis and at a distance from the vertex equal to the -latus 
rectum, is placed with its axis vertical and vertex upwards, and 
ooDtaihs seven-eighths of its volume of heavy uniform fluid. Find 
the angular velocity with which it must revolve about the axis 
in order that the surface of the fluid may be confocal with the 
paraboloid; and prove that in this case the pressure on the base 
will be greater than it was when the fluid was at rest in the ratio 
2^2:2^2-1. 

1576. If a uniform fluid be acted on by two central forces, 
each varying as the distance from a fixed point and equal at equal 
distances from those points, one attractive and the other repulsive, 
the surfaces of equal pressure will be planes. 

1577. In a uniform fluid imder the action of two forces 
tending to fixed points and varying inversely as the square of the 
distance, one attractive and one repulsive, prove that one surface 
of equal pressure is a sphere. 

1578. A mass of elastic fluid is confined within a hollow 

sphere and repelled from the centre of the sphere by a force - ; 

prove that the whole pressure on the sphere : the whole pressure 
which would be exerted if no foitje acted :: 3^ + /x : 3k, the pres- 
sure being k . density. 

1579. A quantity of imiform incompressible fluid, not ected 
on by gravity, just fills a hollow sphere, and is repelled from a 
point on the surface of the sphere by a force equal to fi . distance; 
the fluid revolves about the diameter through the centre of force 
with uniform angular velocity cd; find the whole pressure on the 
sphere, and prove that, if when the angular velocity is diminished 
one half the whole pressure is also diminished one hal^ cd' = 6/a. 

1580. All space being supposed filled with an elastic fluid, 
the whole mass of which is known^ which is attracted to a given 
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point by a force Yarying as the distance; find the pressure at any 
point. 

1581. Water is contained in a vessel having a horizontal 
base, and a right cone is supported, partly by the water and partly 
by the base on which the vertex rests : prove that^ for stable equi- 
librium, the depth of the fluid must be greater than h l^{m cos' a), 
m being the number measuring the specific gravity of the cone, 
h the length of the axis, and 2a the vertical angla 

1582. A solid paraboloid is divided into two parts by a plane 
through the axis, and the parts are united by a hinge at the 
vertex; the system is placed in a heavy uniform fluid with its axis 
vertical and vertex downwards, and floats without separation of 
the parts : prove that the ratio of the density of the solid to that 
of the fluid must be greater than a;^, x being given by the equation 

3A*' = 7a(l-flj), 

where A, 4a are the lengths of the axis and the latus rectum re- 
spectively. 

1583. A right cone is floating with its axis vertical and 
vertex downwards in a fluid whose density varies as the depth : 
prove that, for stable equilibrium. 



. 4 yip 



2a being the vertical angle, p the density of the cone, and fr the 
density of the fluid at a depth equal to the height of the cone. 

1584. A uniform rod rests in a position inclined to the ver- 
tical with half its length immersed in a fluid, and can turn freely 
about a point in it at a distance equal to one-sixth of its length 
from the lower end : compare the densities of the rod and fluid, 
and prove that the equilibrium is stabla 

1585. A uniform rod is moveable about one extremity which 
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is fixed below the surface of a fluid, and when slightly displaced 
from its highest position, it sinks till just immersed before rising : 
prove that, when at rest in the highest position, th^ pressure on 
the point of support was ^ro. 

1586. Two equal uniform rods AB, £0, freely jointed at B^ 
are capable of motion about A which is fixed at a given depth 
below the surface of a uniform heavy fluid : find the position in 
which both rods rest partly immersed; and prove that, if such a 
position be possible, the ratio of the density of the rods to the 
density of the fluid will be less than 1 : 3« 

ld87. A hemisphere, a point in whose base is attached to 
a fixed point by a fine string, rests with its centre in the surface 
of a fluid and its base inclined at an angle a to the horizon : prove 
that 

p 16(ir — a) cosa — Sirsina^ 
<r " 2ir (8 cos a — 3 sin a) ' 

p, <r being the densities of the hemisphere and fluid respectively* 

1588. A cone is floating, with its axis vertical and vertex 

downwards, in fluid with — th of its axis immersed; a- weight 

equal to the weight of the cone is placed upon the base after 
which the cone sinks till just totally immersed before rising: 
prove that 

1589. A hollow cylinder whose axis is vertical contains a 
quantity of fluid whose density varies as the depth, and a cone, 
whose axis is coincident with that of the cylinder and which is of 
equal base, is allowed to sink slowly into the fluid with its vertex 
downwards. The cone is in equilibrium when just immersed; 
prove that the density of the cone is equal to the initial density 
of the fluid at a depth equal to one twelfth of the length of the 
^is of the cone. 
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If the cone be allowed to sink freely into the fluid, its vertex 
being initially at the surface, and sinks till just immersed, the 
density of the cone is to the density of the fluid at the vertex of 
the cone in its lowest position as 1 : 30. 

1590. A semicircular tube of fine bore whose plane is 
vertical contains a quantity of fluid which subtends a given angle 
at the centre ; a given heavy particle just fitting the tube is let 
fall from the extremity of a horizontal radius : find the impulsive 
pressure at any point of the fluid. 

1591. A flexible in extensible envelope when filled with fluid 
has the form of a paraboloid, whose axis is vertical and vertex 
downwards and whose height is equal to five-eighths of the latus 
rectum ; determine where the tension of the envelope along the 
meridian is greatest. 

1592. Fluid without weight is contained in a thin flexible 
envelope in the form of a surface of revolution, and the tensions 
of the envelope at any point along and perpendicular to the 
meridian are equal : prove that the surfeu^e is a sphere. 

1593. A quantity of homogeneous fluid is contained between 
two parallel planes and is in equilibrium in the form of a cylinder 
of radius b imder a pressure vr ; that portion of the fluid which 
lies within a distance a of the axis being suddenly annihilated, 
prove that the initial pressure at any point at a distance r from 
the axis is 

log r — log a 



vr 



log b — log a * 



1594. A thin hollow cylinder of length h closed at one end, 
and fitted with an air-tight piston is placed mouth downwards in 
fluid. The weight of the piston is equal to that of the cylinder, 
the height of a cylinder of equal weight and radius formed of the 
fluid is a, the height of fluid which measures the atmospheric 
pressure is c, and the air enclosed in the cylinder would just fill it 



,w 
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at atmospheric density : prove that^ for small vertical oscillations, 
the distances of the piston and of the top of the cylinder from 
their respective positions of equilibrium, at a time t, are of the 
form 

A sin Q^ + a) + B sm{fit + fi)^ 

X, fi being the positive roots of the equation 

»*- -a:"(2wi + 1) + m ^= 0, 

and m^i- — 7-^. The weight of the air in the cylinder and 
the resistance of the fluid may be neglected. 



w. 22 
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1595. There are three plane mirrors whose lines of intersec- 
tion are parallel; a ray is incident on one of them in a plane 
perpendicular to all the mirrors in such a direction that after 
reflexion at the three mirrors its course, is parallel to its original 
direction : prove that, after another reflexion at each of the 
three mirrors in the same order, it will return on its original path, 
and that the whole length of its path between the first and third 
reflexions at any mirror is independent of the point of incidence. 

1596. A ray of light whose direction touches a conicoid is 
reflected at any confocal conicoid : prove that the reflected ray 
will also touch the conicoid. 

1597. In a hollow ellipsoidal shell, small polished grooves are 
made coinciding with one series of circular sections, and a bright 
point is placed at one of the umbilici in which the series termi- 
nate : prove that the locus of the bright points seen by an eye in 
the opposite umbilicus is a central section of the ellipsoid; and 
that the whole length of the path of any ray by which a bright 
point is seen is constant. 

1598. A ray proceeding from a point on the circumference of 
a circle is reflected n times at the circle; prove that its point of 
intersection with the consecutive ray similarly reflected is at a 

distance from the centre equal to ^ r ^l + 4/i(w+ 1) sin*^, 

being the angle of incidence of the ray and a the radius. 

1599. If a ray of light be reflected at two plane surfaces, its 
direction before incidence being parallel to the plane bisecting the 
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angle between the mirrors, and making an angle with their line 
of interaection; its deviation will be 2sin~' (sintf sina); a being 
the angle between the mirrors. 

1600. Two prisms of equal refracting angles are placed with 
one &.ce of each in contact, and their other iaces parallel, and a 
ray passes through the combination in a principal plane : prove 
that its deviation will be from the edge of the denser prisuL 

1601. If r, « be the radii of the bounding surfaces of a lens, 

and its thickness be H + - j ( «-rj, all the rays incident on the 

lens &om a certain point will pass through without deviation and 
without aberration. 

1602. What win be the centre of a lens whose bounding sur- 
faces are confocal paraboloids having a common axis 1 Prove that 
the distance between the focal centres of the lens is 

4a, 46 being the latera recta. 

1603. If the path of a ray through a medium of variable 
density be an arc of a circle in the plane of xy, the refractive 
index at a point (x, y) will be 



1 ^ /x — a\ 



x — a J \y 
/ being an arbitrary function, and (a, I) the centre of the circle. 

1604. A ray of light is propagated through a medium of 
variable density in a plane which divides the medium symmetri- 
cally : prove that the path is such that, if described by a point 
with velocity always proportional to fi the index of refraction, 
the accelerations of the point parallel to two rectangular axes x 

and y will be proportional to -^^ , ^ respectively. 
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. 1605. A raj ia propagated in a medium, of variable density 
in one plane {oci/) which divides the medium sjmmetricallj : prove 
that the projection of the radius of curvature at any point of the 
path of the ray on the normal to the surface of equal density 
through the point is equal to 




1606. A small pencil of parallel rays of white light, after 
transmission in a principal plane through a prism, is received on 
a screen whose plane is perpendicular to the direction of the 
pencil: prove that the length of the spectrum will be propor- 
tional to 

(/^,- /A,) sine ^ 



l'> 



coa'D cos {D-hi—<f>) cos <f» 

where t is the angle of the prism ; 4>, 4/ the angle of incidence 
and reflexion at the first surface, and D the deviation, of the 
mean ray. 

1607. Two prisms of equal refracting angles are placed with 
one &ce of each in contact and their other faces parallel : prove 
that the condition of achromatism for two colours is 

oos^' cos^' 

where •^, ^' are the angles of incidence and refraction at the first 
sur&ce, 

and tj/'j ^ are the angles of incidence and refraction at emergence. 

1608. When a ray of white light is refracted through a 
prism in a principal plane, so that the dispersion of two given 
colours is a minimum, 

8in(3£-2i)_. 2, 
8in^ fjL 

if/ being the angle of refraction at the first sur&ce and i the 
refracting angle. 
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1609. Find the focal length of a lens equivalent to a sys- 
tem of three convex lenses on a common axis, of focal lengths 36 
inches, 4 in., and 9 in. respectively, placed at intervals of 24 in. 
and 13 in., for a pencil proceeding from a point 18 in. in front of 
the first lens. 

1610. Two thin lenses of focal lengths yj, f^ are on a com- 
mon axis and separated bj- an interval a\ the axis of an eccentric 
pencil before incidence cuts the axis of the lenses at a distance d 
from the first lens: prove that 

F being the focal length of the equivalent single lens. 

1611. The focal length F of & single lens, eqtdvalent to a 
system of three lenses of focal lengths /j, /,, /, separated by 
intervals a, 5, for an eccentrical pencil parallel to the axis, is 
given by the equation 

1612. Prove that the magnifying power of a combination of 
three convex lenses of focal lengths f^yf^yf^on a common axis 
at intervals a, 5, will be independent of the 'position of the 
object* if 

(/. -«)(/.- i) +/.(/. +/. - a - 6) = 0. 
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1613. In a spherical triangle ABC, a = 5 = '5, «=-„; prove 
that the spherical excess is cos"* -r . 

1614. In an equilateral spherical triangle ABC, A', S, C are 
the middle points of the sides : prove that 

^ . B^C ^ BC 
2sin— jr— = tan -^. 

1615. In an equilateral spherical triangle, whose sides are 

each a and angles A, 2 cos ^ sin ^ = 1. 

A A 

1616. ABC is a spherical triangle, each of whose sides is a 
quadiunty P any point within the triangle : prove that 

cosMP+ cos'^P + cos* (7P= 1 ; 
cos AT cos BB cos CF + cot BFC cot GBA cot ABB = ; 

and that tan BCF tan (7iP tan ABF = 1. 

1617. A point P is taken within a spherical triangle ABC 
whose sides are all quadrants, and another triangle is described 
whose sides are equal to ^AF, 2BFy 2CF respectively: prove that 
th^ area of the latter triangle is twice that of the former. 

1618. A spherical triangle ABC is equal and similar to its 
polar triangle : prove that 

sec'il + aec*B + sec'C + 2 sec -4 sec -5 sec C = 1. 

1619. If the sum of the sides of a spherical triangle be given, 
its area is greatest when the triangle is equilateraL 
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1620. In a spherical triangle ABG^ a + 6 + c -= ir : prove that 

.,■^3. ,aX> •9^ 1 

Sin' -^ + Sin' ^ + Sin* -5 = 1 ; 

B C . 
cos a = tan -^ tan ^ , &c. ; 

.4 B C . . 

Bin ^ = cos-jr cos -^ sin a, &c. 

1 621. In a spherical triangle, A^B + C: prove that 

. gdt . .& . ,c 
Bin jT = sin% + sin 5 . 

dU z A 

1622. If be the pole of the small circle circumscribing a 
spherical triangle ABCy 

' 9^ . ' a<^ .«<* „.6.c BOG 
sin"^ + sm^ -sm'5 = 2sm jT sin^ cos — jr-; 

and, if P be any point on the circle, 

. a . FA . h . PB , e . PC ^ 

sm ^ sm -g- + sm - sin -^ + sm 2 sm -«- = "> 

that arc of the three PAy PB, PC being reckoned negative which 
crosses one of the sides. 

1623. Prove that when the Sun rises in the north east at a 
place in latitude l, the hour angle at sunrise is cot"^ ( — sinQ. 

1624. If in latitude 45° the observed time of transit of a 
star in the equator be unaffected by the combined effect of the 
errors of level and deviation of the transit instrument, these 
errors will be very nearly equal to each other. 

1625. If m be the ratio of the radius of the Earth's orbit to 
that of an inferior planet, n the ratio of their motions in longi- 
tude considered uniform, the elongation of a planet as seen from 

the Earth when the planet is stationary is tan~* ^ — 5 — r- . 



